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\noindent and s u f f i c i e n t c o n d i t i o n s on the parameters f o r the boundedness o f the \ h f i l l
$ B − $

\noindent Riesz p o t e n t i a l operator from the spaces \ h f i l l $ L { p , \mid x
\mid ˆ{ \beta } , \gamma }$ \ h f i l l t o \ h f i l l $ L { q , \mid x \mid ˆ{ \lambda }
, \gamma } , $ \ h f i l l and from

\noindent the spaces \quad $ L { 1 , \mid x \mid ˆ{ \beta } , \gamma }$
\quad t o the weak spaces \quad $ WL { q , \mid x \mid ˆ{ \lambda } ,
\gamma } . $

\centerline {2000 Math . \quad Subject C l a s s i f i c a t i o n : \quad Primary 42 B 20 , 42 B 25 , 42 B 35 }

Key \quad Words and Phrases : \quad Laplace − Bes s e l d i f f e r e n t i a l operator , g ene ra l −
i z ed s h i f t operator $ , B − $ Riesz p o t e n t i a l , S t e in − Weiss type i n e q u a l i t y , weighted
Lebesque space

\centerline {0 . \quad In t roduc t i on }

\hspace ∗{\ f i l l }The c l a s s i c a l Riesz p o t e n t i a l i s an important t e c h n i c a l t o o l in harmonic

\noindent a n a l y s i s , theory o f f u n c t i o n s and p a r t i a l d i f f e r e n t i a l equat ions . The p o t e n t i a l

\noindent and r e l a t e d t op i c s a s s o c i a t e d with the Laplace − Bes s e l d i f f e r e n t i a l operator

\hspace ∗{\ f i l l } $ ∗ ) { Akif }$ Gadjiev ’ s r e s ea r ch i s p a r t i a l l y supported by the grant o f INTAS ( pro j e c t 6 −

\noindent 1 17 − 8792 ) and Vagi f Guliyev ’ s r e s ea r ch i s p a r t i a l l y supported by the grant o f the

\noindent Azerba i j an −− U . S . B i l a t e r a l Grants Program I I ( p r o j e c t ANSF Award / 1 6071 ) and by the

\noindent grant o f INTAS ( p r o j e c t 5 − 1 8 − 8 1 57 )

THE STEIN hyphen WEISS TYPE INEQUALITY FOR FRACTIONAL
INTEGRALS comma ASSOCIATED WITH THE LAPLACE hyphen BESSEL
DIFFERENTIAL OPERATOR * closing parenthesis
Akif D period Gadjiev .. 1 comma Vagif S period .. Guliyev .. 2
Abstract
In this paper we study the Riesz potentials .. open parenthesis B hyphen Riesz potentials closing parenthesis

gener hyphen
ated by the Laplace hyphen Bessel differential operator .... Capital Delta sub B = sum from k = 1 to n

partialdiff to the power of partialdiff sub x 2 sub k to the power of 2 plus gamma x sub n partialdiff to the power
of partialdiff x sub n comma

gamma greater 0 comma in the weighted Lebesgue spaces .... L sub p comma bar x bar to the power of beta
comma gamma period .... We establish an inequal hyphen

ity of Stein hyphen Weiss typ e for the .... B hyphen Riesz potentials comma .... and obtain necessary
and sufficient conditions on the parameters for the boundedness of the .... B hyphen
Riesz potential operator from the spaces .... L sub p comma bar x bar to the power of beta comma gamma ....

t o .... L sub q comma bar x bar to the power of lambda comma gamma comma .... and from
the spaces .. L sub 1 comma bar x bar to the power of beta comma gamma .. t o the weak spaces .. WL sub q

comma bar x bar to the power of lambda comma gamma period
2000 Math period .. Subject Classification : .. Primary 42 B 20 comma 42 B 25 comma 42 B 35
Key .. Words and Phrases : .. Laplace hyphen Bessel differential operator comma general hyphen
ized shift operator comma B hyphen Riesz potential comma Stein hyphen Weiss type inequality comma weighted
Lebesque space
0 period .. Introduction
The classical Riesz potential i s an important t echnical tool in harmonic
analysis comma theory of functions and partial differential equations period The potential
and related t opics associated with the Laplace hyphen Bessel differential operator
* closing parenthesis sub Akif Gadjiev quoteright s research is partially supported by the grant of INTAS open

parenthesis proj ect 6 hyphen
1 17 hyphen 8792 closing parenthesis and Vagif Guliyev quoteright s research is partially supported by the grant

of the
Azerbaij an endash U period S period Bilateral Grants Program II open parenthesis project ANSF Award slash

1 6071 closing parenthesis and by the
grant of INTAS open parenthesis project 5 hyphen 1 8 hyphen 8 1 57 closing parenthesis

THE STEIN - WEISS TYPE INEQUALITY FOR FRACTIONAL

INTEGRALS , ASSOCIATED WITH THE LAPLACE - BESSEL
DIFFERENTIAL OPERATOR ∗)

Akif D . Gadjiev 1 , Vagif S . Guliyev 2

Abstract
In this paper we study the Riesz potentials (B− Riesz potentials )

gener -
ated by the Laplace - Bessel differential operator ∆B =

∑k=1
n ∂∂2

x2k
+γxn∂

∂xn,
γ > 0, in the weighted Lebesgue spaces Lp,|x|β ,γ . We establish an inequal -
ity of Stein - Weiss typ e for the B− Riesz potentials , and obtain
necessary
and sufficient conditions on the parameters for the boundedness of the B−
Riesz potential operator from the spaces Lp,|x|β ,γ t o Lq,|x|λ,γ , and from
the spaces L1,|x|β ,γ t o the weak spaces WLq,|x|λ,γ .

2000 Math . Subject Classification : Primary 42 B 20 , 42 B 25 , 42 B 35
Key Words and Phrases : Laplace - Bessel differential operator

, general - ized shift operator , B− Riesz potential , Stein - Weiss type
inequality , weighted Lebesque space

0 . Introduction
The classical Riesz potential i s an important t echnical tool in

harmonic
analysis , theory of functions and partial differential equations . The po-
tential
and related t opics associated with the Laplace - Bessel differential operator

∗)Akif Gadjiev ’ s research is partially supported by the grant of INTAS ( proj ect 6 -

1 17 - 8792 ) and Vagif Guliyev ’ s research is partially supported by the grant of the

Azerbaij an – U . S . Bilateral Grants Program II ( project ANSF Award / 1 6071 ) and by the

grant of INTAS ( project 5 - 1 8 - 8 1 57 )



\noindent 78 \quad A . D . Gadjiev , V . S . Guliyev

\ [ \Delta { B } = \sum ˆ{ k = 1 } { n } \partial ˆ{ \partial }ˆ{ 2 } {x{ 2 } { k }}
+ \gamma { x { n }} \partial ˆ{ \partial } x { n } , \gamma > 0 \ ]

\noindent have b een the r e s ea r ch areas many mathematicians such as B . Muckenhoupt
and E . Ste in [ 7 ] , I . Kipriyanov [ 8 ] , L . Lyakhov [ 1 0 ] , K . Stempak [ 1 2 ] , A . D .
Gadjiev and I . A . Al i ev [ 1 ] , V . S . Guliyev [ 2 ] − [ 4 ] , and othe r s .

\noindent In t h i s \quad paper we \quad study Riesz \quad p o t e n t i a l s \quad $ ( B
− $ Riesz \quad p o t e n t i a l s ) \quad gener −

ated by the Laplace − Bes s e l d i f f e r e n t i a l operator \quad $ \Delta { B }$ \quad in weighted Lebesque
spaces . \quad We e s t a b l i s h an i n e q u a l i t y o f Ste in − Weiss type \quad ( s ee \quad [ 1 1 ] ) \quad f o r the
$ B − $ Riesz p o t e n t i a l s . \quad We obta in the nece s sa ry and s u f f i c i e n t c o n d i t i o n s on

the parameters f o r boundedness o f the \quad $ B − $ Riesz p o t e n t i a l operator from
the spaces \quad $ L { p , \mid x \mid ˆ{ \beta } , \gamma }$ \quad to \quad

$ L { q , \mid x \mid ˆ{ \lambda } , \gamma } , $ and from the spaces \quad
$ L { 1 , \mid x \mid ˆ{ \beta } , \gamma }$ \quad t o the weak

\noindent spaces \quad $ WL { q , \mid x \mid ˆ{ \lambda } , \gamma }
. $

\centerline {1 . \quad D e f i n i t i o n s , notat ion and p r e l i m i n a r i e s }

\begin { a l i g n ∗}
Let R ˆ{ n } { + } = \{ x \ in R ˆ{ n } ; x = ( x { 1 } , .

. . , x { n } ) , x { n } > 0 \} and B ( x , r )
= \{ y \ in \\\ tag ∗{$ R ˆ{ n } { + }$} : \mid x − y \mid < r ,
r > 0 \} , B { r } \equiv B ( 0 , r ) , and l e t \complement { B
( x , } r ) = R ˆ{ n } { + } \setminus B ( x , r ) .
\end{ a l i g n ∗}

\centerline{For \quad a measurable \quad s e t \quad $ A \subset R ˆ{ n } { + }$
\quad l e t \quad $ \mid A \mid { \gamma } = \ int { A } x ˆ{ \gamma } { n }
dx , $ \quad then \quad $ \mid B { r } \mid { \gamma } = $ }

\begin { a l i g n ∗}
\omega ( n , \gamma ) r ˆ{ n + \gamma } , where { \omega (

n , } \gamma ) = \ int { B { 1 }} x ˆ{ \gamma } { n } dx = \pi ˆ{ (
n }{ 2 }ˆ{ − } { \Gamma }ˆ{ 1 ) / 2 { \Gamma }} { ( ( n } { + } ( { \gamma }
( \gamma { − } + { 2 } { ) }ˆ{ 1 ) / 2 ) } { / 2 ) } .
\end{ a l i g n ∗}

\centerline{Denote by \quad $ T ˆ{ y }$ \quad the g e n e r a l i z e d s h i f t operator \quad
$ ( B $ −− s h i f t operator ) ac t ing }

\begin { a l i g n ∗}
accord ing to the { T ˆ{ y } f }ˆ{ law } { ( x ) } = C { \gamma } \ int ˆ{ \pi } { 0 }

f ( x ˆ{ \prime } − y ˆ{ \prime } , ( x { n } , y n ) { \beta }
) \ sin ˆ{ \gamma − 1 } \beta d \beta ,
\end{ a l i g n ∗}

\noindent where \quad $ ( x { n } , y n ) { \beta } = − x ˆ{ 2 } { n }
+ y ˆ{ 2 } { n } 2 x { n } y n $ cos $ \beta $ \quad and \quad $ C { \gamma }
= \Gamma \surd{ \pi }ˆ{ ( ( \gamma + 1 ) / 2 ) } { \Gamma (
\gamma / 2 ) } = 2 { \pi } \omega ( 2 , \gamma ) . $
We note that the g e n e r a l i z e d s h i f t \quad operator \quad $ T ˆ{ y }$ \quad i s c l o s e l y connected

\noindent with the Laplace − Bes s e l d i f f e r e n t i a l operator \quad $ \Delta { B } ( $
f o r example $ , n = 1 $ \quad s ee

\noindent [ 9 ] and \quad $ n > 1 [ 8 ] $ f o r d e t a i l s ) .

\centerline{Let \quad $ L { p , \gamma } ( R ˆ{ n } { + } ) $ \quad be the space o f measurable f u n c t i o n s on \quad
$ R ˆ{ n } { + }$ \quad with f i n i t e }

\begin { a l i g n ∗}
\ tag ∗{$ norm $} \paral le l f \paral le l L { p , \gamma } = \paral le l
f \paral le l L { p , \gamma } ( R ˆ{ n } { + } ) = ( \ int { R ˆ{ n } { + }}
\mid f ( x ) \mid ˆ{ p } x ˆ{ \gamma } { n } dx ) 1 / p , 1
\ leq p < \ infty .
\end{ a l i g n ∗}

\noindent For \quad $ p = \ infty $ \quad the space \quad $ L { \ infty ,
\gamma } ( R ˆ{ n } { + } ) $ \quad i s de f i n ed by means o f the usua l modi f i −

ca t i on

\ [ \paral le l f \paral le l L { \ infty , \gamma } = \paral le l f \paral le l
L { \ infty } = e s s { x \ in R ˆ{ n } { + }} \sup \mid f ( x )
\mid . \ ]
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∆B =

k=1∑
n

∂∂2
x2k

+ γxn∂
∂xn, γ > 0

have b een the research areas many mathematicians such as B . Mucken-
houpt and E . Stein [ 7 ] , I . Kipriyanov [ 8 ] , L . Lyakhov [ 1 0 ] , K .
Stempak [ 1 2 ] , A . D . Gadjiev and I . A . Aliev [ 1 ] , V . S . Guliyev [
2 ] - [ 4 ] , and others .
In this paper we study Riesz potentials (B− Riesz potentials
) gener - ated by the Laplace - Bessel differential operator ∆B in
weighted Lebesque spaces . We establish an inequality of Stein - Weiss
type ( see [ 1 1 ] ) for the B− Riesz potentials . We obtain the
necessary and sufficient conditions on the parameters for boundedness of
the B−Riesz potential operator from the spaces Lp,|x|β ,γ to Lq,|x|λ,γ ,

and from the spaces L1,|x|β ,γ t o the weak
spaces WLq,|x|λ,γ .

1 . Definitions , notation and preliminaries

Let Rn+ = {x ∈ Rn ; x = (x1, ..., xn), xn > 0} and B(x, r) = {y ∈
: | x− y |< r, r > 0}, Br ≡ B(0, r), andlet {B(x,r) = Rn+ \B(x, r).

Rn+

For a measurable set A ⊂ Rn+ let | A |γ =
∫
A
xγndx, then | Br |γ =

ω(n, γ)rn+γ ,whereω(n,γ) =

∫
B1

xγndx = π(n2−Γ
1)/2Γ

((n +(γ(γ− +2
1)/2)
) /2).

Denote by T y the generalized shift operator (B – shift operator ) acting

accordingtothelaw
Tyf (x) = Cγ

∫ π

0

f(x′ − y′, (xn, yn)β) sinγ−1 βdβ,

where (xn, yn)β = −x2
n + y2

n 2xnyn cos β and Cγ = Γ
√
π

((γ+1)/2)
Γ(γ/2) =

2πω(2, γ). We note that the generalized shift operator T y i s closely
connected
with the Laplace - Bessel differential operator ∆B ( for example , n = 1
see
[ 9 ] and n > 1 [8] for details ) .

Let Lp,γ(Rn+) be the space of measurable functions on Rn+ with finite

‖ f ‖ Lp,γ = ‖ f ‖ Lp,γ(Rn+) = (

∫
Rn+
| f(x) |p xγndx)1/p, 1 ≤ p <∞. norm

For p = ∞ the space L∞,γ(Rn+) is defined by means of the usual
modifi - cation

‖ f ‖ L∞,γ = ‖ f ‖ L∞ = essx∈Rn+ sup | f(x) | .
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\hspace ∗{\ f i l l }The t r a n s l a t i o n operator $ T ˆ{ y }$ \quad gene ra t e s the cor re spond ing \quad
$ B − $ convo lut ion

\ [ ( f \otimes g ) ( x ) = \ int { R ˆ{ n } { + }} f ( y )
T ˆ{ y } g ( x ) y ˆ{ \gamma } { n } dy , \ ]

\noindent f o r which the Young i n e q u a l i t y ho lds :

\ [ \paral le l f \otimes g \paral le l L { r , \gamma } \ leq \paral le l
f \paral le l L { p , \gamma } \paral le l g \paral le l L { q , \gamma }
, 1 \ leq p , q , r \ leq \ infty , p ˆ{ 1 } + 1 { q } =
1 { r } + 1 . \ ]

\centerline{Lemma 1 . \quad Let \quad $ 0 < \alpha < n + \gamma . $
\quad Then }

\begin { a l i g n ∗}
\arrowvert T ˆ{ y } \mid x \mid ˆ{ \alpha − n − \gamma } − \mid

y \mid ˆ{ \alpha − n − \gamma } \arrowvert \ leq 2 ˆ{ n + \gamma
+ 1 − \alpha } \mid y \mid ˆ{ \alpha − n − \gamma − 1 } \mid
x \mid ( 1 ) \\\ tag ∗{$ f o r $} 2 \mid x \mid \ leq \mid y \mid
.
\end{ a l i g n ∗}

\centerline{P r o o f . \quad We w i l l show that }

\ [\ begin { a l i gned } \arrowvert T ˆ{ y } \mid x \mid ˆ{ \alpha − n − \gamma }
− \mid y \mid ˆ{ \alpha − n − \gamma } \arrowvert \\
\ leq C { \gamma } \ int ˆ{ \pi } { 0 } \arrowvert vex t ends ing l e ( x ˆ{ \prime }

− y ˆ{ \prime } , ( x { n } , y n ) { \beta } ) v ex t ends ing l e ˆ{ \alpha
− n − \gamma } − \mid y \mid ˆ{ \alpha − n − \gamma } \arrowvert
\ sin ˆ{ \gamma − 1 } \beta d \beta . \end{ a l i gned }\ ]

