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1 Introduction
1.1 Some background

The spaces which bear the name of Morrey spaces were introduced in 1938 by Morrey [29]
in relation to regularity problems of solutions to partial differential equations. We recall its
definition as

_i
M, (R") = [f c L];’C(R") My, = sup r PIflL,Be) < OO],

xeR™, r>0

where 0 <A <n,1 < p < oo.

Here and everywhere in the sequel B(x, r) stands for the ball in R” of radius r centered
at x. Let | B(x, r)| be the Lebesgue measure of the ball B(x, r) and |B(x, r)| = v,r", where
v, = |B(0, 1)].

We also denote by WM, , (R") the weak Morrey space of all functions f in the local
weak space WLII?C (R™) for which

_i
Ifllwam,, = sup r PIfllwL,Ba.r) < oo
xeR? r>0

M, , (R") was an expansion of L ,(R") in the sense that M), o(R") = L ,(R").

On the other hand, as another generalization of L , (R"), the Orlicz spaces were introduced
by Birnbaum-Orlicz in [4] and Orlicz in [33], since then, the theory of the Orlicz spaces
themselves has been well developed and the spaces have been widely used in probability,
statistics, potential theory, partial differential equations, as well as harmonic analysis and
some other fields of analysis. They have been thoroughly investigated, and two excellent
monographs [26] and [38] are available on this subject. Also [3] provides a good overview
on the subject.

The spaces M), ,(R") defined by the norm

1
£, = sup @G, r)  IBG 1L, Br) (1.1)
xeR™, r>0
with a function ¢ positive and measurable on R” x (0, co) are known as generalized Morrey

spaces. Also by WM, ,(R") we denote the weak generalized Morrey space of all functions
f € WL (R") for which

1
1fllwa,, == sup @G, [BG, NI 7 fllwe,Be.n < 00
xeR", r>0

We refer to [13] for the definition of generalized Morrey spaces with the normalized norm
(1.1) and the survey paper [36] for more various definitions of generalized Morrey spaces.

It is well known that the Riesz potential /, and the fractional maximal operator M,, plays
an important role in harmonic analysis, PDE and potential theory (see [41]). Recall that I,
and M, are defined by

Mo f(x) = sup|B(x,r)|—‘+%/
>0

B(x,

lfWldy, 0<a <n,
0

Iaf(x)=/]R Ldy, 0<a<n.

n|x —y|t®
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Sublinear potential operators and commutators 135

Note that for 0 < o < n,

Maf) <08 L fD@).

The classical result by Hardy-Littlewood-Sobolev states that the operator M, is of weak type
(p,np/(n —ap)) if 1 < p < n/a and of strong type (p,np/(n —ap))ifl < p < n/a
and the operator 1, is of weak type (p,np/(n —ap)) if 1 < p < n/a and of strong type
(p,np/(n —ap))ifl < p <n/a.

The boundedness of M, and I, on Orlicz spaces was studied by Cianchi [6] (see also
[32,42]). For boundedness of M,, and I, on Morrey spaces, see Peetre (Spanne)[34], Adams
[1] and on generalized Morrey spaces, see [11-13,15,16,30].

1.2 On Orlicz-Morrey spaces and the goal of the paper

A natural step in the theory of functions spaces was to study Orlicz-Morrey spaces
Mo o(R")

where the “Morrey-type measuring” of regularity of functions is realized with respect to
the Orlicz norm over balls instead of the Lebesgue one. Such spaces were first introduced
and studied by Nakai [31]. Then another kind of Orlicz-Morrey spaces were introduced by
Sawano et al. [40]. Our definition of Orlicz-Morrey spaces introduced in [9] and used here
is different from that of the papers [31] and [40].

Note that, Orlicz-Morrey spaces unify Orlicz and generalized Morrey spaces. We extend
some results on generalized Morrey space in the papers [2,11-14,16] to the case of Orlicz-
Morrey space in [9,20-23].

Morrey and Orlicz-Morrey spaces are not separable due to the L°°-norm with respect to r
and x. The closure of nice functions in the Morrey or Orlicz-Morrey norm gives a subspace
of the corresponding space. Such spaces corresponding to the classical Morrey space, known
under the name of vanishing Morrey space appeared in connection with PDE in [43,44], they
were also used in [37]. The vanishing generalized Morrey spaces were introduced and studied
in [39], see also a study of commutators of Hardy operators in such spaces in [35]. Extending
the definition of vanishing generalized Morrey spaces to the case of Orlicz-Morrey spaces,
the authors introduce the vanishing Orlicz-Morrey spaces V Mg ,(R"), including their weak
versions and study the boundedness of the sublinear operators generated by singular integral
operators in these spaces in [21].

The main purpose of this paper is to find sufficient conditions on general Young functions
@, W and functions ¢1, ¢2 which ensure the boundedness of the sublinear operators gener-
ated by Riesz potential from one vanishing generalized Orlicz-Morrey spaces V Mg 4, (R")
to another V My 4, (R"), from VMg o, (R") to vanishing weak generalized Orlicz-Morrey
spaces VW My o, (R") and the boundedness of the commutator of the sublinear potential
operators from VMg o, (R") to V My 4, (R").

Note that the results in this paper are new even in the case of non-vanishing spaces.