\centerline{ $ F−r { om }$ the mean value theorem we have }

\ [\ begin { a l i gned } \arrowvert \arrowvert ( x ˆ{ \prime } − y ˆ{ \prime } ,
( x { n } , y n ) { \beta } ) \arrowvert ˆ{ \alpha − n − \gamma }
− \mid y \mid ˆ{ \alpha − n − \gamma } \arrowvert \\
\ leq \arrowvert \arrowvert ( x ˆ{ \prime } − y ˆ{ \prime } , ( x { n }

, y n ) { \beta } ) \arrowvert − \mid y \mid \arrowvert \xi ˆ{ \alpha
− n − \gamma − 1 } , \end{ a l i gned }\ ]

\noindent where \quad min $ \{ \mid ( x ˆ{ \prime } − y ˆ{ \prime } ,
( x { n } , y n ) { \beta } ) \mid , \mid y \mid \} \ leq
\xi \ leq $ max $ \{ \mid ( x ˆ{ \prime } − y ˆ{ \prime } , ( x { n }
, y n ) { \beta } ) \mid , \mid y \mid \} . $
Note that

\ [\ begin { a l i gned } vex t ends ing l e ( x ˆ{ \prime } − y ˆ{ \prime } , ( x { n }
, y n ) { \beta } ) v ex t ends ing l e \ leq \mid x \mid + \mid y
\mid \ leq 3 { 2 } \mid y \mid , \\

vex t ends ing l e ( x ˆ{ \prime } − y ˆ{ \prime } , ( x { n } , y n
) { \beta } ) v ex t ends ing l e \geq \mid x − y \mid \geq \mid y
\mid − \mid x \mid \geq 2 ˆ{ 1 } \mid y \mid \end{ a l i gned }\ ]

\centerline{and }

\ [\ begin { a l i gned } \arrowvert ( x ˆ{ \prime } − y ˆ{ \prime } , ( x { n }
, y n ) { \beta } ) \arrowvert − \mid y \mid \ leq \mid x
\mid + \mid y \mid − \mid y \mid \ leq \mid x \mid \\
\mid y \mid − vex t ends ing l e ( x ˆ{ \prime } − y ˆ{ \prime } , (

x { n } , y n ) { \beta } ) v ex t ends ing l e \ leq \mid y \mid −
\mid x − y \mid \ leq \mid x \mid . \end{ a l i gned }\ ]

\centerline{Hence }

\ [ 2 ˆ{ 1 } \mid y \mid \ leq \arrowvert ( x ˆ{ \prime } − y ˆ{ \prime }
, ( x { n } , y n ) { \beta } ) \arrowvert \ leq 3 { 2 } \mid
y \mid , and \arrowvert \arrowvert ( x ˆ{ \prime } − y ˆ{ \prime }
, ( x { n } , y n ) { \beta } ) \arrowvert − \mid y \mid
\arrowvert \ leq \mid x \mid . \ ]
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The translation operator T to the power of y .. generates the corresponding .. B hyphen convolution
open parenthesis f oslash g closing parenthesis open parenthesis x closing parenthesis = integral sub R sub

plus to the power of n f open parenthesis y closing parenthesis T to the power of y g open parenthesis x closing
parenthesis y sub n to the power of gamma dy comma

for which the Young inequality holds :
bar f oslash g bar L sub r comma gamma less or equal bar f bar L sub p comma gamma bar g bar L sub q

comma gamma comma 1 less or equal p comma q comma r less or equal infinity comma p to the power of 1 plus 1
q = 1 r plus 1 period

Lemma 1 period .. Let .. 0 less alpha less n plus gamma period .. Then
vextendsingle-vextendsingle T to the power of y bar x bar to the power of alpha minus n minus gamma minus

bar y bar to the power of alpha minus n minus gamma vextendsingle-vextendsingle less or equal 2 to the power of
n plus gamma plus 1 minus alpha bar y bar to the power of alpha minus n minus gamma minus 1 bar x bar open
parenthesis 1 closing parenthesis Equation: for .. 2 bar x bar less or equal bar y bar period

P r o o f period .. We will show that
Line 1 vextendsingle-vextendsingle T to the power of y bar x bar to the power of alpha minus n minus gamma

minus bar y bar to the power of alpha minus n minus gamma vextendsingle-vextendsingle Line 2 less or equal C sub
gamma integral sub 0 to the power of pi vextendsingle-vextendsingle-vextendsingle vextendsingle parenleftbig x to
the power of prime minus y to the power of prime comma open parenthesis x sub n comma y n closing parenthesis
sub beta parenrightbig vextendsingle to the power of alpha minus n minus gamma minus bar y bar to the power of
alpha minus n minus gamma vextendsingle-vextendsingle-vextendsingle sine to the power of gamma minus 1 beta
d beta period

F-r sub om the mean value theorem we have
Line 1 vextendsingle-vextendsingle-vextendsingle vextendsingle-vextendsingle parenleftbig x to the power of

prime minus y to the power of prime comma open parenthesis x sub n comma y n closing parenthesis sub beta
parenrightbig vextendsingle-vextendsingle to the power of alpha minus n minus gamma minus bar y bar to the
power of alpha minus n minus gamma vextendsingle-vextendsingle-vextendsingle Line 2 less or equal vextendsingle-
vextendsingle vextendsingle-vextendsingle parenleftbig x to the power of prime minus y to the power of prime comma
open parenthesis x sub n comma y n closing parenthesis sub beta parenrightbig vextendsingle-vextendsingle minus
bar y bar vextendsingle-vextendsingle xi to the power of alpha minus n minus gamma minus 1 comma

where .. min open brace bar open parenthesis x to the power of prime minus y to the power of prime comma
open parenthesis x sub n comma y n closing parenthesis sub beta closing parenthesis bar comma bar y bar closing
brace less or equal xi less or equal max open brace bar open parenthesis x to the power of prime minus y to the
power of prime comma open parenthesis x sub n comma y n closing parenthesis sub beta closing parenthesis bar
comma bar y bar closing brace period

Note that
Line 1 vextendsingle parenleftbig x to the power of prime minus y to the power of prime comma open parenthesis

x sub n comma y n closing parenthesis sub beta parenrightbig vextendsingle less or equal bar x bar plus bar y bar
less or equal 3 2 bar y bar comma Line 2 vextendsingle parenleftbig x to the power of prime minus y to the power
of prime comma open parenthesis x sub n comma y n closing parenthesis sub beta parenrightbig vextendsingle
greater equal bar x minus y bar greater equal bar y bar minus bar x bar greater equal 2 to the power of 1 bar y
bar

and
Line 1 vextendsingle-vextendsingle parenleftbig x to the power of prime minus y to the power of prime comma

open parenthesis x sub n comma y n closing parenthesis sub beta parenrightbig vextendsingle-vextendsingle minus
bar y bar less or equal bar x bar plus bar y bar minus bar y bar less or equal bar x bar Line 2 bar y bar minus
vextendsingle parenleftbig x to the power of prime minus y to the power of prime comma open parenthesis x sub
n comma y n closing parenthesis sub beta parenrightbig vextendsingle less or equal bar y bar minus bar x minus
y bar less or equal bar x bar period

Hence
2 to the power of 1 bar y bar less or equal vextendsingle-vextendsingle parenleftbig x to the power of prime minus

y to the power of prime comma open parenthesis x sub n comma y n closing parenthesis sub beta parenrightbig
vextendsingle-vextendsingle less or equal 3 2 bar y bar comma and vextendsingle-vextendsingle vextendsingle-
vextendsingle parenleftbig x to the power of prime minus y to the power of prime comma open parenthesis x sub n
comma y n closing parenthesis sub beta parenrightbig vextendsingle-vextendsingle minus bar y bar vextendsingle-
vextendsingle less or equal bar x bar period
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The translation operator T y generates the corresponding B−

convolution

(f ⊗ g)(x) =

∫
Rn+
f(y)T yg(x)yγndy,

for which the Young inequality holds :

‖ f ⊗ g ‖ Lr,γ ≤ ‖ f ‖ Lp,γ ‖ g ‖ Lq,γ , 1 ≤ p, q, r ≤ ∞, p1 + 1q = 1r + 1.

Lemma 1 . Let 0 < α < n+ γ. Then

|T y | x |α−n−γ − | y |α−n−γ | ≤ 2n+γ+1−α | y |α−n−γ−1| x | (1)

2 | x |≤| y | . for

P r o o f . We will show that

|T y | x |α−n−γ − | y |α−n−γ |

≤ Cγ
∫ π

0

|vextendsingle(x′ − y′, (xn, yn)β)vextendsingleα−n−γ− | y |α−n−γ | sinγ−1 βdβ.

F− rom the mean value theorem we have

||(x′ − y′, (xn, yn)β)|α−n−γ− | y |α−n−γ |
≤ ||(x′ − y′, (xn, yn)β)|− | y | |ξα−n−γ−1,

where min {| (x′ − y′, (xn, yn)β) |, | y |} ≤ ξ ≤ max {| (x′ − y′, (xn, yn)β) |, | y |}.
Note that

vextendsingle(x′ − y′, (xn, yn)β)vextendsingle ≤| x | + | y |≤ 32 | y |,
vextendsingle(x′ − y′, (xn, yn)β)vextendsingle ≥| x− y |≥| y | − | x |≥ 21 | y |

and

|(x′ − y′, (xn, yn)β)|− | y |≤| x | + | y | − | y |≤| x |
| y | −vextendsingle(x′ − y′, (xn, yn)β)vextendsingle ≤| y | − | x− y |≤| x | .

Hence

21 | y |≤ |(x′ − y′, (xn, yn)β)| ≤ 32 | y |, and ||(x′ − y′, (xn, yn)β)|− | y | | ≤| x | .
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D e f i n i t i o n 1 . \quad Let \quad $ 1 \ leq p < \ infty . $ We denote by \quad
$ WL { p , \gamma } ( R ˆ{ n } { + } ) $ \quad the weak

$ L { p , \gamma }$ \quad space de f ined as the s e t \quad o f l o c a l l y i n t e g r a b l e f u n c t i o n s \quad
$ f $ \quad with the

f i n i t e norms

\begin { a l i g n ∗}
\paral le l f \paral le l WL { p , \gamma } = \sup { r > 0 } r f ˆ{ 1

/ p } { ∗ , \gamma } ( r ) , \\\ tag ∗{$ where $} f { ∗ , \gamma }
( r ) = vex t ends ing l e \{ x \ in R ˆ{ n } { + } : \mid f ( x
) \mid > r \} vex t ends ing l e { \gamma } .
\end{ a l i g n ∗}

Let \quad $ v $ \quad be non − negat ive and measurable func t i on on \quad $ R ˆ{ n } { + }
, $ and \quad $ L { p , v , \gamma } ( R ˆ{ n } { + } ) $
be the weighted \quad $ L { p , \gamma } − $ space o f a l l measurable f u n c t i o n s \quad

$ f $ \quad on \quad $ R ˆ{ n } { + }$ \quad f o r which

\ [ \paral le l f \paral le l L { p , v , \gamma } \equiv \paral le l
f \paral le l L { p , v , \gamma } ( R ˆ{ n } { + } ) = \paral le l
vf \paral le l L { p , \gamma } ( R ˆ{ n } { + } ) < \ infty . \ ]

We denote by \quad $ WL { p , v , \gamma } ( R ˆ{ n } { + } ) ( 1
\ leq p < \ infty ) $ the weighted weak Lebesgue

space which i s the c l a s s o f a l l measurable f u n c t i o n s \quad $ f : R ˆ{ n } { + }
\rightarrow R , $ f o r which

\ [ \paral le l f \paral le l WL { p , v , \gamma } \equiv \paral le l
f \paral le l WL { p , v , \gamma } ( R ˆ{ n } { + } ) = \paral le l
vf \paral le l WL { p , \gamma } ( R ˆ{ n } { + } ) < \ infty . \ ]

\centerline{We s h a l l need the f o l l o w i n g Hardy − typ e trans forms de f ined on \quad
$ R ˆ{ n } { + } : $ }

\ [ H { \gamma } f ( x ) = \ int { B { \mid x \mid }} f ( y
) y ˆ{ \gamma } { n } dy , H ˆ{ \prime } { \gamma } f ( x ) = \ int { \complement { B { \mid
x \mid }}} f ( y ) y ˆ{ \gamma } { n } dy . \ ]

The f o l l o w i n g two theorems f o r the se t rans f o rmat i ons were proved in [ 5 ]
( s e e a l s o [ 6 ] , Sec t i on 1 . 1 ) .

\hspace ∗{\ f i l l }Theorem \quad A . \quad Let \quad $ 1 < q < \ infty . $ \quad Suppose that \quad
$ v $ \quad and \quad $ w $ \quad are a . e .

\noindent p o s i t i v e f u n c t i o n s on \quad $ R ˆ{ n } { + } . $ \quad Then :

$ ( a ) $ \quad The operator \quad $ H { \gamma }$ \quad i s bounded from \quad
$ L { 1 , w , \gamma } ( R ˆ{ n } { + } ) $ \quad to \quad $ WL { q
, v , \gamma } ( R ˆ{ n } { + } ) $

i f and only $ i f { A { 1 }} \equiv \sup { t > 0 } ( \ int { \complement { B { t }}}
v ˆ{ q } ( x ) x ˆ{ \gamma } { n } dx ) 1 / q \sup { B { t }}
w ˆ{ − 1 } ( x ) < \ infty , $

\hspace ∗{\ f i l l } $ ( b ) $ \quad The operator \quad $ H ˆ{ \prime } { \gamma }$
\quad i s bounded from \quad $ L { 1 , w , \gamma } ( R ˆ{ n } { + } ) $
\quad to \quad $ WL { q , v , \gamma } ( R ˆ{ n } { + } ) $

\noindent i f and only i f $ A { 2 } \equiv \sup { t > 0 } ( \ int { B { t }}
v ˆ{ q } ( x ) x ˆ{ \gamma } { n } dx ) 1 / q \sup { \complement { B { t }}}
w ˆ{ − 1 } ( x ) < \ infty . $

\hspace ∗{\ f i l l }Moreover , \quad the re e x i s t p o s i t i v e cons tant s \quad $ a { j } ,
j = 1 , . . . , 4 , $ \quad depending

\noindent only on \quad $ q $ \quad such that \quad $ a { 1 } A { 1 } \ leq
\paral le l H \paral le l \ leq a { 2 } A { 1 }$ \quad and \quad $ a { 3 }
A { 2 } \ leq \paral le l H ˆ{ \prime } \paral le l \ leq a { 4 } A { 2 }
. $

\hspace ∗{\ f i l l }Theorem B . \quad Let \quad $ 1 < p \ leq q < \ infty . $
\quad Suppose that \quad $ v $ \quad and \quad $ w $ \quad are a . e .

\noindent p o s i t i v e f u n c t i o n s on \quad $ R ˆ{ n } { + } . $ \quad Then :

$ ( a ) $ \quad The operator \quad $ H { \gamma }$ \quad i s bounded from \quad
$ L { p , w , \gamma } ( R ˆ{ n } { + } ) $ \quad to \quad $ L { q
, v , \gamma } ( R ˆ{ n } { + } ) $ \quad i f
and only i f

80 .. A period D period Gadjiev comma V period S period Guliyev
Definition 1 period .. Let .. 1 less or equal p less infinity period We denote by .. WL sub p comma gamma

open parenthesis R sub plus to the power of n closing parenthesis .. the weak
L sub p comma gamma .. space defined as the set .. of locally integrable functions .. f .. with the
finite norms
bar f bar WL sub p comma gamma = supremum r greater 0 rf sub * comma gamma to the power of 1 slash

p open parenthesis r closing parenthesis comma Equation: where .. f sub * comma gamma open parenthesis r
closing parenthesis = vextendsingle braceleftbig x in R sub plus to the power of n : bar f open parenthesis x closing
parenthesis bar greater r bracerightbig vextendsingle sub gamma period

Let .. v .. be non hyphen negative and measurable function on .. R sub plus to the power of n comma and ..
L sub p comma v comma gamma open parenthesis R sub plus to the power of n closing parenthesis

be the weighted .. L sub p comma gamma hyphen space of all measurable functions .. f .. on .. R sub plus to
the power of n .. for which

bar f bar L sub p comma v comma gamma equiv bar f bar L sub p comma v comma gamma open parenthesis
R sub plus to the power of n closing parenthesis = bar vf bar L sub p comma gamma open parenthesis R sub plus
to the power of n closing parenthesis less infinity period

We denote by .. WL sub p comma v comma gamma open parenthesis R sub plus to the power of n closing
parenthesis open parenthesis 1 less or equal p less infinity closing parenthesis the weighted weak Lebesgue

space which i s the class of all measurable functions .. f : R sub plus to the power of n right arrow R comma
for which

bar f bar WL sub p comma v comma gamma equiv bar f bar WL sub p comma v comma gamma open parenthesis
R sub plus to the power of n closing parenthesis = bar vf bar WL sub p comma gamma open parenthesis R sub
plus to the power of n closing parenthesis less infinity period

We shall need the following Hardy hyphen typ e transforms defined on .. R sub plus to the power of n :
H sub gamma f open parenthesis x closing parenthesis = integral sub B sub bar x bar f open parenthesis y closing

parenthesis y sub n to the power of gamma dy comma H sub gamma to the power of prime f open parenthesis x
closing parenthesis = integral sub complement sub B sub bar x bar f open parenthesis y closing parenthesis y sub
n to the power of gamma dy period

The following two theorems for these transformations were proved in open square bracket 5 closing square
bracket

open parenthesis see also open square bracket 6 closing square bracket comma Section 1 period 1 closing
parenthesis period

Theorem .. A period .. Let .. 1 less q less infinity period .. Suppose that .. v .. and .. w .. are a period e
period

positive functions on .. R sub plus to the power of n period .. Then :
open parenthesis a closing parenthesis .. The operator .. H sub gamma .. is bounded from .. L sub 1 comma

w comma gamma open parenthesis R sub plus to the power of n closing parenthesis .. to .. WL sub q comma v
comma gamma open parenthesis R sub plus to the power of n closing parenthesis

if and only if sub A sub 1 equiv supremum t greater 0 parenleftbigg integral sub complement sub B sub t v to
the power of q open parenthesis x closing parenthesis x sub n to the power of gamma dx parenrightbigg 1 slash q
supremum B sub t w to the power of minus 1 open parenthesis x closing parenthesis less infinity comma

open parenthesis b closing parenthesis .. The operator .. H sub gamma to the power of prime .. is bounded
from .. L sub 1 comma w comma gamma open parenthesis R sub plus to the power of n closing parenthesis .. to
.. WL sub q comma v comma gamma open parenthesis R sub plus to the power of n closing parenthesis

if and only if A sub 2 equiv supremum t greater 0 parenleftbigg integral sub B sub t v to the power of q open
parenthesis x closing parenthesis x sub n to the power of gamma dx parenrightbigg 1 slash q supremum complement
sub B sub t w to the power of minus 1 open parenthesis x closing parenthesis less infinity period

Moreover comma .. there exist positive constants .. a sub j comma j = 1 comma period period period comma
4 comma .. depending

only on .. q .. such that .. a sub 1 A sub 1 less or equal bar H bar less or equal a sub 2 A sub 1 .. and .. a sub
3 A sub 2 less or equal bar H to the power of prime bar less or equal a sub 4 A sub 2 period

Theorem B period .. Let .. 1 less p less or equal q less infinity period .. Suppose that .. v .. and .. w .. are a
period e period

positive functions on .. R sub plus to the power of n period .. Then :
open parenthesis a closing parenthesis .. The operator .. H sub gamma .. is bounded from .. L sub p comma w

comma gamma open parenthesis R sub plus to the power of n closing parenthesis .. to .. L sub q comma v comma
gamma open parenthesis R sub plus to the power of n closing parenthesis .. if

and only if

80 A . D . Gadjiev , V . S . Guliyev
Definition 1 . Let 1 ≤ p < ∞. We denote by WLp,γ(Rn+) the

weak Lp,γ space defined as the set of locally integrable functions f
with the finite norms

‖ f ‖WLp,γ = sup
r>0

rf
1/p
∗,γ (r),

f∗,γ(r) = vextendsingle{x ∈ Rn+ : | f(x) |> r}vextendsingleγ . where

Let v be non - negative and measurable function on Rn+, and
Lp,v,γ(Rn+) be the weighted Lp,γ− space of all measurable functions f
on Rn+ for which

‖ f ‖ Lp,v,γ ≡ ‖ f ‖ Lp,v,γ(Rn+) =‖ vf ‖ Lp,γ(Rn+) <∞.

We denote by WLp,v,γ(Rn+) (1 ≤ p < ∞) the weighted weak Lebesgue
space which i s the class of all measurable functions f : Rn+ → R, for which

‖ f ‖WLp,v,γ ≡ ‖ f ‖WLp,v,γ(Rn+) =‖ vf ‖WLp,γ(Rn+) <∞.

We shall need the following Hardy - typ e transforms defined on Rn+ :

Hγf(x) =

∫
B|x|

f(y)yγndy , H ′γf(x) =

∫
{B|x|

f(y)yγndy.

The following two theorems for these transformations were proved in [ 5
] ( see also [ 6 ] , Section 1 . 1 ) .

Theorem A . Let 1 < q < ∞. Suppose that v
and w are a . e .
positive functions on Rn+. Then :

(a) The operator Hγ is bounded from L1,w,γ(Rn+) to WLq,v,γ(Rn+)
if and only ifA1

≡ supt>0(
∫
{Bt

vq(x)xγndx)1/q supBt w
−1(x) <∞,

(b) The operator H ′γ is bounded from L1,w,γ(Rn+) to
WLq,v,γ(Rn+)
if and only if A2 ≡ supt>0(

∫
Bt
vq(x)xγndx)1/q sup{Bt

w−1(x) <∞.
Moreover , there exist positive constants aj , j = 1, ..., 4,

depending
only on q such that a1A1 ≤‖ H ‖≤ a2A1 and a3A2 ≤‖ H ′ ‖≤ a4A2.

Theorem B . Let 1 < p ≤ q <∞. Suppose that v and
w are a . e .
positive functions on Rn+. Then :

(a) The operator Hγ is bounded from Lp,w,γ(Rn+) to Lq,v,γ(Rn+)
if and only if
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\ [ A { 3 } \equiv \sup { t > 0 } ( \ int { \complement { B { t }}} v ˆ{ q }
( x ) x ˆ{ \gamma } { n } dx ) 1 / q ( \ int { B { t }} w ˆ{ −
p ˆ{ \prime }} ( x ) x ˆ{ \gamma } { n } dx ) 1 / p ˆ{ \prime } <
\ infty , p ˆ{ \prime } = p / ( p − 1 ) , \ ]

$ ( b ) $ \quad The operator \quad $ H ˆ{ \prime } { \gamma }$ \quad i s bounded from \quad
$ L { p , w , \gamma } ( R ˆ{ n } { + } ) $ \quad to \quad $ L { q
, v , \gamma } ( R ˆ{ n } { + } ) $ \quad i f
and only i f

\ [ A { 4 } \equiv \sup { t > 0 } ( \ int { B { t }} v ˆ{ q } ( x
) x ˆ{ \gamma } { n } dx ) 1 / q ( \ int { \complement { B { t }}}
w ˆ{ − p ˆ{ \prime }} ( x ) x ˆ{ \gamma } { n } dx ) 1 / p ˆ{ \prime }
< \ infty . \ ]

Moreover , \quad the re e x i s t p o s i t i v e cons tant s \quad $ b { j } , j = 1
, . . . , 4 , $ \quad depending
only on \quad $ p $ \quad and \quad $ q $ \quad such that \quad $ b { 1 } A { 3 }
\ leq \paral le l H \paral le l \ leq b { 2 } A { 3 }$ \quad and \quad $ b { 3 }
A { 4 } \ leq \paral le l H ˆ{ \prime } \paral le l \ leq $

\begin { a l i g n ∗}
b { 4 } A { 4 } .
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }We w i l l need the case when we s u b s t i t u t e \quad $ L { p , \upsilon
, \gamma } ( R ˆ{ n } { + } ) $ \quad by the homoge −

\noindent neous space \quad $ ( X , \rho , \mu ) , X = R ˆ{ n } { + }
, \rho ( x − y ) = \mid x − y \mid , d \mu ( x
) = x ˆ{ \gamma } { n } dx $ \quad in
Theorems A and B .

\ [ Consider { I { \alpha , \gamma }}ˆ{ the } { f ( x ) } T ˆ{ y } \mid
x \mid ˆ{ \alpha − n − \gamma }ˆ{ R ˆ{ n } { + }} {−{Riesz { B { = }{ \ int }}}
p o t e n t i a l } f ( y ) y ˆ{ \gamma } { n } dy , 0 < \alpha < n
+ \gamma . \ ]

For the \quad $ B − $ Riesz p o t e n t i a l the f o l l o w i n g Hardy − Litt l ewood − Sobolev the −
orem i s v a l i d .

\ [ 1 ) I f 1 < p ˆ{ su f f i c i e n t f o r the } { Theorem 1 . } < n
+ \gamma ˆ{ \alpha , } { ( [ 1 ] ) Let } 0 < { then }{ boundedness } cond i t i on { \alpha
< n + \gamma { o f }} I { \alpha , \gamma } p ˆ{ 1 ˆ{ − } { and }}{ from }
1 ˆ{ q } { 1 }{ L { p , }} { \gamma } ( i s nece s sa ry ˆ{ L { q , \gamma }
( R ˆ{ n } { + } ) . } { \ leq { = }{ R } {n{ + }}ˆ{ p } {n{ ) } + }ˆ{ < { \alpha }} {\gamma{ to }}ˆ{ \gamma
n + { \alpha }} . } and \ ]

\noindent the $ 2 ) I f p = 1 , then { boundedness } { o f I { \alpha }}ˆ{ cond i t i on } { ,
\gamma } { from } 1{ L } { 1 }ˆ{ − } { , \gamma ˆ{ ( }}ˆ{ 1 { q }} { R }ˆ{ = } {n{ + }
) }ˆ{ n \alpha{ + }}ˆ{ \gamma } { to } i s nece s sa ry { WL } { q , \gamma }
( R ˆ{ n } { + } ) and { . }$ s u f f i c i e n t f o r

\centerline {2 . \quad Main r e s u l t s }

\hspace ∗{\ f i l l }One o f the our main r e s u l t s i s the f o l l o w i n g Ste in − Weiss type theorem

\noindent f o r the \quad $ B − $ Riesz p o t e n t i a l s .

\ [\ begin { a l i gned } Theorem 2 . Let 0 < \alpha < n + \gamma ,
1 < p \ leq q < \ infty , \beta < n + \gamma { p } { \prime }
, \\
\lambda { L } { p }ˆ{ < } { , \mid x \mid ˆ{ \beta }}ˆ{n{ + } { q } \gamma } { ,

\gamma ˆ{ ( R }}ˆ{ , } {n{ + }}ˆ{ \beta } { ) } + { . } Then ˆ{ \lambda \geq
0 } ( { \alpha { I }}ˆ{ \beta } { , \gamma ˆ{ f }}ˆ{ + } \lambda { \ in } n ˆ{ + } {>{ L } { q
, }ˆ{ 0 } { \mid x }ˆ{ , } { \mid ˆ{ − }}ˆ{ i f } { \lambda { , \gamma }}ˆ{ p } { (

R }ˆ{ = }} q{ ) } , p ˆ{ and } { ) 1 } 1{ − {q{ the }}} n + \gamma ˆ{ f o l l o w i n g } { =
\alpha − \beta − \lambda } and f \ in { i n e q u a l i t y }\\

holds : \\
( \ int { R ˆ{ n } { + }} \mid x \mid ˆ{ − \lambda q } \mid I { \alpha

, \gamma } f ( x ) \mid ˆ{ q } x ˆ{ \gamma } { n } dx ) 1 / q
\ leq C ( \ int { R ˆ{ n } { + }} \mid x \mid ˆ{ \beta p } \mid f
( x ) \mid ˆ{ p } x ˆ{ \gamma } { n } dx ) 1 / p , ( 2 ) \end{ a l i gned }\ ]

\noindent where \quad $ C $ \quad i s independent o f $ f . $

THE STEIN hyphen WEISS TYPE INEQUALITY FOR FRACTIONAL period period period 8 1
A sub 3 equiv supremum t greater 0 parenleftbigg integral sub complement sub B sub t v to the power of q

open parenthesis x closing parenthesis x sub n to the power of gamma dx parenrightbigg 1 slash q parenleftbigg
integral sub B sub t w to the power of minus p to the power of prime open parenthesis x closing parenthesis x sub
n to the power of gamma dx parenrightbigg 1 slash p to the power of prime less infinity comma p to the power of
prime = p slash open parenthesis p minus 1 closing parenthesis comma

open parenthesis b closing parenthesis .. The operator .. H sub gamma to the power of prime .. is bounded
from .. L sub p comma w comma gamma open parenthesis R sub plus to the power of n closing parenthesis .. to
.. L sub q comma v comma gamma open parenthesis R sub plus to the power of n closing parenthesis .. if

and only if
A sub 4 equiv supremum t greater 0 parenleftbigg integral sub B sub t v to the power of q open parenthesis x

closing parenthesis x sub n to the power of gamma dx parenrightbigg 1 slash q parenleftbigg integral sub complement
sub B sub t w to the power of minus p to the power of prime open parenthesis x closing parenthesis x sub n to the
power of gamma dx parenrightbigg 1 slash p to the power of prime less infinity period

Moreover comma .. there exist positive constants .. b sub j comma j = 1 comma period period period comma
4 comma .. depending

only on .. p .. and .. q .. such that .. b sub 1 A sub 3 less or equal bar H bar less or equal b sub 2 A sub 3 ..
and .. b sub 3 A sub 4 less or equal bar H to the power of prime bar less or equal

b sub 4 A sub 4 period
We will need the case when we substitute .. L sub p comma upsilon comma gamma open parenthesis R sub

plus to the power of n closing parenthesis .. by the homoge hyphen
neous space .. open parenthesis X comma rho comma mu closing parenthesis comma X = R sub plus to the

power of n comma rho open parenthesis x minus y closing parenthesis = bar x minus y bar comma d mu open
parenthesis x closing parenthesis = x sub n to the power of gamma dx .. in

Theorems A and B period
Consider I sub alpha comma gamma sub f open parenthesis x closing parenthesis to the power of the T to the

power of y bar x bar to the power of alpha minus n minus gamma from R sub plus to the power of n to B =
hyphenRieszintegral potential f open parenthesis y closing parenthesis y sub n to the power of gamma dy comma
0 less alpha less n plus gamma period

For the .. B hyphen Riesz potential the following Hardy hyphen Littlewood hyphen Sobolev the hyphen
orem is valid period
1 closing parenthesis If 1 less p from sufficient for the to Theorem 1 period less n plus gamma from alpha comma

to open parenthesis open square bracket 1 closing square bracket closing parenthesis Let 0 less thenboundedness
alpha less n plus gamma conditionof I sub alpha comma gamma p to the power of 1 from minus to and from 1 from
q to 1 L sub p comma sub gamma open parenthesis is necessary from L sub q comma gamma open parenthesis R
sub plus to the power of n closing parenthesis period to less or equal = R sub n plus sub n closing parenthesis plus
to the power of p sub gamma to to the power of less alpha to the power of gamma n plus alpha period and

the 2 closing parenthesis If p = 1 comma then boundedness sub of I sub alpha sub comma gamma to the power
of condition sub from 1 L sub 1 sub comma gamma to the power of open parenthesis to the power of minus sub
R to the power of 1 q sub n plus closing parenthesis to the power of = to the power of n alpha plus sub to to
the power of gamma is necessary WL sub q comma gamma open parenthesis R sub plus to the power of n closing
parenthesis and period sufficient for

2 period .. Main results
One of the our main results is the following Stein hyphen Weiss type theorem
for the .. B hyphen Riesz potentials period
Line 1 Theorem 2 period Let 0 less alpha less n plus gamma comma 1 less p less or equal q less infinity comma

beta less n plus gamma p sub prime comma Line 2 lambda L sub p sub comma bar x bar to the power of beta to
the power of less sub comma gamma to the power of open parenthesis R to the power of n plus q gamma sub n
plus to the power of comma sub closing parenthesis to the power of beta plus period Then to the power of lambda
greater equal 0 open parenthesis alpha I sub comma gamma to the power of f to the power of beta to the power
of plus lambda in n from plus to greater L sub q comma sub bar x to the power of 0 sub bar to the power of
minus to the power of comma sub lambda sub comma gamma to the power of if sub open parenthesis R to the
power of p to the power of = q closing parenthesis comma p from and to closing parenthesis 1 1 minus sub q the
n plus gamma from following to = alpha minus beta minus lambda and f in inequality Line 3 holds : Line 4 open
parenthesis integral sub R sub plus to the power of n bar x bar to the power of minus lambda q bar I sub alpha
comma gamma f open parenthesis x closing parenthesis bar to the power of q x sub n to the power of gamma dx
closing parenthesis 1 slash q less or equal C open parenthesis integral sub R sub plus to the power of n bar x bar
to the power of beta p bar f open parenthesis x closing parenthesis bar to the power of p x sub n to the power of
gamma dx closing parenthesis 1 slash p comma open parenthesis 2 closing parenthesis

where .. C .. is independent of f period

THE STEIN - WEISS TYPE INEQUALITY FOR FRACTIONAL . . .
8 1

A3 ≡ sup
t>0

(

∫
{Bt

vq(x)xγndx)1/q(

∫
Bt

w−p
′
(x)xγndx)1/p′ <∞, p′ = p/(p− 1),

(b) The operator H ′γ is bounded from Lp,w,γ(Rn+) to Lq,v,γ(Rn+)

if and only if

A4 ≡ sup
t>0

(

∫
Bt

vq(x)xγndx)1/q(

∫
{Bt

w−p
′
(x)xγndx)1/p′ <∞.

Moreover , there exist positive constants bj , j = 1, ..., 4, depend-
ing only on p and q such that b1A3 ≤ ‖ H ‖ ≤ b2A3 and
b3A4 ≤ ‖ H ′ ‖ ≤

b4A4.

We will need the case when we substitute Lp,υ,γ(Rn+) by the homoge
-
neous space (X, ρ, µ), X = Rn+, ρ(x − y) =| x − y |, dµ(x) = xγndx in
Theorems A and B .

Considerthe
Iα,γ f(x)T

y | x |α−n−γ Rn+
−RieszB=

∫
potential

f(y)yγndy, 0 < α < n+ γ.

For the B− Riesz potential the following Hardy - Littlewood - Sobolev
the - orem is valid .

1)If 1 < psufficientfortheTheorem1. < n+γα ,
([1])Let0 < thenboundednessconditionα < n+ γofIα,γ p1−andfrom1q1Lp,γ(isnecessary

Lq,γ(Rn+).