By A < B we mean that A < C B with some positive constant C independent of appro-
priate quantities. If A < Band B < A, we write A & B and say that A and B are equivalent.

2 Preliminaries

We recall the definition of Young functions.
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136 V. S. Guliyev et al.

Definition 2.1 A function ® : [0, co) — [0, oo] is called a Young function if ® is convex,
left-continuous, lim &(r) = ®(0) = 0and lim &(r) = oo.
r—+0 r—00

From the convexity and ®(0) = O it follows that any Young function is increasing. If
there exists s € (0, oo) such that ®(s) = oo, then ®(r) = oo for r > s.

Definition 2.2 (Orlicz space). For a Young function ®, the set
Lo(R"Y) = [f e LR : / ® (k| f (x)|)dx < oo for some k > 0]
RYI
is called Orlicz space. If ®(r) = r?, 1 < p < oo, then Lo(R") = L,(R"). If &(r) =
0,0 <r <1)and ®(r) = oo, (r > 1), then Le(R") = Lo (R"). The space LI(gC(R")

endowed with the natural topology is defined as the set of all functions f such that fx, €
L (R") for all balls B C R".

L4 (R™) is a Banach space with respect to the norm

I flLe :inf[k > o:/n ‘1’(|f(;‘)|)dx - 1].

/ \ q’(|||§(||xL)l)dx =t

For a measurable set Q2 C R”, a measurable function f and ¢ > 0, let

‘We note that

m@Q, f, ) =[{xeQ:[f(x)]> 1}
In the case 2 = R", we shortly denote it by m(f, t).
Definition 2.3 The weak Orlicz space
WLe(R") :={f € LY*(R") : || fllwLs < 00}

is defined by the norm

Il fllwre = inf [A >0 : sup@(r)m(%, t) < 1}.

>0
For a Young function ® and 0 < s < oo, let
o () =inf{r >0: () >s} (inf ¥ = o0).

‘We note that
P (@) <r <@ (@) for0<r <oo.

A Young function & is said to satisfy the As-condition, denoted by & € Ay, if
DQ2r) <kd(r) for r >0

for some k > 1. A Young function & is said to satisfy the V,-condition, denoted also by
P e V,if

1
@) = 5 ®Ur), 120,
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Sublinear potential operators and commutators 137

for some k > 1. The function ®(r) = r satisfies the As-condition but does not satisfy
the V,-condition. If 1 < p < oo, then ®(r) = r? satisfies both conditions. The function
®(r) = ¢" — r — 1 satisfies the V;-condition but does not satisfy the A-condition.

For a Young function @, the complementary function ®(r) is defined by

sup{rs — ®(s) : s € [0, 00)} , r € [0, 00)
00

d(r) = [

, r = 00.

The complementary function @ is also a Young function and ® = &.If (r) = r, then
B(r) =0for0 <r <land ®(r) =ocoforr > 1.If1 < p < oo, 1/p+1/p’ =1and
O(r)=rP/p,then®(r) =rP /p/ I ®(r) = ¢ —r—1,then ®(r) = (1+r)log(14r)—r.
Note that ® € V; if and only if P e Aj. It is well known that

r<® ' '(r)y<2r forr>0. 2.1
Note that Young functions satisfy the properties

O(an) <a®@), if 0<a<1 O lar) > ad @), f 0<a <l
D(at) > ad(), if o>1 o Nat) <ad® (), if a>1.

The following analog of the Holder inequality is well known.

Theorem 2.4 [45] For a Young function ® and its complementary function ®, the Sfollowing
inequality is valid:

I fglleyeny =21 fllLellglirg-

The following lemma is valid. See, for example [3,27].
Lemma 2.5 Let ® be a Young function and B a set in R" with finite Lebesgue measure.
Then
_ _ 1
X5 llwLe@) = X5l Le@n = W
In the next sections where we prove our main estimates, we use the following lemma,
which follows from Theorem 2.4, Lemma 2.5 and (2.1).

Lemma 2.6 For a Young function ® and B = B(x, r), the following inequality is valid:
£y < 21197 (IBI7) 11/ 1 Loa)-
Let T be a sublinear operator, thatis, |7(f + g)| < |Tf| + |Tg|-

Definition 2.7 ((®, V)-admissible potential operator). Let ®, ¥ be Young functions. A
sublinear operator 7,, o € (0, n) will be called (®, ¥)-admissible potential operator, if:

(1) T, satisfies the size condition of the form

Lf I

— ZlVl—O{

dy 2.2)

X (@ | Ta (f XW\B(XVZ,)) (z)’ < Cxppry (@)

R\ B(x,2r) |Y

for x e R" and r > 0;
(2) T, is bounded from L (R") to Ly (R™).
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138 V. S. Guliyev et al.

For brevity, everywhere in the sequel we use the notation (&, ¥) — APO instead of
(P, W)-admissible potential operator.

Inthe case ®(r) =rP, W(r) =r4, 1 < p,q < 00, the (P, ¥) — APO will be called the
(p, g)-admissible potential operator.

Definition 2.8 (weak (@, V)-APO). Let ®, ¥ be Young functions. A sublinear operator
Ty, a € (0, n) will be called weak (®, W) — APO, if:

(1) T, satisfies the size condition (2.2).
(2) T, is bounded from L (R") to the weak W Ly (R™).