≤=Rpn+
<α
n)+

γn+α
γto .

and

the 2)Ifp = 1, thenboundednessconditionofIα ,γfrom1L−1
1q
,γ(

=
R
nα+
n+)

γ
to isnecessaryWLq,γ(Rn+)and.

sufficient for
2 . Main results

One of the our main results is the following Stein - Weiss type theorem
for the B− Riesz potentials .

Theorem 2. Let 0 < α < n+ γ, 1 < p ≤ q < ∞, β < n+ γp′,

λL
<
p
n+qγ

,|x|β
,
,γ(R

β
n+) +. Then

λ≥0(βαI
+
,γf
λ∈n

+

>L0
q,
,
|x
if

|−
p
λ,γ

=
(R
q), pand) 11−qthen+ γfollowing=α−β−λ and f ∈ inequality

holds :

(

∫
Rn+
| x |−λq| Iα,γf(x) |q xγndx)1/q ≤ C(

∫
Rn+
| x |βp| f(x) |p xγndx)1/p, (2)

where C is independent of f.
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P r o o f . \quad We have

\begin { a l i g n ∗}
( \ int { R ˆ{ n } { + }} \mid x \mid ˆ{ − \lambda q } \mid I { \alpha

, \gamma } f ( x ) \mid ˆ{ q } x ˆ{ \gamma } { n } dx ) 1 / q \\ \ leq
( \ int { R ˆ{ n } { + }} \mid x \mid ˆ{ − \lambda q } ( \ int { B { \mid
x \mid / 2 }} \mid f ( y ) \mid T ˆ{ y } \mid x \mid ˆ{ \alpha
− n − \gamma } y ˆ{ \gamma } { n } dy ) q x ˆ{ \gamma } { n } dx )
1 / q \\ + ( \ int { R ˆ{ n } { + }} \mid x \mid ˆ{ − \lambda q }
( \ int { B { 2 \mid x \mid } \setminus B { \mid x \mid / 2 }}
\mid f ( y ) \mid T ˆ{ y } \mid x \mid ˆ{ \alpha − n − \gamma }
y ˆ{ \gamma } { n } dy ) q x ˆ{ \gamma } { n } dx ) 1 / q \\ + (
\ int { R ˆ{ n } { + }} \mid x \mid ˆ{ − \lambda q } ( \ int { \complement { B { 2
\mid x \mid }}} \mid f ( y ) \mid T ˆ{ y } \mid x \mid ˆ{ \alpha
− n − \gamma } y ˆ{ \gamma } { n } dy ) q x ˆ{ \gamma } { n } dx )
1 / q \equiv I { 1 } + I { 2 } + I { 3 } .
\end{ a l i g n ∗}

\hspace ∗{\ f i l l } I t \quad i s \quad easy t o v e r i f y that \quad i f \quad $ \mid y
\mid < \mid x \mid / 2 , $ \quad then \quad $ \mid x \mid \ leq
\mid y \mid + \mid x − y \mid < $

\ [ \mid x \mid / 2 + \mid x − y \mid . Hence \mid x \mid
/ 2 < \mid x − y \mid and T ˆ{ y } \mid x \mid ˆ{ \alpha −
n − \gamma } \ leq ( \mid x \mid / 2 ) ˆ{ \alpha − n − \gamma }
. \ ]

\noindent Consequently ,

\ [ I { 1 } \ leq 2 ˆ{ n + \gamma − \alpha } ( \ int { R ˆ{ n } { + }}
\mid x \mid ( \alpha − n − \gamma − \lambda ) q ( H { \gamma }
f ( x ) ) ˆ{ q } x ˆ{ \gamma } { n } dx ) 1 / q . \ ]

\hspace ∗{\ f i l l } $ F−u $ r the r , tak ing in to account the i n e q u a l i t y \quad $ − \lambda
q < ( n + \gamma − \alpha ) q − n − \gamma $

\begin { a l i g n ∗}
( \equiv \alpha < n + \gamma { q } { \prime } +{ ( } \lambda{ \ int } { \complement { B }}ˆ{ ) } { t } we{ \mid } { x
\mid ( }ˆ{ have } { − \lambda + \alpha − n − \gamma ) q { x }ˆ{ \gamma } { n ˆ{ dx }}
) } 1 / q = C { 1 } t ˆ{ \alpha − \lambda − ( n + \gamma
) / q ˆ{ \prime }} , \\\ tag ∗{$ where $} C { 1 } = ( { q / q ˆ{ \prime }
+ ( \lambda }ˆ{ \omega ( n , \gamma ) } { − \alpha ) q / (
n + \gamma ) } ) 1 / q .
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }Analogously , by v i r t u e o f the cond i t i on \quad $ \beta p < (
n + \gamma ) ( p − 1 ) ( \equiv \beta < $

\begin { a l i g n ∗}
n + \gamma { p } { \prime } ) , i t \succ that { ( } \ int { B { t }}
\mid x \mid ˆ{ − \beta p ˆ{ \prime }} x ˆ{ \gamma } { n } dx ) 1 /
p ˆ{ \prime } = C { 2 } t ˆ{ ( n + \gamma ) / p ˆ{ \prime } − \beta }
, \\\ tag ∗{$ where $} C { 2 } = \ l e f t (\ begin { array }{ c} \omega ( n , \gamma
) \\ 1 − \beta p ˆ{ \prime } / ( n + \gamma ) \end{ array }\ right )
1 / p ˆ{ \prime } .
\end{ a l i g n ∗}

\centerline{Summarizing these e s t imate s , we f i n d that }

\ [\ begin { a l i gned } \sup { t > 0 } ( \ int { \complement { B { t }}} \mid
x \mid ˆ{ ( − \lambda + \alpha − n − \gamma ) q } x ˆ{ \gamma } { n }
dx ) 1 / q ( \ int { B { t }} \mid x \mid ˆ{ − \beta p ˆ{ \prime }}
x ˆ{ \gamma } { n } dx ) 1 / p ˆ{ \prime }\\

= C { 1 } C { 2 } \sup { t > 0 } t ˆ{ \alpha − \beta − \lambda
+ ˆ{ n + }}ˆ{ \gamma } { q } − n{ + } { p } \gamma < \ infty \ i f f \alpha
− \beta − \lambda = n + { p } \gamma − n + { q } \gamma . \end{ a l i gned }\ ]

82 .. A period D period Gadjiev comma V period S period Guliyev
P r o o f period .. We have
open parenthesis integral sub R sub plus to the power of n bar x bar to the power of minus lambda q bar I sub

alpha comma gamma f open parenthesis x closing parenthesis bar to the power of q x sub n to the power of gamma
dx closing parenthesis 1 slash q less or equal open parenthesis integral sub R sub plus to the power of n bar x bar
to the power of minus lambda q open parenthesis integral sub B sub bar x bar slash 2 bar f open parenthesis y
closing parenthesis bar T to the power of y bar x bar to the power of alpha minus n minus gamma y sub n to the
power of gamma dy closing parenthesis q x sub n to the power of gamma dx closing parenthesis 1 slash q plus open
parenthesis integral sub R sub plus to the power of n bar x bar to the power of minus lambda q open parenthesis
integral sub B sub 2 bar x bar backslash B sub bar x bar slash 2 bar f open parenthesis y closing parenthesis bar T
to the power of y bar x bar to the power of alpha minus n minus gamma y sub n to the power of gamma dy closing
parenthesis q x sub n to the power of gamma dx closing parenthesis 1 slash q plus open parenthesis integral sub R
sub plus to the power of n bar x bar to the power of minus lambda q open parenthesis integral sub complement
sub B sub 2 bar x bar bar f open parenthesis y closing parenthesis bar T to the power of y bar x bar to the power
of alpha minus n minus gamma y sub n to the power of gamma dy closing parenthesis q x sub n to the power of
gamma dx closing parenthesis 1 slash q equiv I sub 1 plus I sub 2 plus I sub 3 period

It .. i s .. easy t o verify that .. if .. bar y bar less bar x bar slash 2 comma .. then .. bar x bar less or equal
bar y bar plus bar x minus y bar less

bar x bar slash 2 plus bar x minus y bar period Hence bar x bar slash 2 less bar x minus y bar and T to the
power of y bar x bar to the power of alpha minus n minus gamma less or equal open parenthesis bar x bar slash 2
closing parenthesis to the power of alpha minus n minus gamma period

Consequently comma
I sub 1 less or equal 2 to the power of n plus gamma minus alpha open parenthesis integral sub R sub plus to

the power of n bar x bar open parenthesis alpha minus n minus gamma minus lambda closing parenthesis q open
parenthesis H sub gamma f open parenthesis x closing parenthesis closing parenthesis to the power of q x sub n to
the power of gamma dx closing parenthesis 1 slash q period

F-u rther comma taking into account the inequality .. minus lambda q less open parenthesis n plus gamma
minus alpha closing parenthesis q minus n minus gamma

open parenthesis equiv alpha less n plus gamma q sub prime plus parenleftbigg lambda integral sub complement
sub B sub t to the power of closing parenthesis we bar sub x bar open parenthesis sub minus lambda plus alpha
minus n minus gamma closing parenthesis q sub x sub n to the power of dx to the power of gamma parenrightbigg
to the power of have 1 slash q = C sub 1 t to the power of alpha minus lambda minus open parenthesis n plus
gamma closing parenthesis slash q to the power of prime comma Equation: where .. C sub 1 = open parenthesis
sub q slash q to the power of prime plus open parenthesis lambda sub minus alpha closing parenthesis q slash open
parenthesis n plus gamma closing parenthesis to the power of omega open parenthesis n comma gamma closing
parenthesis closing parenthesis 1 slash q period

Analogously comma by virtue of the condition .. beta p less open parenthesis n plus gamma closing parenthesis
open parenthesis p minus 1 closing parenthesis open parenthesis equiv beta less

n plus gamma p sub prime closing parenthesis comma it follows that parenleftbigg integral sub B sub t bar x
bar to the power of minus beta p to the power of prime x sub n to the power of gamma dx parenrightbigg 1 slash
p to the power of prime = C sub 2 t to the power of open parenthesis n plus gamma closing parenthesis slash p
to the power of prime minus beta comma Equation: where .. C sub 2 = Row 1 omega open parenthesis n comma
gamma closing parenthesis Row 2 1 minus beta p to the power of prime slash open parenthesis n plus gamma
closing parenthesis . 1 slash p to the power of prime period

Summarizing these estimates comma we find that
Line 1 supremum t greater 0 parenleftbigg integral sub complement sub B sub t bar x bar to the power of open

parenthesis minus lambda plus alpha minus n minus gamma closing parenthesis q x sub n to the power of gamma
dx parenrightbigg 1 slash q parenleftbigg integral sub B sub t bar x bar to the power of minus beta p to the power
of prime x sub n to the power of gamma dx parenrightbigg 1 slash p to the power of prime Line 2 = C sub 1 C sub
2 supremum t greater 0 t to the power of alpha minus beta minus lambda plus to the power of n plus sub q to the
power of gamma minus n plus p gamma less infinity arrowdblleft-arrowdblright alpha minus beta minus lambda =
n plus p gamma minus n plus q gamma period

82 A . D . Gadjiev , V . S . Guliyev P r o o f . We have

(

∫
Rn+
| x |−λq| Iα,γf(x) |q xγndx)1/q

≤ (

∫
Rn+
| x |−λq (

∫
B|x|/2

| f(y) | T y | x |α−n−γ yγndy)qxγndx)1/q

+(

∫
Rn+
| x |−λq (

∫
B2|x|\B|x|/2

| f(y) | T y | x |α−n−γ yγndy)qxγndx)1/q

+(

∫
Rn+
| x |−λq (

∫
{B2|x|

| f(y) | T y | x |α−n−γ yγndy)qxγndx)1/q ≡ I1 + I2 + I3.

It i s easy t o verify that if | y | < | x | /2, then
| x | ≤ | y | + | x− y | <

| x | /2+ | x− y | . Hence | x | /2 <| x− y | and T y | x |α−n−γ≤ (| x | /2)α−n−γ .

Consequently ,

I1 ≤ 2n+γ−α(

∫
Rn+
| x | (α− n− γ − λ)q(Hγf(x))qxγndx)1/q.

F− u rther , taking into account the inequality
−λq < (n+ γ − α)q − n− γ

(≡ α < n+ γq′ + (λ

∫ )

{B
twe|have

x|( −λ+α−n−γ)qγxndx )1/q = C1t
α−λ−(n+γ)/q′ ,

C1 = (
ω(n,γ)
q/q′+(λ−α)q/(n+γ))1/q. where

Analogously , by virtue of the condition βp < (n+ γ)(p− 1) (≡ β <

n+ γp′), it � that(

∫
Bt

| x |−βp
′
xγndx)1/p′ = C2t

(n+γ)/p′−β ,

C2 =

(
ω(n, γ)

1− βp′/(n+ γ)

)
1/p′. where

Summarizing these estimates , we find that

sup
t>0

(

∫
{Bt

| x |(−λ+α−n−γ)q xγndx)1/q(

∫
Bt

| x |−βp
′
xγndx)1/p′

= C1C2 sup
t>0

tα−β−λ+n+γ
q − n+pγ <∞ ⇐⇒ α− β − λ = n+p γ − n+q γ.
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Now the f i r s t part o f Theorem A lead s us to the i n e q u a l i t y

\ [ I { 1 } \ leq b { 2 } C { 1 } C { 2 } 2 ˆ{ n + \gamma − \alpha }
( \ int { R ˆ{ n } { + }} \mid x \mid ˆ{ \beta } \mid f ( x ) \mid ˆ{ p }
x ˆ{ \gamma } { n } dx ) 1 / p . \ ]

\hspace ∗{\ f i l l } I t \quad i s \quad easy \quad to \quad v e r i f y that \quad i f \quad $ \mid
y \mid > 2 \mid x \mid , $ \quad then \quad $ \mid y \mid \ leq
\mid x \mid + \mid x − y \mid < $

\ [ \mid y \mid / 2 + \mid x − y \mid . Hence \mid y \mid
/ 2 < \mid x − y \mid and T ˆ{ y } \mid x \mid ˆ{ \alpha −
n − \gamma } \ leq ( \mid y \mid / 2 ) ˆ{ \alpha − n − \gamma }
. \ ]

\noindent Consequently ,

\ [ I { 3 } \ leq 2 ˆ{ n + \gamma − \alpha } ( \ int { R ˆ{ n } { + }}
\mid x \mid ˆ{ − \lambda q } ( H ˆ{ \prime } { \gamma } ( \mid f
( y ) \mid \mid y \mid ˆ{ \alpha − n − \gamma } ) ( x )
) ˆ{ q } x ˆ{ \gamma } { n } dx ) 1 / q . \ ]

\hspace ∗{\ f i l l } $ F−u $ r the r , \quad tak ing in to account the i n e q u a l i t y \quad $ −
\lambda q > − n − \gamma ( \equiv \lambda < $

\begin { a l i g n ∗}
\ tag ∗{$ \gamma n{ + } { q }$} ) , we have ( \ int { B { t }} \mid x
\mid ˆ{ − \lambda q } x ˆ{ \gamma } { n } dx ) 1 / q = C { 3 }
t ˆ{ ( n + \gamma ) / q − \lambda } ,
\end{ a l i g n ∗}

\noindent where \quad $ C { 3 } = \ l e f t (\ begin { array }{ c} \omega ( n , \gamma
) \\ 1 − \lambda q / ( n + \gamma ) \end{ array }\ right ) 1 /
q . $ \quad Analogously , \quad by \quad v i r t u e \quad o f the \quad cond i t i on

$ \beta p > \alpha p − n − \gamma ( \equiv \alpha < n{ + } { p }
\gamma + \beta ) , $ i t f o l l o w s that

\begin { a l i g n ∗}
( \ int { B { t }} \mid x \mid ˆ{ − ( \beta + n + \gamma −
\alpha ) p ˆ{ \prime }} x ˆ{ \gamma } { n } dx ) 1 / p ˆ{ \prime } =
C { 4 } t ˆ{ ( n + \gamma ) / p ˆ{ \prime } − ( n + \gamma
+ \beta − \alpha ) } , \\\ tag ∗{$ where $} C { 4 } = ( ( 1 + (
\beta \alpha { − }ˆ{ \omega }ˆ{ ( n , \gamma ) } { ) / ( n + \gamma
) ) p ˆ{ \prime } − 1 } ) 1 / p ˆ{ \prime } .
\end{ a l i g n ∗}

\centerline{Summarizing these e s t imate s , we f i n d that }

\ [\ begin { a l i gned } \sup { t > 0 } ( \ int { B { t }} \mid x \mid ˆ{ −
\lambda q } x ˆ{ \gamma } { n } dx ) 1 / q ( \ int { \complement { B { t }}}
\mid x \mid ˆ{ − ( \beta + n + \gamma − \alpha ) p ˆ{ \prime }}
x ˆ{ \gamma } { n } dx ) 1 / p ˆ{ \prime }\\

= C { 3 } C { 4 } \sup { t > 0 } t ˆ{ \alpha − \beta − \lambda
+ ˆ{ \gamma n + }} { q } − \gamma n{ + } { p } < \ infty \ i f f \alpha
− \beta − \lambda = n + { p } \gamma − n + { q } \gamma . \end{ a l i gned }\ ]