In the case ®(r) = rP, W(r) =19, 1 < p,q < o0, the weak (®, V) — APO will be
called weak (p, g)-admissible potential operator.

Boundedness of (p, ¢)-admissible potential operators and weak (p, ¢)-admissible poten-
tial operators on generalized Morrey spaces was studied in [15].

Definition 2.9 (generalized Orlicz-Morrey space) Let ¢ (x, r) be a positive measurable func-
tion on R" x (0, 0o) and ® any Young function. We denote by M¢ ,(R") the generalized
Orlicz-Morrey space, the space of all functions f € ngc (R™) with finite quasinorm

I fllme, = sup @G, ) 'O IBG, NI 1 f Loy
xeR",r>0
Also by WMg ,(R") we denote the weak generalized Orlicz-Morrey space of all functions
f € WLI¢(R") for which

I fllwte, = sup 0¢<x,r)*ld>*l<|8(x,r>r1> I WL By < 0O
xeR" r>

For brevity, in the sequel we use the notations

(B, NI Lo e

Ao o (fix,71) = oG

and

OB, IO fllwee B,
mc‘g«ﬂf;x,r) = o) ¢(B(x.r)

We find it convenient to define the vanishing generalized Orlicz-Morrey spaces in the
form as follows.

Definition 2.10 (vanishing generalized Orlicz-Morrey space) The vanishing generalized
Orlicz-Morrey space V Mg ,(R") is defined as the space of functions f € Mg ,(R") such
that

lirr}) sup Ae o (f;x,7) =0.

F—=>U xeRrn

Definition 2.11 (vanishing weak generalized Orlicz-Morrey space) The vanishing weak
generalized Orlicz-Morrey space VW Mg ,(R") is defined as the space of functions f €
W Mg, ,(R") such that

lim sup 2y (f:x,7) =0.

r—0 xeR”
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Sublinear potential operators and commutators 139

Everywhere in the sequel we assume that
lim —— = 23
r—0 infrern @(x, 1) 23
and
1
sup ——— 24)
0<r<oo INfxern @(x,7)

which makes the spaces V Mg ,(R") and VW Mg ,(R") non-trivial, because bounded func-
tions with compact support belong then to this space.
The spaces VMg o, (R") and VW Mg o, (R") are Banach spaces with respect to the norm
1 lvate, = 1flIMo, = sup  ae(fix,r),

xeR™ r>0

— w .
Ifllvwme, = 1 fllwme, = sup  Ag ,(f5x, 1),
xeR",r>0

respectively.

3 (®, ¥) — APO in the spaces VMg ,

In this section, sufficient conditions on (®, ¥, ¢) for the boundedness of the (¥, ¥) — APO
T, in vanishing generalized Orlicz-Morrey spaces V Mg ,(R") are obtained.

Necessary and sufficient conditions on (®, W) for the boundedness of M, and I, from
Orlicz spaces Lo (R") to Ly (R"?) and L4 (R") to W Ly (R") have been obtained in [6, The-
orems 1 and 2]. In the statement of the theorems, W), is the Young function associated with
the Young function ¥ and p € (1, oo] whose Young conjugate is given by

Ty = [ (5107 an, 3.1
p(s) /Or (p (r )) r (3.1

where

By (s) =/s LAQW
0

t1+p

and p’, the Holder conjugate of p, equals either p/(p — 1) or 1, according to whether p < oo
or p = oo and @, denotes the Young function defined by

o, = [ 1 (a0 ar, 32
p(s)/or (45 0m)" ar (3:2)

where

Ap(s) =[5 201,

1+p/

Recall that, if ® and ¥ are functions from [0, co) into [0, o], then W is said to dominate
® globally if a positive constant ¢ exists such that ®(s) < W(cs) for all s > 0.

Theorem 3.1 [6]

(1) The fractional maximal operator My is bounded from Lo (R"™) to W Ly (R") if and only

if
® dominates globally the function Q, 3.3)
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140 V. S. Guliyev et al.

whose inverse is given by
o7l =rmul ).

(ii) The fractional maximal operator My is bounded from L¢(R") to Ly (R") if and only if

1

(¢

/ t””/%dt < 00 and ® dominates globally the function W, q . (3.4)
0

Here, W,y is the Young function defined as in (3.1).

Theorem 3.2 [6] Let 0 < o < n. Let ® and ¥V Young functions and let @,y and Y,y be
the Young functions defined as in (3.2) and (3.1), respectively. Then

(1) The Riesz potential 1y is bounded from Lg(R™) to W Ly (R") if and only if

/O 1 (1) /1" =gt < 00 and @, dominates W globally. (3.5)
(ii) The Riesz potential 1y is bounded from L (R") to Ly (R™) if and only if

/0l (1) /1D gt < oo, /0l W(r)/t' g < oo,

® dominates Wy q globallyand &, dominates V globally. (3.6)

Remark 3.3 Thanks to the Theorems 3.1 and 3.2, M, and I, are examples of (o, V) — APO
and weak (@, V) — APO.

We will use the following statement on the boundedness of the weighted Hardy operator

o0
H;g(t) 1=/ g w(s)ds, 0 <t < oo,
t

where w is a weight.
The following theorem was proved in [18] (see, also [17]).

Theorem 3.4 Let vy, vy and w be weights on (0, 00) and v|(t) be bounded outside a neigh-
borhood of the origin. The inequality

sup v2 () Hyyg(t) < Csup vy (t)g(t) (3.7
t>0 t>0
holds for some C > 0 for all non-negative and non-decreasing g on (0, 0o) if and only if
o0
d
B :=supvy(1) & < 00. 3.8)
t>0 t SUPs <7 <00 V1 (T)

Moreover, the value C = B is the best constant for (3.7).

Remark 3.5 In (3.7) and (3.8) it is assumed that é =0and0-00 =0.

Lemma 3.6 [22] The condition (3.3) is equivalent to the condition o) < A ().

Lemma 3.7 [20] Let ® and ¥ Young functions and ® ,, p € (1, 0ol, Young function defined
as in (3.2). Iffo1 ®(1)/t'*TP'dr < 00 and ®, dominates W globally then

1
qD_l(r)SrF\I/_l(r), forr >0
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Sublinear potential operators and commutators 141

The following lemma is valid.

Lemma3.8 Let0 <o < n, f € Llcgc(]R"), B = B(xg,r) and also let ®,V be Young
Sfunctions such that o L)~/ < wl(p) forallt € (0, 00).
Then for the (¥, V) — APO T, the following inequality is valid

T et S 5oy [ 11 w12 (3.9)
o Ly(B) < \Il—l(r—”) 5 Lo (B(xq,t)) ; s .
and for the weak (®, V) — APO T, the following inequality is valid
1 0 1 oy dt
ITe flwees) S Gy J R O SN )

Proof For arbitrary xo € R", set B = B(xg, r) for the ball centered at x¢ and of radius » > 0,
2B = B(xop, 2r). We represent f as

f=n+rf HO0)=FfMxs®), L) =fDxc,, )

(2B)

and have

1To flleed < 1 TafillLe) + 1 Ta f2llLgB)-

Since f; € Lo(R"), Ty f1 € Ly (R™) and from the boundedness of 7, from L¢ (R") to
Ly (R") it follows that:

1To fill o) < I TafillLy® < CllfillLo®ny = CllfllLo2B)

where constant C > 0 is independent of f.
C . .
It’s clear that x € B, y € (2B) implies %|x0 -y <lx—=yl < %|xo — y|. We get

Lf O

@By 1xo —y|"¢

| Te f2(x)] 5/3

By Fubini’s theorem we have

Lf DI / * dt
el Lf I ——dy
/;(23) lxo — y["— Cap) xo_y| 110
* di
~ lf Oy =
/2’ /2r5xo—y|<t frtl-a

</ N [ oy
“Jar JBGo.n PN e
By Lemma 2.6 we get

1) o0 e
/c O < / 1 ooy ® () dr

@By |xo — y|"= 2
* —1(,—n dt
S Il Lo B0 ¥ (7)) — (3.11)
2r t
Moreover,
1 o dt
T, S — vl (= 3.12
ITe Pl £ gy [, 1 Moo ™ (77) (3.12)
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is valid. Thus
1 e 1y dt
1T fllLy ) S 1f lLeeB) + _1(}’_")/2 1/ 2oBeo.mY ™ (t7") —.
r

v t

On the other hand, using the property of Young function as it mentioned after (2.1)

—1(.—n —1(,.—n\,.n * dt
1\ (r )z\ll (r )r 5 pran)
o dt
s [ e
2r t
and we get
1/l om) S — /OO 171 IOk (3.13)
Lo(2B) = \I,71(,,7n) o Lo (B(x0,1)) P .
Thus

dt

l o0
T. < poln
1T fllLe S ) /Zr 1 f Lo (Bxo.0) (t™) ;

Let 7,, be weak (&, W) — APO. By (3.13) it follows that:

1To fillwey ) < ITe fillwey® S If1llLe@m
dt

1 © —1(,—n
=1 lkem £ Gy [ 0w 0L G

Then by using the similar argument for obtaining (3.12) and (3.14) we get the inequality
(3.10). O

Theorem 3.9 Let 0 < o < n, ®, W be Young functions such that ' (t)t=/" < wl()
forallt € (0, 00) and the functions (¢1, ¢2) and (P, V) satisfy the condition
o0
ooix,s) g dt
[ essint ¥ T = Conn), (3.15)

where C does not depend on x and r. Then a (®, V) — APO Ty is bounded from Mg 4, (R")
to My 4, (R") and a weak (®, V) — APO T, is bounded from Mg 4 (R") to W My o, (R").

Proof By Lemma 3.8 and Theorem 3.4 we get
DT dt
1T flimy,, S sup ¢a(x,r) () S Lo By —
xeR" r>0 r 1

< sup @) TR ) f LB

xeR" r>0

I f 1Mo g, »
and
o1 [y —1f-n dt
ITafllwmg,, < sup  @2(x,r) U f Lo B —
xeR" r>0 r t

< sup o) T T f e B

xeR" r>0

1F oy, -
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The following corollary was proved at [20].

Corollary 3.10 Let 0 < o < n and the functions (@1, ¢2) and (®, V) satisfy the condi-
tion (3.15). Then for the conditions (3.6), the operator 1y is bounded from Mg 4, (R") to
My 4, (R") and for the conditions (3.5), the operator 1y is bounded from Mg o (R") to
WMy, (R").