\noindent Now the second part o f Theorem B lead s us to the i n e q u a l i t y

\ [ I { 3 } \ leq b { 4 } C { 3 } C { 4 } 2 ˆ{ n + \gamma − \alpha }
( \ int { R ˆ{ n } { + }} \mid x \mid ˆ{ \beta } \mid f ( x ) \mid ˆ{ p }
x ˆ{ \gamma } { n } dx ) 1 / p . \ ]

\noindent $To{ r a t e l y } . $ \quad es t imate \quad $ I { 2 } , $ we cons id e r the ca s e s \quad
$ \alpha < n{ + } { p } \gamma $ \quad and \quad $ \alpha > n{ + } { p }
\gamma $ \quad sepa −

Let \quad $ \alpha < \gamma n{ + } { p } . $ \quad In t h i s case the cond i t i on \quad
$ \alpha = \beta + \lambda + \gamma n{ + } { p } − \gamma n{ + } { q }
\geq $

\begin { a l i g n ∗}
\ tag ∗{$ \gamma n{ + } { p }$} − \gamma n{ + } { q } i m p l i e s q \ leq p ˆ{ ∗ }
, where p ˆ{ ∗ } = ( n + \gamma ) p / ( n + \gamma −
\alpha p ) .
\end{ a l i g n ∗}

THE STEIN hyphen WEISS TYPE INEQUALITY FOR FRACTIONAL period period period 83
Now the first part of Theorem A leads us to the inequality
I sub 1 less or equal b sub 2 C sub 1 C sub 2 2 to the power of n plus gamma minus alpha open parenthesis

integral sub R sub plus to the power of n bar x bar to the power of beta bar f open parenthesis x closing parenthesis
bar to the power of p x sub n to the power of gamma dx closing parenthesis 1 slash p period

It .. i s .. easy .. to .. verify that .. if .. bar y bar greater 2 bar x bar comma .. then .. bar y bar less or equal
bar x bar plus bar x minus y bar less

bar y bar slash 2 plus bar x minus y bar period Hence bar y bar slash 2 less bar x minus y bar and T to the
power of y bar x bar to the power of alpha minus n minus gamma less or equal open parenthesis bar y bar slash 2
closing parenthesis to the power of alpha minus n minus gamma period

Consequently comma
I sub 3 less or equal 2 to the power of n plus gamma minus alpha open parenthesis integral sub R sub plus

to the power of n bar x bar to the power of minus lambda q parenleftbig H sub gamma to the power of prime
parenleftbig bar f open parenthesis y closing parenthesis bar bar y bar to the power of alpha minus n minus gamma
parenrightbig open parenthesis x closing parenthesis parenrightbig to the power of q x sub n to the power of gamma
dx closing parenthesis 1 slash q period

F-u rther comma .. taking into account the inequality .. minus lambda q greater minus n minus gamma open
parenthesis equiv lambda less

Equation: gamma n plus q .. closing parenthesis comma we have parenleftbigg integral sub B sub t bar x bar
to the power of minus lambda q x sub n to the power of gamma dx parenrightbigg 1 slash q = C sub 3 t to the
power of open parenthesis n plus gamma closing parenthesis slash q minus lambda comma

where .. C sub 3 = Row 1 omega open parenthesis n comma gamma closing parenthesis Row 2 1 minus lambda
q slash open parenthesis n plus gamma closing parenthesis . 1 slash q period .. Analogously comma .. by .. virtue
.. of the .. condition

beta p greater alpha p minus n minus gamma open parenthesis equiv alpha less n plus p gamma plus beta
closing parenthesis comma it follows that

parenleftbigg integral sub B sub t bar x bar to the power of minus open parenthesis beta plus n plus gamma
minus alpha closing parenthesis p to the power of prime x sub n to the power of gamma dx parenrightbigg 1 slash p
to the power of prime = C sub 4 t to the power of open parenthesis n plus gamma closing parenthesis slash p to the
power of prime minus open parenthesis n plus gamma plus beta minus alpha closing parenthesis comma Equation:
where .. C sub 4 = open parenthesis open parenthesis 1 plus open parenthesis beta alpha minus to the power of
omega sub closing parenthesis slash open parenthesis n plus gamma closing parenthesis closing parenthesis p to the
power of prime minus 1 to the power of open parenthesis n comma gamma closing parenthesis closing parenthesis
1 slash p to the power of prime period

Summarizing these estimates comma we find that
Line 1 supremum t greater 0 parenleftbigg integral sub B sub t bar x bar to the power of minus lambda q x sub

n to the power of gamma dx parenrightbigg 1 slash q parenleftbigg integral sub complement sub B sub t bar x bar
to the power of minus open parenthesis beta plus n plus gamma minus alpha closing parenthesis p to the power of
prime x sub n to the power of gamma dx parenrightbigg 1 slash p to the power of prime Line 2 = C sub 3 C sub 4
supremum t greater 0 t to the power of alpha minus beta minus lambda plus to the power of gamma n plus sub q
minus gamma n plus p less infinity arrowdblleft-arrowdblright alpha minus beta minus lambda = n plus p gamma
minus n plus q gamma period

Now the second part of Theorem B leads us to the inequality
I sub 3 less or equal b sub 4 C sub 3 C sub 4 2 to the power of n plus gamma minus alpha open parenthesis

integral sub R sub plus to the power of n bar x bar to the power of beta bar f open parenthesis x closing parenthesis
bar to the power of p x sub n to the power of gamma dx closing parenthesis 1 slash p period

To rately period .. estimate .. I sub 2 comma we consider the cases .. alpha less n plus p gamma .. and .. alpha
greater n plus p gamma .. sepa hyphen

Let .. alpha less gamma n plus p period .. In this case the condition .. alpha = beta plus lambda plus gamma
n plus p minus gamma n plus q greater equal

Equation: gamma n plus p .. minus gamma n plus q implies q less or equal p to the power of * comma where
p to the power of * = open parenthesis n plus gamma closing parenthesis p slash open parenthesis n plus gamma
minus alpha p closing parenthesis period

THE STEIN - WEISS TYPE INEQUALITY FOR FRACTIONAL . . .
83 Now the first part of Theorem A leads us to the inequality

I1 ≤ b2C1C22n+γ−α (

∫
Rn+
| x |β | f(x) |p xγndx)1/p.

It i s easy to verify that if | y | > 2 | x |, then
| y | ≤ | x | + | x− y | <

| y | /2+ | x− y | . Hence | y | /2 <| x− y | and T y | x |α−n−γ≤ (| y | /2)α−n−γ .

Consequently ,

I3 ≤ 2n+γ−α(

∫
Rn+
| x |−λq (H ′γ(| f(y) || y |α−n−γ)(x))qxγndx)1/q.

F− u rther , taking into account the inequality
−λq > −n− γ (≡ λ <

),wehave (

∫
Bt

| x |−λq xγndx)1/q = C3t
(n+γ)/q−λ, γn+q

where C3 =

(
ω(n, γ)

1− λq/(n+ γ)

)
1/q. Analogously , by virtue of

the condition βp > αp− n− γ (≡ α < n+pγ + β), it follows that

(

∫
Bt

| x |−(β+n+γ−α)p′ xγndx)1/p′ = C4t
(n+γ)/p′−(n+γ+β−α),

C4 = ((1 + (βαω−
(n,γ)
)/(n+γ))p′−1)1/p′. where

Summarizing these estimates , we find that

sup
t>0

(

∫
Bt

| x |−λq xγndx)1/q(

∫
{Bt

| x |−(β+n+γ−α)p′ xγndx)1/p′

= C3C4 sup
t>0

tα−β−λ+γn+

q − γn+p <∞ ⇐⇒ α− β − λ = n+p γ − n+q γ.

Now the second part of Theorem B leads us to the inequality

I3 ≤ b4C3C42n+γ−α (

∫
Rn+
| x |β | f(x) |p xγndx)1/p.

Torately. estimate I2, we consider the cases α < n+pγ and α >
n+pγ sepa - Let α < γn+p . In this case the condition α =
β + λ+ γn+p − γn+q ≥

−γn+q implies q ≤ p∗,where p∗ = (n+ γ)p/(n+ γ − αp). γn+p



\noindent 84 \quad A . D . Gadjiev , V . S . Guliyev

\centerline{ F i r s t , assume that \quad $ q < p ˆ{ ∗ } . $ \quad In the s eque l we use the notat ion }

\ [ D { k } \equiv \{ x \ in R ˆ{ n } { + } : 2 ˆ{ k } \ leq \mid x
\mid < 2 ˆ{ k + 1 } \} , \widetilde{D} { k } \equiv \{ x \ in
R ˆ{ n } { + } : 2 ˆ{ k − 2 } \ leq \mid x \mid < 2 ˆ{ k + 2 }
\} . \ ]

\noindent $ 1 , By { we f i nd }ˆ{ H \ddot{o} l d e r }ˆ{ ’ s } { that }$
i n e q u a l i t y with resp ec t t o the exponent \ h f i l l $ p ˆ{ ∗ } { q }$ \ h f i l l and Theorem

\ [\ begin { a l i gned } I { 2 } = ( \ int { R ˆ{ n } { + }} \mid x \mid ˆ{ −
\lambda q } ( \ int { B { 2 \mid x \mid } \setminus B { \mid x
\mid / 2 }} \mid f ( y ) \mid T ˆ{ y } \mid x \mid ˆ{ \alpha
− n − \gamma } y ˆ{ \gamma } { n } dy ) q x ˆ{ \gamma } { n } dx )
1 / q \\

= ( { k } \sum { \ in Z } \ int { D { k }} \mid x \mid ˆ{ − \lambda
q } ( \ int { B { 2 \mid x \mid } \setminus B { \mid x \mid /
2 }} \mid f ( y ) \mid T ˆ{ y } \mid x \mid ˆ{ \alpha − n −
\gamma } y ˆ{ \gamma } { n } dy ) q x ˆ{ \gamma } { n } dx ) 1 / q \\
\ leq ( { k } \sum { \ in Z } ( \ int { D { k }} ( \ int { B { 2 \mid

x \mid } \setminus B { \mid x \mid / 2 }} \mid f ( y ) \mid
T ˆ{ y } \mid x \mid ˆ{ \alpha − n − \gamma } y ˆ{ \gamma } { n } dy
) p ˆ{ ∗ } x ˆ{ \gamma } { n } dx ) q / p ˆ{ ∗ }\\
\times ( \ int { D { k }} \mid x \mid − \lambda qp ˆ{ ∗ }{ ∗ } { p

− q x ˆ{ \gamma } { n } dx } ) p − q ˆ{ ∗ { p }} { ∗ } ) 1 / q \\
\ leq C { 5 } ( ˆ{ \sum } { k \ in Z } 2 ˆ{ k [ − \lambda q + ˆ{ p }}ˆ{ ∗ { − }} { p }ˆ{ q } { ∗ }

( n + \gamma ) ] ( \ int { D { k }} \arrowvert I { \alpha ,
\gamma } ( f \chi { x66−D { k }} ) ( x ) \arrowvert ˆ{ p ˆ{ ∗ }} x ˆ{ \gamma } { n }
dx ) q / p ˆ{ ∗ } ) 1 / q \\
\ leq C { 6 } ( ˆ{ \sum } { k \ in Z } 2 ˆ{ k [ − \lambda q + ˆ{∗{ − }}} { p ˆ{ ∗ }}

( n + \gamma ) ] ( D x66−k \mid f ( x ) \mid ˆ{ p } x ˆ{ \gamma } { n }
dx ) q / p ) 1 / q \\
\ leq C { 7 } ( \ int { R ˆ{ n } { + }} \mid x \mid ˆ{ \beta } \mid

f ( x ) \mid ˆ{ p } x ˆ{ \gamma } { n } dx ) 1 / p . \end{ a l i gned }\ ]

I f \quad $ q = p ˆ{ ∗ } , $ then \quad $ \beta + \lambda = 0 $ \quad and consequent ly , us ing d i r e c t l y Theorem 1
we have

\ [\ begin { a l i gned } I { 2 } \ leq C { 8 } ( { k } \sum { \ in Z } 2 ˆ{ k
\beta p ˆ{ ∗ }} \ int { D { k }} \arrowvert I { \alpha , \gamma } (
f \chi { x66−D { k }} ) ( x ) \arrowvert ˆ{ p ˆ{ ∗ }} x ˆ{ \gamma } { n }
dx ) 1 / p ˆ{ ∗ }\\
\ leq C { 9 } ( { k } \sum { \ in Z } 2 ˆ{ k \beta p ˆ{ ∗ }} ( D

x66−k \mid f ( x ) \mid ˆ{ p } x ˆ{ \gamma } { n } dx ) ˆ{ p ˆ{ ∗ }
/ p } ) 1 / p ˆ{ ∗ }\\
\ leq C { 10 } ( ˆ{ \ int } { R ˆ{ n } { + }} \mid x \mid ˆ{ \beta p }

\mid f ( x ) \mid ˆ{ p } x ˆ{ \gamma } { n } dx ) 1 / p . \end{ a l i gned }\ ]

84 .. A period D period Gadjiev comma V period S period Guliyev
First comma assume that .. q less p to the power of * period .. In the sequel we use the notation
D sub k equiv open brace x in R sub plus to the power of n : 2 to the power of k less or equal bar x bar less 2

to the power of k plus 1 closing brace comma D-tildewider sub k equiv open brace x in R sub plus to the power of
n : 2 to the power of k minus 2 less or equal bar x bar less 2 to the power of k plus 2 closing brace period

1 comma By we find to the power of H dieresis-o lder sub that to the power of quoteright s inequality with resp
ect t o the exponent .... p sub q to the power of * .... and Theorem

Line 1 I sub 2 = open parenthesis integral sub R sub plus to the power of n bar x bar to the power of minus
lambda q open parenthesis integral sub B sub 2 bar x bar backslash B sub bar x bar slash 2 bar f open parenthesis
y closing parenthesis bar T to the power of y bar x bar to the power of alpha minus n minus gamma y sub n
to the power of gamma dy closing parenthesis q x sub n to the power of gamma dx closing parenthesis 1 slash q
Line 2 = open parenthesis sub k sum in Z integral sub D sub k bar x bar to the power of minus lambda q open
parenthesis integral sub B sub 2 bar x bar backslash B sub bar x bar slash 2 bar f open parenthesis y closing
parenthesis bar T to the power of y bar x bar to the power of alpha minus n minus gamma y sub n to the power of
gamma dy closing parenthesis q x sub n to the power of gamma dx closing parenthesis 1 slash q Line 3 less or equal
parenlefttp-parenleftex-parenleftbt sub k sum in Z parenleftbt-parenlefttp integral sub D sub k open parenthesis
integral sub B sub 2 bar x bar backslash B sub bar x bar slash 2 bar f open parenthesis y closing parenthesis bar
T to the power of y bar x bar to the power of alpha minus n minus gamma y sub n to the power of gamma dy
closing parenthesis p to the power of * x sub n to the power of gamma dx parenrighttp-parenrightbt q slash p to
the power of * Line 4 times parenleftbigg integral sub D sub k bar x bar minus lambda qp to the power of * * sub
p minus q x sub n to the power of gamma dx parenrightbigg p minus q from * sub p to * parenrighttp-parenrightbt
1 slash q Line 5 less or equal C sub 5 open parenthesis sub k in Z to the power of sum 2 to the power of k open
square bracket minus lambda q plus to the power of p sub p to the power of * sub minus sub * to the power
of q open parenthesis n plus gamma closing parenthesis closing square bracket parenleftbigg integral sub D sub
k vextendsingle-vextendsingle-vextendsingle I sub alpha comma gamma open parenthesis f chi sub x66-D sub k
closing parenthesis open parenthesis x closing parenthesis vextendsingle-vextendsingle-vextendsingle to the power
of p to the power of * x sub n to the power of gamma dx parenrightbigg q slash p to the power of * closing
parenthesis 1 slash q Line 6 less or equal C sub 6 open parenthesis sub k in Z to the power of sum 2 to the power
of k open square bracket minus lambda q plus to the power of * minus sub p to the power of * open parenthesis
n plus gamma closing parenthesis closing square bracket parenleftbigg D x66-k bar f open parenthesis x closing
parenthesis bar to the power of p x sub n to the power of gamma dx parenrightbigg q slash p closing parenthesis
1 slash q Line 7 less or equal C sub 7 open parenthesis integral sub R sub plus to the power of n bar x bar to the
power of beta bar f open parenthesis x closing parenthesis bar to the power of p x sub n to the power of gamma
dx closing parenthesis 1 slash p period

If .. q = p to the power of * comma then .. beta plus lambda = 0 .. and consequently comma using directly
Theorem 1

we have
Line 1 I sub 2 less or equal C sub 8 open parenthesis sub k sum in Z 2 to the power of k beta p to the power of *

integral sub D sub k vextendsingle-vextendsingle I sub alpha comma gamma open parenthesis f chi sub x66-D sub
k closing parenthesis open parenthesis x closing parenthesis vextendsingle-vextendsingle to the power of p to the
power of * x sub n to the power of gamma dx closing parenthesis 1 slash p to the power of * Line 2 less or equal
C sub 9 open parenthesis sub k sum in Z 2 to the power of k beta p to the power of * parenleftbigg D x66-k bar
f open parenthesis x closing parenthesis bar to the power of p x sub n to the power of gamma dx parenrightbigg
to the power of p to the power of * slash p closing parenthesis 1 slash p to the power of * Line 3 less or equal C
sub 10 open parenthesis to the power of integral sub R sub plus to the power of n bar x bar to the power of beta
p bar f open parenthesis x closing parenthesis bar to the power of p x sub n to the power of gamma dx closing
parenthesis 1 slash p period

84 A . D . Gadjiev , V . S . Guliyev
First , assume that q < p∗. In the sequel we use the notation

Dk ≡ {x ∈ Rn+ : 2k ≤| x |< 2k+1} , D̃k ≡ {x ∈ Rn+ : 2k−2 ≤| x |< 2k+2}.

1,ByHölder
wefind

′s
that inequality with resp ect t o the exponent p∗q and Theorem

I2 = (

∫
Rn+
| x |−λq (

∫
B2|x|\B|x|/2

| f(y) | T y | x |α−n−γ yγndy)qxγndx)1/q

= (k
∑
∈Z

∫
Dk

| x |−λq (

∫
B2|x|\B|x|/2

| f(y) | T y | x |α−n−γ yγndy)qxγndx)1/q

≤ (k
∑
∈Z

(

∫
Dk

(

∫
B2|x|\B|x|/2

| f(y) | T y | x |α−n−γ yγndy)p∗xγndx)q/p∗

× (

∫
Dk

| x | −λqp∗∗p−qxγndx)p− q∗p∗ )1/q

≤ C5 (
∑
k∈Z2k[−λq+p∗−

p
q
∗(n+ γ)](

∫
Dk

|Iα,γ(fχx66−Dk)(x)|p
∗
xγndx)q/p∗)1/q

≤ C6 (
∑
k∈Z2

k[−λq+∗−
p∗ (n+ γ)](Dx66− k | f(x) |p xγndx)q/p)1/q

≤ C7(

∫
Rn+
| x |β | f(x) |p xγndx)1/p.

If q = p∗, then β+λ = 0 and consequently , using directly Theorem
1 we have

I2 ≤ C8 (k
∑
∈Z

2kβp
∗
∫
Dk

|Iα,γ(fχx66−Dk)(x)|p
∗
xγndx)1/p∗

≤ C9 (k
∑
∈Z

2kβp
∗
(Dx66− k | f(x) |p xγndx)p

∗/p)1/p∗

≤ C10(
∫
Rn+
| x |βp| f(x) |p xγndx)1/p.



THE STEIN − WEISS TYPE INEQUALITY FOR FRACTIONAL . . . 85
Now l e t \quad $ \alpha > n{ + } { p } \gamma . $ \quad In t h i s case by H

$ \ddot{o} $ l d e r ’ s i n e q u a l i t y with r e s p e c t t o

\noindent the exponent \quad $ p $ \quad we get the f o l l o w i n g es t imate

\ [\ begin { a l i gned } I { 2 } \ leq ( ˆ{ \ int } { R ˆ{ n } { + }} \mid x \mid ˆ{ −
\lambda q } ( \ int { B { 2 \mid x \mid } \setminus B { \mid x
\mid / 2 }} \mid f ( y ) \mid ˆ{ p } y ˆ{ \gamma } { n } dy )
q / p \\
\times ( \ int { B { 2 \mid x \mid } \setminus B { \mid x \mid

/ 2 }} ( T ˆ{ y } \mid x \mid ˆ{ \alpha − n − \gamma } ) ˆ{ p ˆ{ \prime }}
y ˆ{ \gamma } { n } dy ) q / p ˆ{ \prime } x ˆ{ \gamma } { n } dx )
1 / q . \end{ a l i gned }\ ]

\hspace ∗{\ f i l l }On the other hand , us ing ( 2 ) and the i n e q u a l i t y \quad $ \alpha
> n{ + } { p } \gamma , $ we f i n d that

\ [\ begin { a l i gned } \ int { B { 2 \mid x \mid } \setminus B { \mid x \mid
/ 2 }} ( T ˆ{ y } \mid x \mid ˆ{ \alpha − n − \gamma } ) ˆ{ p ˆ{ \prime }}
y ˆ{ \gamma } { n } dy \ leq \ int { B { 2 \mid x \mid } \setminus B { \mid
x \mid / 2 }} \mid x − y \mid ( \alpha − n − \gamma )
p ˆ{ \prime } { y { n }} \gamma { dy }\\
\ leq \ int ˆ{ \ infty } { 0 } \arrowvert B { 2 \mid x \mid } \cap x−p a r e n l e f t−ar rowdb l r i ght

notdef−comma \tau notde f notde f ˆ{1{ ( } \alpha − n − \gamma ) p ˆ{ \prime }}
parenr ight−notde f \arrowvert { \gamma } i n f i n i t y −d { \tau }\\
\ leq \ int ˆ{ \mid x \mid ˆ{ ( \alpha − n − \gamma ) p ˆ{ \prime }}} { 0 }

\arrowvert B { 2 \mid x \mid } \arrowvert { \gamma } d \tau + \ int ˆ{ \ infty } { \mid
x \mid ˆ{ ( \alpha − n − \gamma ) p ˆ{ \prime }}} \arrowvert E
( x , \tau ( 1 { n { − { \alpha }} − \gamma ) p ˆ{ \prime }} )
\arrowvert { \gamma } d \tau \\
\ leq C { 1 1 } \mid x \mid ( \alpha − n − \gamma ) p ˆ{ \prime }

+ n + \gamma { + C { 1 2 }} \ int ˆ{ \ infty } { \mid x \mid ˆ{ (
\alpha − n − \gamma ) p ˆ{ \prime }}} \tau ( 1 { n { − { \alpha }}
− \gamma ) p ˆ{ \prime }} d \tau = C { 1 3 } \mid x \mid (
\alpha − n − \gamma ) p ˆ{ \prime } + n + \gamma { , }\end{ a l i gned }\ ]

\noindent where the p o s i t i v e constant \quad $ C { 1 3 }$ \quad does not depend on \quad
$ x . $ \quad The l a t t e r e s t imate

y i e l d s

\ [\ begin { a l i gned } I { 2 } \ leq \\
C { 14 } ( { k } \sum { \ in Z }ˆ{ \ int } { D { k }} \mid x \mid ˆ{ −

\lambda q + [ ( \alpha − n − \gamma ) p ˆ{ \prime } + n
+ \gamma ] ˆ{ q }} p ˆ{ \prime } ( \ int { B { 2 \mid x \mid } \setminus
B { \mid x \mid / 2 }} \mid f ( y ) \mid ˆ{ p } y ˆ{ \gamma } { n }
dy ) q{ / } p{ x } { \gamma { n } dx } ) 1 / q \\
\ leq C { 14 } ( ˆ{ \sum } { k \ in Z } \ int { D { k }} ( D x66−k

\mid f ( y ) \mid ˆ{ p } y ˆ{ \gamma } { n } dy ) q / p \mid
x \mid ˆ{ − \lambda q + [ ( \alpha − n − \gamma ) p ˆ{ \prime }
+ n + \gamma ] \prime } p ˆ{ q } x ˆ{ \gamma } { n } dx ) 1 /
q \\
\ leq C { 14 } ( { k } \sum { \ in Z } 2 ˆ{ k ( − \lambda + \alpha

− n − \gamma + ˆ{ n } { \prime }}ˆ{ + \gamma } { p } + n{ + } { q } \gamma { )
q } ( D x66−k \mid f ( y ) \mid ˆ{ p } y ˆ{ \gamma } { n } dy
) q / p ) 1 / q \\
\ leq C { 14 } paren l e f tB igg−k \sum { \ in Z } 2 ˆ{ k \beta q } (

D k−x66 \mid f ( x ) \mid ˆ{ p } x ˆ{ \gamma } { n } dx ) q /
p ) 1 / q \ leq C { 1 5 } ( \ int { R ˆ{ n } { + }} \mid x \mid ˆ{ \beta
p } \mid f ( x ) \mid ˆ{ p } x ˆ{ \gamma } { n } dx ) q / p
. \end{ a l i gned }\ ]

\centerline{Thus Theorem 2 i s complete ly proved . }

To obta in the gene ra l r e s u l t on the boundedness o f the \quad $ B − $ p o t e n t i a l s
$ I { \alpha , \gamma }$ \quad we need the f o l l o w i n g weak weighted es t imate .

THE STEIN hyphen WEISS TYPE INEQUALITY FOR FRACTIONAL period period period 85
Now let .. alpha greater n plus p gamma period .. In this case by H dieresis-o lder quoteright s inequality with

respect t o
the exponent .. p .. we get the following estimate
Line 1 I sub 2 less or equal parenlefttp-parenleftbt to the power of integral sub R sub plus to the power of n

bar x bar to the power of minus lambda q open parenthesis integral sub B sub 2 bar x bar backslash B sub bar x
bar slash 2 bar f open parenthesis y closing parenthesis bar to the power of p y sub n to the power of gamma dy
closing parenthesis q slash p Line 2 times open parenthesis integral sub B sub 2 bar x bar backslash B sub bar x
bar slash 2 parenleftbig T to the power of y bar x bar to the power of alpha minus n minus gamma parenrightbig
to the power of p to the power of prime y sub n to the power of gamma dy closing parenthesis q slash p to the
power of prime x sub n to the power of gamma dx parenrighttp-parenrightbt 1 slash q period

On the other hand comma using open parenthesis 2 closing parenthesis and the inequality .. alpha greater n
plus p gamma comma we find that

Line 1 integral sub B sub 2 bar x bar backslash B sub bar x bar slash 2 parenleftbig T to the power of y bar x
bar to the power of alpha minus n minus gamma parenrightbig to the power of p to the power of prime y sub n to
the power of gamma dy less or equal integral sub B sub 2 bar x bar backslash B sub bar x bar slash 2 bar x minus y
bar open parenthesis alpha minus n minus gamma closing parenthesis p to the power of prime sub y sub n gamma
sub dy Line 2 less or equal integral sub 0 to the power of infinity vextendsingle-vextendsingle-vextendsingle B sub 2
bar x bar cap x-parenleft-arrowdblright notdef-comma tau notdef notdef to the power of 1 open parenthesis alpha
minus n minus gamma closing parenthesis p to the power of prime parenright-notdef vextendsingle-vextendsingle-
vextendsingle sub gamma infinity-d sub tau Line 3 less or equal integral sub 0 to the power of bar x bar to the
power of open parenthesis alpha minus n minus gamma closing parenthesis p to the power of prime vextendsingle-
vextendsingle B sub 2 bar x bar vextendsingle-vextendsingle sub gamma d tau plus integral sub bar x bar to the
power of open parenthesis alpha minus n minus gamma closing parenthesis p to the power of prime to the power
of infinity vextendsingle-vextendsingle E open parenthesis x comma tau open parenthesis 1 n minus alpha minus
gamma closing parenthesis p to the power of prime closing parenthesis vextendsingle-vextendsingle sub gamma d
tau Line 4 less or equal C sub 1 1 bar x bar open parenthesis alpha minus n minus gamma closing parenthesis
p to the power of prime plus n plus gamma sub plus C sub 1 2 integral sub bar x bar to the power of open
parenthesis alpha minus n minus gamma closing parenthesis p to the power of prime to the power of infinity tau
open parenthesis 1 n minus alpha minus gamma closing parenthesis p to the power of prime d tau = C sub 1 3
bar x bar open parenthesis alpha minus n minus gamma closing parenthesis p to the power of prime plus n plus
gamma sub comma

where the positive constant .. C sub 1 3 .. does not depend on .. x period .. The latter estimate
yields
Line 1 I sub 2 less or equal Line 2 C sub 14 parenlefttp-parenleftbt sub k sum in Z to the power of integral

sub D sub k bar x bar to the power of minus lambda q plus open square bracket open parenthesis alpha minus n
minus gamma closing parenthesis p to the power of prime plus n plus gamma closing square bracket to the power
of q p to the power of prime open parenthesis integral sub B sub 2 bar x bar backslash B sub bar x bar slash
2 bar f open parenthesis y closing parenthesis bar to the power of p y sub n to the power of gamma dy closing
parenthesis q slash p x sub gamma n dx parenrightbt-parenrighttp 1 slash q Line 3 less or equal C sub 14 open
parenthesis sub k in Z to the power of sum integral sub D sub k parenleftbigg D x66-k bar f open parenthesis y
closing parenthesis bar to the power of p y sub n to the power of gamma dy parenrightbigg q slash p bar x bar
to the power of minus lambda q plus open square bracket open parenthesis alpha minus n minus gamma closing
parenthesis p to the power of prime plus n plus gamma closing square bracket prime p to the power of q x sub n to
the power of gamma dx closing parenthesis 1 slash q Line 4 less or equal C sub 14 open parenthesis sub k sum in Z
2 to the power of k open parenthesis minus lambda plus alpha minus n minus gamma plus sub prime to the power
of n sub p to the power of plus gamma plus n plus q gamma sub closing parenthesis q parenleftbigg D x66-k bar f
open parenthesis y closing parenthesis bar to the power of p y sub n to the power of gamma dy parenrightbigg q
slash p closing parenthesis 1 slash q Line 5 less or equal C sub 14 parenleftBigg-k sum in Z 2 to the power of k beta
q parenleftbigg D k-x66 bar f open parenthesis x closing parenthesis bar to the power of p x sub n to the power of
gamma dx parenrightbigg q slash p closing parenthesis 1 slash q less or equal C sub 1 5 open parenthesis integral
sub R sub plus to the power of n bar x bar to the power of beta p bar f open parenthesis x closing parenthesis bar
to the power of p x sub n to the power of gamma dx closing parenthesis q slash p period

Thus Theorem 2 is completely proved period
To obtain the general result on the boundedness of the .. B hyphen potentials
I sub alpha comma gamma .. we need the following weak weighted estimate period

THE STEIN - WEISS TYPE INEQUALITY FOR FRACTIONAL . .
. 85 Now let α > n+pγ. In this case by H ö lder ’ s inequality with
respect t o
the exponent p we get the following estimate

I2 ≤ (
∫
Rn+
| x |−λq (

∫
B2|x|\B|x|/2

| f(y) |p yγndy)q/p

× (

∫
B2|x|\B|x|/2

(T y | x |α−n−γ)p
′
yγndy)q/p′xγndx)1/q.

On the other hand , using ( 2 ) and the inequality α > n+pγ, we find
that

∫
B2|x|\B|x|/2

(T y | x |α−n−γ)p
′
yγndy ≤

∫
B2|x|\B|x|/2

| x− y | (α− n− γ)p′ynγdy

≤
∫ ∞

0

|B2|x| ∩ x− parenleft− arrowdblrightnotdef − commaτnotdefnotdef1(α−n−γ)p′parenright− notdef|γinfinity − dτ

≤
∫ |x|(α−n−γ)p′

0

|B2|x||γdτ +

∫ ∞
|x|(α−n−γ)p′

|E(x, τ(1n−α−γ)p′)|γdτ

≤ C11 | x | (α− n− γ)p′ + n+ γ+C12

∫ ∞
|x|(α−n−γ)p′

τ(1n−α−γ)p′dτ = C13 | x | (α− n− γ)p′ + n+ γ,

where the positive constant C13 does not depend on x. The latter
estimate yields

I2 ≤

C14(k

∫∑
∈Z

Dk | x |−λq+[(α−n−γ)p′+n+γ]q p′(

∫
B2|x|\B|x|/2

| f(y) |p yγndy)q/pxγndx)1/q

≤ C14(
∑
k∈Z

∫
Dk

(Dx66− k | f(y) |p yγndy)q/p | x |−λq+[(α−n−γ)p′+n+γ]′ pqxγndx)1/q

≤ C14(k
∑
∈Z

2k(−λ+α−n−γ+n′ +γ
p + n+qγ)q(Dx66− k | f(y) |p yγndy)q/p)1/q

≤ C14parenleftBigg − k
∑
∈Z

2kβq(Dk − x66 | f(x) |p xγndx)q/p)1/q ≤ C15(

∫
Rn+
| x |βp| f(x) |p xγndx)q/p.

Thus Theorem 2 is completely proved .
To obtain the general result on the boundedness of the B− potentials

Iα,γ we need the following weak weighted estimate .