Remark 3.11 As a result of Theorem 3.9 we also get for the conditions (3.4) and (3.15) the
operator My, is bounded from Mg 4, (R") to My 4, (R") and for the conditions (3.3) and
(3.15) the operator M, is bounded from M¢ 4, (R") to WMy 4, (R"). But we are able to
study boundedness of M, under weaker assumptions than (3.15) (see [22]).

If we take ®(¢r) = P, W(r) = 14, 1 < p,q < oo at Theorem 3.9 we get following
corollary which was proved in [15] and containing results obtained in [11-13,28,30].

Corollary 3.12 LetO <o <n, 1 < p < and (@1, ¢2) satisfy the condition

n 1 _1_«
o’ q p n
. n
oo ess inf @1 (x, s)s?
t
/ e At < Coa(x, 1),
-

n
ta"’l

where C does not depend on x and r. Then a (p, q)-admissible potential operator Ty is

bounded from M, ,, to My, o, and aweak (p, q)-admissible potential operator Ty, is bounded
Sfrom My, o to WMy o,.

Theorem 3.13 Let 0 < o < n, ®, W be Young functions such that &1 (1)r=/" < w=1(1)
forallt € (0,00) and (p1, ¢2), (P, V) satisfy the conditions (2.3), (2.4) and

Ccs = /oo sup wl(_x t)Mﬂ < 00 (3]6)
§  xeRn (i)
for every § > 0, and
1 [ee) \ijl(tfn) dt
el A= G.17)

where Cy does not depend on x € R" andr > 0. Then a (®, V) — APO Ty, is bounded from
VMo o (R") to VMo o, (R") and a weak (&, V) — APO Ty is bounded from V Mo o, (R")
to VWMo o, (R™).

Proof The norm inequalities follow from Theorem 3.9. Thus we only have to prove that

lim sup ™A o (f;x,7) =0 == lim sup Ay 4, (To f;x,7) =0 (3.18)
r=YxeRn r—0 yeRn

and
lim sup ™Aoo, (f;x,7) =0 == lim sup Ql\‘i‘,/wz (T f;x,r)=0. (3.19)
r—>0 ycpn r—>0 ycpn ’

w! (V") 1Te fll Ly B,y
p2(x,r)

To show that sup < ¢ for small r, we split the right-hand side of
xeR"
(3.9):
Y () 1T f Ly (B

@2(x, 1)

< ClIsy(x, 1) + Jso(x, 1)], (3.20)
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144 V. S. Guliyev et al.

with r < &g, where

Is,(x,7) i= ! /80 v I F I e (Bee,n)dt
@2(x,7) Jr t '
and
L e

©2(x,71) Js,

Jsg(x, 1) 1= 1 fllLeBx.n)dt-

We use the fact that f € VMg ,, (R") and choose any fixed 6o > 0 such that

Ot fll o e
sup (IS NLo By - 1 <do,
xeR” ?1 (x, t) 2CCO

where C and Cy are constants from (3.20) and (3.17). This allows to estimate the first term
uniformly in r € (0, &) :

sup Cls,(x,r) < E, 0<r<dp.
xeR"? 2

£ g,
€ <P2(XJ‘§1 ’
with § = §p. Then, by (2.3) we choose small r such that sup, cpn

For the second term, we have Js,(x,r) < where cs, is the constant from (3.16)

1 < £
ey = syl f gy,
which completes the proof of (3.18).

The proof of (3.19) is similar to the proof of (3.18). m}

Remark 3.14 Theorem 3.9 leads us to the corresponding mapping properties in the vanishing
spaces stated in Theorem 3.13. Note that for vanishing spaces we have to impose the condition
(3.17) more restrictive than the condition (3.15). Indeed, if condition (3.17) holds, then

% i 9108y dE o W) dr
/ ?iii‘égm‘p (r n)Tf/r ¢’l(x’f)m7, r € (0, 00),

so condition (3.15) holds (see Appendix, Lemma 5.1).
On the other hand the functions

() P

. o) =0T (e A +1P), >0
X100y () ™)

pi(x, 1) =
with regularity condition

[e.¢]
/ W ()P < W ()

r

satisfy condition (3.15) but do not satisfy condition (3.17).

If we take ®(¢) =P, W(r) =19, 1 < p,q < oo at Theorem 3.13 we get the following
new result on the vanishing generalized Morrey spaces.

Corollary 3.15 Let0 <a <n, 1 < p <
(2.3), 2.4) and

g, é % % and (@1, @) satisfy the conditions

0 o dt
cs = sup @1 (x, 1)t " < o0
)

xeR"?
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forevery § > 0, and

1 o o dt
p1(x, 0)1" — < Co,
(Pz(x,r) r t

where Cq does not dependon x € R" andr > 0. Then a (p, q)-admissible potential operator
Ty is bounded from VM, o, to VM, 4, and a weak (p, q)-admissible potential operator Ty
is bounded from VM, o to VWM 4.