\noindent 86 \quad A . D . Gadjiev , V . S . Guliyev

\ [\ begin { a l i gned } Theorem 3 . Let 0 < \alpha < n + \gamma ,
1 < q < \ infty , \beta \ leq 0 , \lambda < \\

n ˆ{ + } { q , ˆ{ WL { q , }} { \gamma n + } { \mid x }ˆ{ \beta } { \mid ˆ{ −
\lambda }}ˆ{ + } { , \gamma }ˆ{ \lambda } { ( R }ˆ{ \geq }} ) ˆ{ 0 } n +
\gamma ˆ{ f o l l o w i n g } { q ˆ{ and the } { 1 − 1 }ˆ{ = } \alpha − \beta
− \lambda } and f \ in { i n e q u a l i t y }ˆ{ L }ˆ{ 1 , \mid x \mid ˆ{ \beta }
, \gamma ˆ{ ( R ˆ{ n }} + ˆ{ ) }} { holds } . Then I { \alpha , \gamma }
f \ in \\

( \ int { \{ x \ in R ˆ{ n } { + } : } \mid x \mid ˆ{ − \lambda }
\mid I { \alpha , \gamma } f ( x ) \mid > \tau \} x ˆ{ \gamma } { n }
dx ) 1 / q \ leq C { \tau } \ int { R ˆ{ n } { + }} \mid x \mid ˆ{ \beta }
\mid f ( x ) \mid x ˆ{ \gamma } { n } dx , ( 3 ) \end{ a l i gned }\ ]

\noindent where \quad $ C $ \quad i s independent o f $ f . $

\centerline{P r o o f . \quad We have }

\ [\ begin { a l i gned } ( \ int { \{ x \ in R ˆ{ n } { + } : } \mid x \mid ˆ{ −
\lambda } \mid I { \alpha , \gamma } f ( x ) \mid > \tau \}
x ˆ{ \gamma } { n } dx ) 1 / q \\
\ leq ( ˆ{ \ int } { \{ x \ in R ˆ{ n } { + } : } \mid x \mid ˆ{ − \lambda }

x52 { B { \mid x \mid / 2 }} \mid f ( y ) \mid T y \mid
x \mid ˆ{ \alpha − n − \gamma } y ˆ{ \gamma } { n } dy > \tau /
3 \} x ˆ{ \gamma } { n } dx ) 1 / q \\

+ ( ˆ{ \ int } { \{ x \ in R ˆ{ n } { + } : } \mid x \mid ˆ{ − \lambda }
x52 { B { 2 \mid x \mid } \setminus B { \mid x \mid / 2 }} \mid
f ( y ) \mid T y \mid x \mid ˆ{ \alpha − n − \gamma } y ˆ{ \gamma } { n }
dy > \tau / 3 \} x ˆ{ \gamma } { n } dx ) 1 / q \\

+ ( \ int { \{ x \ in R ˆ{ n } { + } : } \mid x \mid ˆ{ − \lambda }
x52 \complement { B { 2 \mid x \mid }} \mid f ( y ) \mid T
y \mid x \mid ˆ{ \alpha − n − \gamma } y n ˆ{ \gamma } dy > \tau
/ 3 \} x ˆ{ \gamma } { n } dx ) 1 / q \equiv J { 1 } + J { 2 }
+ J { 3 } . \\

Then J { 1 } \ leq ( ˆ{ \ int } { \{ x \ in R ˆ{ n } { + } : } 2 n
+ \gamma − \alpha \mid x \mid ˆ{ \alpha − n − \gamma − \lambda }
H { \gamma } f ( x ) > \tau / 3 \} x ˆ{ \gamma } { n } dx )
1 / q . \end{ a l i gned }\ ]

\hspace ∗{\ f i l l } $ F−u $ r the r , tak ing in to account the i n e q u a l i t y \quad $ − \lambda
q < ( n + \gamma − \alpha ) q − n − \gamma $

\begin { a l i g n ∗}
( \equiv \alpha < n + \gamma − n{ + } { q } \gamma + \lambda

) we have \\ \ int { \complement { B { t }}} \mid x \mid ( − \lambda
+ \alpha − n − \gamma ) q { x { n }} \gamma { dx }\\ = \ int { S ˆ{ n
− 1 } { + }} \ int ˆ{ \ infty } { t } r ˆ{ ( − \lambda + \alpha − n
− \gamma ) q + n + \gamma − 1 } \xi ˆ{ \gamma } { n } d \xi
dr = C { 1 6 } t ˆ{ ( − \lambda + \alpha − n − \gamma )
q + n + \gamma } ,
\end{ a l i g n ∗}

\noindent where the p o s i t i v e constant \quad $ C { 1 6 }$ \quad depends only on \quad
$ \alpha , \lambda $ \quad and \quad $ q . $ \quad Analo −

gous ly by v i r t u e o f the cond i t i on \quad $ \beta \ leq 0 $ \quad i t f o l l o w s that

\ [\ begin { a l i gned } \sup \mid x \mid ˆ{ − \beta } = t ˆ{ − \beta } . \\
B { t }\end{ a l i gned }\ ]

86 .. A period D period Gadjiev comma V period S period Guliyev
Line 1 Theorem 3 period Let 0 less alpha less n plus gamma comma 1 less q less infinity comma beta less or

equal 0 comma lambda less Line 2 n from plus to q comma from WL sub q comma to gamma n plus sub bar x
sub bar to the power of minus lambda to the power of beta sub comma gamma to the power of plus sub open
parenthesis R to the power of lambda to the power of greater equal closing parenthesis to the power of 0 n plus
gamma from following to q from and the to 1 minus 1 to the power of = alpha minus beta minus lambda and f in
inequality to the power of L sub holds to the power of 1 comma bar x bar to the power of beta comma gamma to
the power of open parenthesis R to the power of n plus to the power of closing parenthesis period Then I sub alpha
comma gamma f in Line 3 open parenthesis integral sub open brace x in R sub plus to the power of n : bar x bar
to the power of minus lambda bar I sub alpha comma gamma f open parenthesis x closing parenthesis bar greater
tau closing brace x sub n to the power of gamma dx closing parenthesis 1 slash q less or equal C tau integral sub
R sub plus to the power of n bar x bar to the power of beta bar f open parenthesis x closing parenthesis bar x sub
n to the power of gamma dx comma open parenthesis 3 closing parenthesis

where .. C .. is independent of f period
P r o o f period .. We have
Line 1 open parenthesis integral sub open brace x in R sub plus to the power of n : bar x bar to the power of

minus lambda bar I sub alpha comma gamma f open parenthesis x closing parenthesis bar greater tau closing brace
x sub n to the power of gamma dx closing parenthesis 1 slash q Line 2 less or equal parenlefttp-parenleftbt to the
power of integral sub open brace x in R sub plus to the power of n : bar x bar to the power of minus lambda x52
sub B sub bar x bar slash 2 bar f open parenthesis y closing parenthesis bar T y bar x bar to the power of alpha
minus n minus gamma y sub n to the power of gamma dy greater tau slash 3 closing brace x sub n to the power
of gamma dx parenrightbt-parenrighttp 1 slash q Line 3 plus parenlefttp-parenleftbt to the power of integral sub
open brace x in R sub plus to the power of n : bar x bar to the power of minus lambda x52 sub B sub 2 bar x
bar backslash B sub bar x bar slash 2 bar f open parenthesis y closing parenthesis bar T y bar x bar to the power
of alpha minus n minus gamma y sub n to the power of gamma dy greater tau slash 3 closing brace x sub n to
the power of gamma dx parenrightbt-parenrighttp 1 slash q Line 4 plus parenlefttp-parenleftex-parenleftbt integral
sub open brace x in R sub plus to the power of n : bar x bar to the power of minus lambda x52 complement sub
B sub 2 bar x bar bar f open parenthesis y closing parenthesis bar T y bar x bar to the power of alpha minus n
minus gamma y n to the power of gamma dy greater tau slash 3 closing brace x sub n to the power of gamma dx
parenrightbt-parenrightex-parenrighttp 1 slash q equiv J sub 1 plus J sub 2 plus J sub 3 period Line 5 Then J sub
1 less or equal open parenthesis to the power of integral sub open brace x in R sub plus to the power of n : 2 n
plus gamma minus alpha bar x bar to the power of alpha minus n minus gamma minus lambda H sub gamma f
open parenthesis x closing parenthesis greater tau slash 3 closing brace x sub n to the power of gamma dx closing
parenthesis 1 slash q period

F-u rther comma taking into account the inequality .. minus lambda q less open parenthesis n plus gamma
minus alpha closing parenthesis q minus n minus gamma

open parenthesis equiv alpha less n plus gamma minus n plus q gamma plus lambda closing parenthesis we have
integral sub complement sub B sub t bar x bar open parenthesis minus lambda plus alpha minus n minus gamma
closing parenthesis q sub x sub n gamma sub dx = integral sub S sub plus to the power of n minus 1 integral sub t
to the power of infinity r to the power of open parenthesis minus lambda plus alpha minus n minus gamma closing
parenthesis q plus n plus gamma minus 1 xi sub n to the power of gamma d xi dr = C sub 1 6 t to the power of
open parenthesis minus lambda plus alpha minus n minus gamma closing parenthesis q plus n plus gamma comma

where the positive constant .. C sub 1 6 .. depends only on .. alpha comma lambda .. and .. q period .. Analo
hyphen

gously by virtue of the condition .. beta less or equal 0 .. it follows that
Line 1 supremum bar x bar to the power of minus beta = t to the power of minus beta period Line 2 B sub t
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Theorem 3. Let 0 < α < n+ γ, 1 < q < ∞, β ≤ 0, λ <

n+

q ,
WLq,
γn+

β
|x

+

|−λ
λ
,γ
≥
(R

)0n+ γfollowing
qandthe1−1

=α−β−λand f ∈ inequalityL1,|x|β ,γ(Rn+)

holds . Then Iα,γf ∈

(

∫
{x∈Rn+:

| x |−λ| Iα,γf(x) |> τ}xγndx)1/q ≤ Cτ
∫
Rn+
| x |β | f(x) | xγndx, (3)

where C is independent of f.
P r o o f . We have

(

∫
{x∈Rn+:

| x |−λ| Iα,γf(x) |> τ}xγndx)1/q

≤ (
∫
{x∈Rn+:| x |

−λ x52B|x|/2
| f(y) | Ty | x |α−n−γ yγndy > τ/3}xγndx)1/q

+ (
∫
{x∈Rn+:| x |

−λ x52B2|x|\B|x|/2
| f(y) | Ty | x |α−n−γ yγndy > τ/3}xγndx)1/q

+ (

∫
{x∈Rn+:

| x |−λ x52{B2|x| | f(y) | Ty | x |α−n−γ ynγdy > τ/3}xγndx)1/q ≡ J1 + J2 + J3.

Then J1 ≤ (
∫
{x∈Rn+:2n+ γ − α | x |α−n−γ−λ Hγf(x) > τ/3}xγndx)1/q.

F− u rther , taking into account the inequality
−λq < (n+ γ − α)q − n− γ

(≡ α < n+ γ − n+qγ + λ)wehave∫
{Bt

| x | (−λ+ α− n− γ)qxnγdx

=

∫
Sn−1

+

∫ ∞
t

r(−λ+α−n−γ)q+n+γ−1ξγndξdr = C16t
(−λ+α−n−γ)q+n+γ ,

where the positive constant C16 depends only on α, λ and q.
Analo - gously by virtue of the condition β ≤ 0 it follows that

sup | x |−β= t−β .

Bt
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Summarizing these e s t imate s we f i n d that

\ [\ begin { a l i gned } \sup { t > 0 } ( \ int { \complement { B { t }}} \mid
x \mid ˆ{ ( − \lambda + \alpha − n − \gamma ) q } x ˆ{ \gamma } { n }
dx ) 1 / q \sup { B { t }} \mid x \mid ˆ{ − \beta }\\

= C { 1 6 } \sup { t > 0 } t ˆ{ n + }ˆ{ \gamma } { q } − \lambda
+ \alpha − n − \gamma − \beta < \ infty \ i f f \alpha − \beta
− \lambda = n + \gamma − n + { q } \gamma . \end{ a l i gned }\ ]

\noindent Now in the case $ p = 1 $ \ h f i l l the f i r s t part o f Theorem A lead s us t o the i n e q u a l i t y

\ [ J { 1 } \ leq C { \tau }ˆ{ 1 7 } \ int { R ˆ{ n } { + }} \mid x \mid ˆ{ \beta }
\mid f ( x ) \mid ˆ{ p } x ˆ{ \gamma } { n } dx , \ ]

\noindent where the p o s i t i v e constant \quad $ C { 1 7 }$ \quad i s independent o f \quad
$ f . $

Also ,

\ [ J { 3 } \ leq ( \ int { \{ x \ in R ˆ{ n } { + } : } 2 n + \gamma
− \alpha \mid x \mid ˆ{ − \lambda } H ˆ{ \prime } { \gamma } ( \mid
f ( y ) \mid \mid y \mid ˆ{ \alpha − n − \gamma } ) ( x
) > \tau / 3 \} x ˆ{ \gamma } { n } dx ) 1 / q . \ ]

\hspace ∗{\ f i l l } $ F−u $ r the r , \quad tak ing in to account the i n e q u a l i t y \quad $ −
\lambda q > − n − \gamma ( \equiv \lambda < $

\begin { a l i g n ∗}
n{ + } { q } \gamma ) we have \\ \ int { B { t }} \mid x \mid ˆ{ − \lambda
q } x ˆ{ \gamma } { n } dx = \ int { S ˆ{ n − 1 } { + }} \ int ˆ{ t } { 0 }
r ˆ{ − \lambda q + n + \gamma − 1 } \xi ˆ{ \gamma } { n } d \xi
dr = C { 18 } t ˆ{ − \lambda q + n + \gamma } ,
\end{ a l i g n ∗}

\noindent where the p o s i t i v e constant \quad $ C { 18 }$ \quad depends only on \quad
$ \alpha $ \quad and \quad $ \lambda . $ \quad Analogously

by v i r t u e o f the cond i t i on \quad $ \beta \geq \alpha − n − \gamma $
\quad i t f o l l o w s that

\ [\ begin { a l i gned } \sup \mid x \mid ˆ{ − \beta + \alpha − n − \gamma }
= t ˆ{ − \beta + \alpha − n − \gamma } . \\
\complement { B { t }}\end{ a l i gned }\ ]

\centerline{Summarizing these e s t imate s , we f i n d that }

\ [\ begin { a l i gned } \sup { t > 0 } ( \ int { B { t }} \mid x \mid ˆ{ −
\lambda q } x ˆ{ \gamma } { n } dx ) 1 / q \sup { \complement { B { t }}}
\mid x \mid ˆ{ − \beta + \alpha − n − \gamma }\\

= C { 18 } \sup { t > 0 } t ˆ{ n + }ˆ{ \gamma } { q } − \lambda
+ \alpha − n − \gamma − \beta < \ infty \ i f f \alpha − \beta
− \lambda = n + \gamma − n + { q } \gamma . \end{ a l i gned }\ ]

\noindent Now in the \quad case \quad $ p = 1 $ \quad the second part \quad o f Theorem A lead s us to the
i n e q u a l i t y

\ [ J { 3 } \ leq C { \tau }ˆ{ 1 9 } \ int { R ˆ{ n } { + }} \mid x \mid ˆ{ \beta }
\mid f ( x ) \mid x ˆ{ \gamma } { n } dx , \ ]

\noindent where the p o s i t i v e constant \quad $ C { 1 9 }$ \quad i s independent o f \quad
$ f . $
We now , we es t imate \quad $ J { 2 } . $

\centerline{ $ F−r { om } \beta + \lambda \geq 0 $ \quad and Theorem 1 we get }
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Summarizing these estimates we find that
Line 1 supremum t greater 0 parenleftbigg integral sub complement sub B sub t bar x bar to the power of open

parenthesis minus lambda plus alpha minus n minus gamma closing parenthesis q x sub n to the power of gamma
dx parenrightbigg 1 slash q supremum B sub t bar x bar to the power of minus beta Line 2 = C sub 1 6 supremum
t greater 0 t to the power of n plus sub q to the power of gamma minus lambda plus alpha minus n minus gamma
minus beta less infinity arrowdblleft-arrowdblright alpha minus beta minus lambda = n plus gamma minus n plus
q gamma period

Now in the case p = 1 .... the first part of Theorem A leads us t o the inequality
J sub 1 less or equal C tau to the power of 1 7 integral sub R sub plus to the power of n bar x bar to the

power of beta bar f open parenthesis x closing parenthesis bar to the power of p x sub n to the power of gamma
dx comma

where the positive constant .. C sub 1 7 .. i s independent of .. f period
Also comma
J sub 3 less or equal open parenthesis integral sub open brace x in R sub plus to the power of n : 2 n plus

gamma minus alpha bar x bar to the power of minus lambda H sub gamma to the power of prime open parenthesis
bar f open parenthesis y closing parenthesis bar bar y bar to the power of alpha minus n minus gamma closing
parenthesis open parenthesis x closing parenthesis greater tau slash 3 closing brace x sub n to the power of gamma
dx closing parenthesis 1 slash q period

F-u rther comma .. taking into account the inequality .. minus lambda q greater minus n minus gamma open
parenthesis equiv lambda less

n plus q gamma closing parenthesis we have integral sub B sub t bar x bar to the power of minus lambda q x
sub n to the power of gamma dx = integral sub S sub plus to the power of n minus 1 integral sub 0 to the power
of t r to the power of minus lambda q plus n plus gamma minus 1 xi sub n to the power of gamma d xi dr = C
sub 18 t to the power of minus lambda q plus n plus gamma comma

where the positive constant .. C sub 18 .. depends only on .. alpha .. and .. lambda period .. Analogously
by virtue of the condition .. beta greater equal alpha minus n minus gamma .. it follows that
Line 1 supremum bar x bar to the power of minus beta plus alpha minus n minus gamma = t to the power of

minus beta plus alpha minus n minus gamma period Line 2 complement sub B sub t
Summarizing these estimates comma we find that
Line 1 supremum t greater 0 parenleftbigg integral sub B sub t bar x bar to the power of minus lambda q x

sub n to the power of gamma dx parenrightbigg 1 slash q supremum complement sub B sub t bar x bar to the
power of minus beta plus alpha minus n minus gamma Line 2 = C sub 18 supremum t greater 0 t to the power
of n plus sub q to the power of gamma minus lambda plus alpha minus n minus gamma minus beta less infinity
arrowdblleft-arrowdblright alpha minus beta minus lambda = n plus gamma minus n plus q gamma period

Now in the .. case .. p = 1 .. the second part .. of Theorem A leads us to the
inequality
J sub 3 less or equal C tau to the power of 1 9 integral sub R sub plus to the power of n bar x bar to the power

of beta bar f open parenthesis x closing parenthesis bar x sub n to the power of gamma dx comma
where the positive constant .. C sub 1 9 .. i s independent of .. f period
We now comma we estimate .. J sub 2 period
F-r sub om beta plus lambda greater equal 0 .. and Theorem 1 we get

THE STEIN - WEISS TYPE INEQUALITY FOR FRACTIONAL . . .
87 Summarizing these estimates we find that

sup
t>0

(

∫
{Bt

| x |(−λ+α−n−γ)q xγndx)1/q sup
Bt

| x |−β

= C16 sup
t>0

tn+γ
q − λ+ α− n− γ − β <∞ ⇐⇒ α− β − λ = n+ γ − n+q γ.