4 Commutators of (®, ¥) — APO in the spaces VMg

For a function b € Lll"C (R™), let M}, be the corresponding multiplication operator defined by
My, f = bf for measurable function f. Let T be the classical Calderén-Zygmund singular
integral operator, then the commutator between 7" and M, is denoted by [b, T'] := MpT —
T M. A famous theorem of Coifman et al. [7] gave a characterization of L ,-boundedness
of [b, T] when T are the Riesz transforms R; (j = 1, ..., n). Using this characterization,
the authors of [7] got a decomposition theorem of the real Hardy spaces. The boundedness
result was generalized to other contexts and important applications to some non-linear PDEs
were given by Coifman et al. [8].

Definition 4.1 ((®, V)-admissible commutator potential operator). Let ®, ¥ any Young
function. For a function b sublinear commutator operator 7;, o, o« € (0, n) will be called
(@, W)-admissible commutator potential operator, if:

(1) Tp,q satisfies the size condition of the form

|b(y) — b(z)llf(y)ldy

Xt @ Toae (o) @] = Ctyey @ =
B O AR B2 peen R\ B(x,2r) ly —z|"—¢

forx e R" and r > 0;
(2) Tp,q is bounded from L¢ (R") to Ly (R").

In the case ®(r) =r?, W(r) =r4, 1 < p,q < 0o, the (®, W)-admissible commutator
potential operator will be called a (p, g)-admissible commutator potential operator. Bound-
edness of (p, g)-admissible commutator potential operators on generalized Morrey spaces
was studied in [15].

We recall the definition of the space of BM O (R").

Definition 4.2 Suppose that f € LllOc (R™), let

1
Iflle= sup ——= [ f () — fBe.ryldy,
: xER”,r>0|B(xvr)| B(x,r) ()

where

1

SBary = Sdy.
“D B D e

Define

BMOR") = {f € L'*(R") : || fllx < oo}.

Modulo constants, the space BM O (R™) is a Banach space with respect to the norm || - || .
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Definition 4.3 A Young function @ is said to be of upper type p (resp. lower type p) for
some p € [0, 00), if there exists a positive constant C such that, for all # € [1, co)(resp.
t€[0,1]) and s € [0, 00),

D(st) < CtP D(s).

Remark 4.4 We know that if @ is lower type po and upper type p; with 1 < pp < p; < oo,
then ® € Ay N V,. Conversely if ® € Ay N Vy, then @ is lower type po and upper type pj
with 1 < pg < p1 < oo (see [25]).

Definition 4.5 Let @ be a Young function. Let

td' (1) 1t (1)
= in s bg := sup .
1€(0,00) D (1) 1e(0,00) P()

aop

Remark 4.6 It is known that ® € A, N Vs ifand only if 1 < agp < bp < oo (See [26]).

Remark 4.7 Remark 4.6 and Remark 4.4 show us that a Young function & is lower type po
and upper type p; with 1 < pg < p; <ooifandonlyif 1 < ap < b < 00.

The characterization of (L ,, L,) boundedness of the commutator of Riesz potential [, I, ]
was given by Chanillo [5].

Theorem 4.8 [5]Let0 <a <n, 1 <p < gandé =
L,(R") to Ly(R") if and only if b € BM O (R").

% — 2. Then [b, 1] is bounded from

The (L, Ly) boundedness of the commutator operator [b, I,] was given by Fu ef al.
[10].
Theorem 4.9 [10] Let 0 < o < nand b € BMO(R"). Let ® be a Young function and V
defined, via its inverse, by setting, for all t € (0, 00), wl(p) == o)/ Ifl <agp <

bp <oocand 1l < ay < by < oo then [b, 1] is bounded from Lo (R™) to Ly (R™).

Remark 4.10 Thanks to the theorem Theorem 4.9, [b, I,]is an example of ($, W)-admissible
commutator potential operators.

Before proving the main theorems, we need the following lemmas.
Lemma 4.11 [24] Let b € BM O (R"). Then there is a constant C > 0 such that
Ibsecry — ban| < C||b||*1n£ for 0<2r <1,
where C is independent of b, x, r, and t.

Lemma 4.12 [20] Let f € BM O(R") and ® be a Young function. Let ® is lower type pg
and upper type p1 with 1 < pg < p1 < 00, then

~ -1 -
R S G LIE T

X

The following lemma is valid.
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Lemmad4.13 Let 0 < o« < nand b € BMOR"). Let © be a Young function which is
lower type po and upper type p1 with 1 < pg < p1 < 00, W be a Young function which
is lower type qo and upper type g1 with 1 < qo < g1 < 00 and @~V (1)r=/" < W=1(1)
forallt € (0,00), then for the (O, W)-admissible commutator potential operator Ty, o the
inequality

1 o t 1y dt
”Tb,Otf”L\p(B(xo,r)) 5 D11 \Il_l(r_")/zr (1 +In ;)”f”Lq)(B(xo,t))\Il (t )7 4.1)

holds for any ball B(xq, r) and forall f € Lgc (R™).

Proof For arbitrary xo € R”, set B = B(xg, ) for the ball centered at x¢ and of radius r > 0.
Write f = fi + f> with f1 = fx,; and fo = fx, .Hence
©B)

I Tbvaf”L\p(B) < |Toafi ”Lq,(B) + | Tp.a f2 ”L\I,(B) '
From the boundedness of 7}, o from Lg(R") to Ly (R") it follows that

1Tp.e fill LBy < 1 Tp,o fillLg @
S bl N fill Lo@n = 161k | fllLo2B) -
For x € B we have
[b(y) — b(x)]
[Tp,o f2(0)] S / ——————[f(¥)ldy

R1\@2B) X —y|"7¢

b —b
zﬂ, 16G) = DO, 1131y,

@By lxo—yI"®

Then

1Tpo 2Nl B) S ‘
5 ‘
+ ‘

=J1+ /.

b(y) — b(-
/c le(y)ldy

@By lxo —y["™¢

b —b
/c 10G) = bsl, 1y

@By lxo — y|"™¢

Ly (B)

Ly(B)

b(-)—>b
. %wwm

@B) 1x0 —

Ly(B)

Let us estimate J:

b —b
=g o 20l
r)

©@B) lxo —y|"¢

1

(
;/ () — ballf( )|/oo _a
V() Jogg 0 T OB oy e

1

(

1

(

Q

Q

/OO/ 1b(y) — balf ()ldy 2"
W) Jar Jariwo-yi=t VOB

IA

/m/ 1b() — byl f(Wldy—2
\p—l r_”) o Bxo.1) y B y ytn+1—o¢'
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Applying Holder’s inequality, by Lemma 4.12, Lemma 4.11 and the inequality (2.1) we
get

R /w/ 15G) — by lf ()ldy—2
FY ) e oo Y DB AN e

P /mw b |/ Fldy—2
Gy Jy, Proon baeeol [ SOy G

- 1 o dt
~ m /2r ”b(') = b0 ||L3)(B(x0,t)) ”f”L@(B(m,t))m

: " b o1 ()2

+ m . 16B(xo.r) — DBGo.n) 1 f 1l Lo (B(xo.1)) (1 )tlj
1 o0 t dt

< |blly ——— (1 lnf) () ==,
S Wb gy [, (1) o™ ()

In order to estimate J, note that

|f )]

P A =
Le® Jo g xo — yn—e
By Lemma 4.12, we get

1
RS o fo o dy
W-1(r=m) JCap) |xo — y["=

Thus, by (3.11)

e L w1 (2
2 * \p—l(r—n) 5 Lo (B(xo,1)) P
Summing J; and J, we get
o

1 t 4, o dt
1Tp.0f2llLeB) S ”b”*\p—l(r—n)/ (1 +In ;)”f”ch(B(xo,t))\IJ " ")7- 4.2)

2r

Finally,

1Tpe fllLg ) S WDl fllLoeB)
dt

bl g [ (10 ) 1 st ) S
* \I’_l(}’_") 5 ’ @ (B(x0,1)) P

and the statement of Lemma 4.13 follows by (3.13). O

We will use the following statement on the boundedness of the weighted Hardy operator:

Hig(r) = /00 (l +1In ;) gOw()dt, r € (0,00),

where w is a weight.
The following theorem was proved in [19].

Theorem 4.14 Let vy, vy, and w be weights on (0, 0c0) and vi(t) be bounded outside a
neighborhood of the origin. The inequality

ess sup v (r)Hyg(r) < Cess sup v (r)g(r) 4.3)

r>0 >0
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holds for some C > O for all non-negative and non-decreasing g on (0, 00) if and only if

o t w(t)dt
B :=supva(r) 1+4In-) —— “4.4)
=0 - r ) esssupuvi(s)
r<s<0o0

Moreover; the value C = B is the best constant for (4.3).
Remark 4.15 In (4.3) and (4.4) it is assumed that é =0and0-00=0.

Theorem 4.16 Ler 0 < « < nand b € BMO(R"). Let ® be a Young function which is
lower type po and upper type p1 with 1 < pg < p1 < 0o, ¥ be a Young function which is
lower type qo and upper type gy with 1 < go < g1 < 00. Let also ®~1(£)r=*/" < w=1(r)
forallt € (0, 00) and (¢1, 2, ©, V) satisfy the condition

e t . oer(x,s) oy dt
where C does not depend on x and r. Then the operator Ty, o, is bounded from M 4, (R") to
My o, (R"). Moreover

1T f 10y, < 1IN 0ty -

Proof The statement of Theorem 4.16 follows by Lemma 4.13 and Theorem 4.14 in the same
manner as in the proof of Theorem 3.9. O

The following corollary was proved at [20].

Corollary 4.17 Let 0 < @« < nand b € BMOR"). Let ® be a Young function and WV
defined, via its inverse, by setting, for all t € (0, 00), vl = dD_l(t)l_“/", 1l <ap <
bp <ooand 1 < ay < by < o0. Let also (g1, v, ®, V) satisfy the condition (4.5). Then
the operator [b, 1] is bounded from Mg 4, (R") to My 4, (R"). Moreover

1D, La flimg.y, < DIl f Mgy, -

If we take ®(¢r) = t?, ¥(t) =19, 1 < p,q < oo at Theorem 4.16 we get following
corollary, which was proved in [15] (see, also [16]).

Corollary 4.18 Let0 < x <n, 1 < p < — % b e BMO®R") and (¢1, ¢2)

no1
. .. a’ q
satisfy the condition

0 NS inf @1 (x, s)s%
/ ( ——————dt < Cpa(x,r),
.

1 +1n 7) 1 <5<00 n
r t5+l
where C does notdepend on x andr. Then a (p, q)-admissible commutator potential operator
Ty, is bounded from M, 4, to My o,.

The proof of following theorem is similar to the proof of Theorem 3.13.

Theorem 4.19 Let 0 < o < nand b € BMO(R"). Let ® be a Young function which is
lower type po and upper type p1 with 1 < po < p1 < 0o, ¥V be a Young function which is
lower type qo and upper type q1 with 1 < go < q < 00 and (1)1~ < W=L(r) for all
t € (0, 00). Let also @1, @2, ©, ¥ satisfy the conditions (2.3), (2.4) and

00 \IJ_I —n
/ (1 +1n f)gol(x,r) #dr < Copa(x, 1), (4.6)
- r o1

(=)t
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where Cq does not depend on x € R" andr > 0,

. Ind
lim ——-X— =0 4.7
r—0infyern 2 (x, 1)
and
/Oo(1+|1 ) (e dr 48)
cs = n sup ¢(x, 1) ————= — .
s e Y Ty

for every § > 0. Then a (®, W)-admissible commutator potential operator Tj, o is bounded
Sfrom VMg o (R") to VMy, 4 (R").

Proof The norm inequality having already been provided by Theorem 4.16, we only have to
prove the implication

Jim sup SN oBer) _ gy fim sup O~ Ty f Lo Bry _
r=0 yeRrn p1(x,r) r=0 yeRrn @a(x,r)

0.
4.9)
To check that

UL Ty o e By
YeR? p2(x,71)

< ¢ for small r,

we use the estimate (4.1):

"I"_l(r_n)”Tb,ocf”L\y(B(x,r))< bl [

dt
@ (x,r) ~ o) ), '

t

t 1/
(1 +In ;) 1/ 1lLo By ® " (67"
We take r < §p where §p will be chosen small enough and split the integration:

VM Ty £l Ly (B
@2(x, 1)

=< Cllsy(x, 1) + Jsy (x, 1)1, (4.10)

where

Iy (x. 1) : /50 REAEA i Gl d
) = - t
Wl = . ne) T Whesea

and

o0
Jso (x, 1) i=

(1 +1 t) 77107”) £l dt
n- [ .
w2(x, 1) 80 r t LB

We choose a fixed 6o > 0 such that

q)—] P
wp O ee@en _ ¢ 1<,
xeRn p1(x, 1) 2CCo

where C and Cy are constants from (4.10) and (4.6), which yields the estimate of the first
term uniform in r € (0, 8p) : sup Cls,(x,r) < %, 0<r<ép.
xeR"

For the second term, writing 1 4 In 1

L <1+[In¢|+In ., we obtain
cso+55; In

1
Jso(x, 1) < N fll sy, s
0 ©2(x,r) "¢
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where c;, is the constant from (4.8) with § = 8o and ¢s, is a similar constant with omit-
ted logarithmic factor in the integrand. Then, by (4.7) we can choose small r such that
SUPyern Jso (X, 7) < %, which completes the proof. O

Remark 4.20 Note that for vanishing spaces we have to impose the condition (4.6) more
restrictive than the condition (4.5). See, Remark 3.14 for details.

If we take ®(r) =P, W(t) =19, 1 < p,q < oo at Theorem 4.19 we get the following
new result on the vanishing generalized Morrey spaces.

Corollary 4.21 Let0 <o <n, 1 < p < g
satisfy the conditions (2.3), (2.4), (4.7) and

1
5~ b € BMO®R") and (¢1. ¢2)

<=

00 t oAt
(1 +1In 7)<p1(x,t)t — =< Copa(x, 1),
P r t

where Cq does not depend on x € R" andr > 0, and
o L dt
cs = (1 + |In t]) sup ¢1(x,)t* — < 0o
) xeR" t

for every § > 0. Then a (p, q)-admissible commutator potential operator Ty, o is bounded
from VM, 5 (R") to VMg 4, (R").

Acknowledgments The authors would like to express their gratitude to the referees for his (her) very valuable
comments and suggestions.

5 Appendix

Lemma 5.1 Let ¢ be a positive measurable function on (0, 00). Then

1<s<0o0

© dt o dt
ess inf (s) — < o(t)—, r e (0, 00).
. t , t

Proof If the right hand side froo (1) % is infinite the claim is trivial. Hence, we may assume
that fl e (p(t)% < 00. In particular, this implies that ¥ := ¢ - x(;o0) is locally integrable
on R. Indeed, for any A such that 0 < h,r < A < oo we have [/ y(t)dt < [* p(t)dt <
A
Al (p(t)# < 00.
Hence, almost every point t € R is a Lebesgue point of . Now, let t € (r, 00) be a
Lebesgue point of y. This implies

1 t+h 1 t+h
lo(r) — 5/ p(dy| < E/ lo(1) — o(y)|dy
t t

t+h

1
SZ-E V(@) =y ldy -0, h—0
1—h

where in the calculation, 2 > 0 is chosen so small that (r — h,t + h) C (r, o0), so that
Y (t) = @(t) on (t — h,t + h). This shows that the inequality
1 t+h
@(1) = lim f/ @(y)dy > ess inf ¢(s)
h—0 h t t<s<00

holds for every Lebesgue point ¢ € (r, 0co) of ¥ and hence for almost every ¢ € (r,00). O
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