Now in the case p = 1 the first part of Theorem A leads us t o the
inequality

J1 ≤ C17
τ

∫
Rn+
| x |β | f(x) |p xγndx,

where the positive constant C17 i s independent of f. Also ,

J3 ≤ (

∫
{x∈Rn+:

2n+ γ − α | x |−λ H ′γ(| f(y) || y |α−n−γ)(x) > τ/3}xγndx)1/q.

F− u rther , taking into account the inequality
−λq > −n− γ (≡ λ <

n+qγ)wehave∫
Bt

| x |−λq xγndx =

∫
Sn−1

+

∫ t

0

r−λq+n+γ−1ξγndξdr = C18t
−λq+n+γ ,

where the positive constant C18 depends only on α and λ. Anal-
ogously by virtue of the condition β ≥ α− n− γ it follows that

sup | x |−β+α−n−γ= t−β+α−n−γ .

{Bt

Summarizing these estimates , we find that

sup
t>0

(

∫
Bt

| x |−λq xγndx)1/q sup
{Bt

| x |−β+α−n−γ

= C18 sup
t>0

tn+γ
q − λ+ α− n− γ − β <∞ ⇐⇒ α− β − λ = n+ γ − n+q γ.

Now in the case p = 1 the second part of Theorem A leads us
to the inequality

J3 ≤ C19
τ

∫
Rn+
| x |β | f(x) | xγndx,

where the positive constant C19 i s independent of f. We now , we
estimate J2.

F− rom β + λ ≥ 0 and Theorem 1 we get
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\ [\ begin { a l i gned } J { 2 } = ( { k } \sum { \ in Z } \ int { \{ x \ in
D { k } : } \mid x \mid ˆ{ − \lambda } x52 { B { 2 \mid x \mid }
\setminus B { \mid x \mid / 2 }} \mid f ( y ) \mid T y
\mid x \mid ˆ{ \alpha − n − \gamma } y n ˆ{ \gamma } dy > \tau
/ 3 \} x ˆ{ \gamma } { n } dx ) 1 / q \\
\ leq ( { k } \sum { \ in Z } \ int { \{ x \ in D { k } : } x52 { B { 2

\mid x \mid } \setminus B { \mid x \mid / 2 }} \mid f ( y
) \mid \mid y \mid ˆ{ \beta } T y \mid x \mid ˆ{ \alpha − \beta
− \lambda − n − \gamma } y ˆ{ \gamma } { n } dy > c \tau \} x ˆ{ \gamma } { n }
dx ) 1 / q \\
\ leq ( { k } \sum { \ in Z } \ int { \{ x \ in D { k } : } xc−xc−xc

I { \alpha − \beta − \lambda , \gamma } x10 f ( \cdot ) \mid
\cdot \mid ˆ{ \beta } \chi { x67−D { k }} x11 ( x ) xc−xc−xc > c
\tau \} x ˆ{ \gamma } { n } dx ) 1 / q \\
\ leq ( ˆ{ \sum } { k \ in Z } ( ˆ{ C }ˆ{ 20 } { \tau } D x66−k \mid

f ( x ) \mid \mid x \mid ˆ{ \beta } x ˆ{ \gamma } { n } dx ) q
) 1 / q \ leq ( ˆ{ C }ˆ{ 2 1 } { \tau } \ int { R ˆ{ n } { + }} \mid
x \mid ˆ{ \beta } \mid f ( x ) \mid x ˆ{ \gamma } { n } dx ) 1
/ q . \end{ a l i gned }\ ]

\centerline{ $ F−r { om }$ Theorems 2 and 3 we get the f o l l o w i n g }

\ [\ begin { a l i gned } Theorem 4 . Let 0 < \alpha < n + \gamma ,
1 \ leq p \ leq q < \ infty , \beta < \gamma n + { p } { \prime }
( \beta \ leq 0 , \\

i f { p = }ˆ{ p } ={ q } ) 1 { . } ) { Then }ˆ{ , \lambda < } { : }
\gamma n{ + } { q } ( \lambda \ leq 0 , i f q = \ infty ) , \alpha
\geq \beta + \lambda \geq 0 ( \beta + \lambda > 0 , i f \\

1 ) I f { su f f i c i e n t } 1 < { f o r } p < { the } \alpha n { − }ˆ{ +
\gamma } { \beta − \lambda } , then { boundedness } o f ˆ{ cond i t i on } I { \alpha
, \gamma } from p ˆ{ 1 } { L }ˆ{ − } { p , \mid x }ˆ{ 1 { q }} { \mid ˆ{ \beta }}ˆ{ = } { ,
\gamma ˆ{ ( }}ˆ{ \alpha −{ n }ˆ{ \beta − \lambda } { + \gamma }} { R ˆ{ n } { + }
) } { to }ˆ{ i s } { L }ˆ{ nece s sa ry } { q , \mid x \mid ˆ{ − \lambda } ,
\gamma ˆ{ ( R ˆ{ n }}}ˆ{ and } { + ˆ{ ) }} { . }\\

f o r 2 ) I f { the } p = 1 , then { boundedness } o f ˆ{ cond i t i on }
I { \alpha , \gamma } 1{ from } 1{ − { L ˆ{ q } { 1 }}} { , \mid x }ˆ{ = } { \mid ˆ{ \beta }
, }ˆ{ \alpha −{ n }ˆ{ \beta − \lambda } { + \gamma }} { \gamma ˆ{ ( R ˆ{ n }}

+ ˆ{ ) }} i s { to } nece s sa ry { WL } { q , \mid x \mid ˆ{ − \lambda }}ˆ{ and } { ,
\gamma } { ( R }ˆ{ su f f i c i e n t } {n{ + } ) } { . }\end{ a l i gned }\ ]

\centerline{P r o o f . \quad S u f f i c i e n c y o f Theorem 4 f o l l o w s from Theorems 2 and 3 . }

\begin { a l i g n ∗}
\ tag ∗{$ Nece s s i ty . { L { p , \mid x }} { \mid ˆ{ \beta } , \gamma } (
R ˆ{ n } { + } ) $} 1 { t o }ˆ{ ) } Suppose { L { q , \mid x \mid ˆ{ −
\lambda } , \gamma }}ˆ{ that } { ( R ˆ{ n } { + } ) } the { and } \gamma
n + ˆ{ \alpha − \beta − \lambda } { operator { 1 < p < } I { \alpha
, \gamma } i s } bounded { . } from
\end{ a l i g n ∗}

\centerline{Def ine \quad $ f t ( x ) = : f ( tx ) $ \quad f o r \quad
$ t > 0 . $ \quad Then i t can be e a s i l y shown that }

\ [ \paral le l f t \paral le l L { p , \mid x \mid ˆ{ \beta } , \gamma }
= t ˆ{ − \gamma n + } { p } − \beta \paral le l f \paral le l { L { p
, \mid x \mid ˆ{ \beta } , \gamma }} , ( I { \alpha , \gamma }
f t ) ( x ) = t ˆ{ − \alpha } I { \alpha , \gamma } f (
tx ) , \ ]

\noindent and

\ [ \paral le l I { \alpha , \gamma } f t \paral le l L { q , \mid
x \mid ˆ{ − \lambda } , \gamma } = t ˆ{ − \alpha − } n{ + } { q } \gamma { +
\lambda } \paral le l I { \alpha , \gamma } f \paral le l L { q , \mid
x \mid ˆ{ − \lambda } , \gamma } . \ ]

S ince the operator \quad $ I { \alpha , \gamma }$ \quad i s bounded from \quad
$ L { p , \mid x \mid ˆ{ \beta } , \gamma } ( R ˆ{ n } { + } ) $ \quad t o \quad
$ L { q , \mid x \mid ˆ{ − \lambda } , \gamma } ( R ˆ{ n } { + }
) , $
we have

\ [ \paral le l I { \alpha , \gamma } f \paral le l L { q , \mid x
\mid ˆ{ − \lambda } , \gamma } \ leq C \paral le l f \paral le l L { p
, \mid x \mid ˆ{ \beta } , \gamma } , \ ]

\noindent where \quad $ C $ \quad i s independent o f \quad $ f . $ \quad Then we get

88 .. A period D period Gadjiev comma V period S period Guliyev
Line 1 J sub 2 = parenlefttp-parenleftbt sub k sum in Z integral sub open brace x in D sub k : bar x bar to

the power of minus lambda x52 sub B sub 2 bar x bar backslash B sub bar x bar slash 2 bar f open parenthesis
y closing parenthesis bar T y bar x bar to the power of alpha minus n minus gamma y n to the power of gamma
dy greater tau slash 3 closing brace x sub n to the power of gamma dx parenrightbt-parenrighttp 1 slash q Line 2
less or equal parenlefttp-parenleftbt sub k sum in Z integral sub open brace x in D sub k : x52 sub B sub 2 bar x
bar backslash B sub bar x bar slash 2 bar f open parenthesis y closing parenthesis bar bar y bar to the power of
beta T y bar x bar to the power of alpha minus beta minus lambda minus n minus gamma y sub n to the power
of gamma dy greater c tau closing brace x sub n to the power of gamma dx parenrightbt-parenrighttp 1 slash q
Line 3 less or equal open parenthesis sub k sum in Z integral sub open brace x in D sub k : xc-xc-xc I sub alpha
minus beta minus lambda comma gamma x10 f open parenthesis times closing parenthesis bar times bar to the
power of beta chi sub x67-D sub k x11 open parenthesis x closing parenthesis xc-xc-xc greater c tau closing brace
x sub n to the power of gamma dx closing parenthesis 1 slash q Line 4 less or equal open parenthesis sub k in Z
to the power of sum parenleftbigg to the power of C sub tau to the power of 20 D x66-k bar f open parenthesis x
closing parenthesis bar bar x bar to the power of beta x sub n to the power of gamma dx parenrightbigg q closing
parenthesis 1 slash q less or equal open parenthesis to the power of C sub tau to the power of 2 1 integral sub R
sub plus to the power of n bar x bar to the power of beta bar f open parenthesis x closing parenthesis bar x sub n
to the power of gamma dx closing parenthesis 1 slash q period

F-r sub om Theorems 2 and 3 we get the following
Line 1 Theorem 4 period Let 0 less alpha less n plus gamma comma 1 less or equal p less or equal q less infinity

comma beta less gamma n plus p sub prime open parenthesis beta less or equal 0 comma Line 2 if p = to the power
of p = q closing parenthesis 1 period closing parenthesis Then sub : to the power of comma lambda less gamma
n plus q open parenthesis lambda less or equal 0 comma if q = infinity closing parenthesis comma alpha greater
equal beta plus lambda greater equal 0 open parenthesis beta plus lambda greater 0 comma if Line 3 1 closing
parenthesis If sufficient 1 less for p less the alpha n minus sub beta minus lambda to the power of plus gamma
comma then boundedness of to the power of condition I sub alpha comma gamma from p sub L to the power of 1
sub p comma bar x to the power of minus sub bar to the power of beta to the power of 1 q sub comma gamma to
the power of open parenthesis to the power of = sub R sub plus to the power of n closing parenthesis to the power
of alpha minus n sub plus gamma to the power of beta minus lambda sub to to the power of is sub L sub q comma
bar x bar to the power of minus lambda comma gamma to the power of open parenthesis R to the power of n to
the power of necessary sub plus to the power of closing parenthesis to the power of and sub period Line 4 for 2
closing parenthesis If the p = 1 comma then boundedness of to the power of condition I sub alpha comma gamma
1 from 1 minus sub L sub 1 to the power of q sub comma bar x sub bar to the power of beta comma to the power
of = sub gamma to the power of open parenthesis R to the power of n plus to the power of closing parenthesis to
the power of alpha minus n sub plus gamma to the power of beta minus lambda is to necessary WL sub q comma
bar x bar to the power of minus lambda sub comma gamma to the power of and sub open parenthesis R sub n plus
closing parenthesis to the power of sufficient sub period

P r o o f period .. Sufficiency of Theorem 4 follows from Theorems 2 and 3 period
Equation: Necessity period L sub p comma bar x sub bar to the power of beta comma gamma open parenthesis

R sub plus to the power of n closing parenthesis .. 1 t o to the power of closing parenthesis Suppose L sub q comma
bar x bar to the power of minus lambda comma gamma sub open parenthesis R sub plus to the power of n closing
parenthesis to the power of that the sub and gamma n plus from alpha minus beta minus lambda to operator 1
less p less I sub alpha comma gamma i s bounded period from

Define .. f t open parenthesis x closing parenthesis = : f open parenthesis tx closing parenthesis .. for .. t
greater 0 period .. Then it can be easily shown that

bar f t bar L sub p comma bar x bar to the power of beta comma gamma = t to the power of minus gamma n
plus sub p minus beta bar f bar sub L sub p comma bar x bar to the power of beta comma gamma comma open
parenthesis I sub alpha comma gamma f t closing parenthesis open parenthesis x closing parenthesis = t to the
power of minus alpha I sub alpha comma gamma f open parenthesis tx closing parenthesis comma

and
bar I sub alpha comma gamma f t bar L sub q comma bar x bar to the power of minus lambda comma gamma

= t to the power of minus alpha minus n plus q gamma sub plus lambda bar I sub alpha comma gamma f bar L
sub q comma bar x bar to the power of minus lambda comma gamma period

Since the operator .. I sub alpha comma gamma .. i s bounded from .. L sub p comma bar x bar to the power
of beta comma gamma open parenthesis R sub plus to the power of n closing parenthesis .. t o .. L sub q comma
bar x bar to the power of minus lambda comma gamma open parenthesis R sub plus to the power of n closing
parenthesis comma

we have
bar I sub alpha comma gamma f bar L sub q comma bar x bar to the power of minus lambda comma gamma

less or equal C bar f bar L sub p comma bar x bar to the power of beta comma gamma comma
where .. C .. i s independent of .. f period .. Then we get
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J2 = (k
∑
∈Z

∫
{x∈Dk:

| x |−λ x52B2|x|\B|x|/2
| f(y) | Ty | x |α−n−γ ynγdy > τ/3}xγndx)1/q

≤ (k
∑
∈Z

∫
{x∈Dk:

x52B2|x|\B|x|/2
| f(y) || y |β Ty | x |α−β−λ−n−γ yγndy > cτ}xγndx)1/q

≤ (k
∑
∈Z

∫
{x∈Dk:

xc− xc− xcIα−β−λ,γx10f(·) | · |β χx67−Dkx11(x)xc− xc− xc > cτ}xγndx)1/q

≤ (
∑
k∈Z(C20

τ Dx66− k | f(x) || x |β xγndx)q)1/q ≤ (C21
τ

∫
Rn+
| x |β | f(x) | xγndx)1/q.

F− rom Theorems 2 and 3 we get the following

Theorem4. Let 0 < α < n+ γ, 1 ≤ p ≤ q <∞, β < γn+ p′ (β ≤ 0,

ifpp= = q)1.)
, λ<
Then :γn+q (λ ≤ 0, ifq =∞), α ≥ β + λ ≥ 0 (β + λ > 0, if

1)Ifsufficient1 < forp < theαn+γ
− β−λ, thenboundednessof

conditionIα,γ fromp1
L
−
p,|x

1q
|β

=
,γ(

α−nβ−λ+γ

Rn+)
is
to
necessary
L

and
q,|x|−λ,γ(Rn+) .

for2)Ifthep = 1, thenboundednessof conditionIα,γ 1from1−Lq1
=

,|x
α−nβ−λ+γ

|β , γ(Rn+) istonecessaryWLandq,|x|−λ ,γ
sufficient
(R n+).

P r o o f . Sufficiency of Theorem 4 follows from Theorems 2 and 3 .

1
)
toSupposethat

L
q,|x|−λ,γ (Rn+)theandγn+α−β−λ

operator1<p<Iα,γ is bounded.from

Necessity.Lp,|x|β ,γ(Rn+)

Define ft(x) =: f(tx) for t > 0. Then it can be easily shown that

‖ ft ‖ Lp,|x|β ,γ = t−γn+
p − β ‖ f ‖L

p,|x|β,γ
, (Iα,γft)(x) = t−αIα,γf(tx),

and

‖ Iα,γft ‖ Lq,|x|−λ,γ = t−α−n+qγ+λ ‖ Iα,γf ‖ Lq,|x|−λ,γ .

Since the operator Iα,γ i s bounded from Lp,|x|β ,γ(Rn+) t o Lq,|x|−λ,γ(Rn+),

we have

‖ Iα,γf ‖ Lq,|x|−λ,γ ≤ C ‖ f ‖ Lp,|x|β ,γ ,

where C i s independent of f. Then we get
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\ [\ begin { a l i gned } \paral le l I { \alpha , \gamma } f \paral le l { L { q
, \mid x \mid ˆ{ − \lambda } , \gamma }} = t ˆ{ \alpha + ˆ{ \gamma
n + }} { q } − \lambda \paral le l I { \alpha , \gamma } f t \paral le l
L { q , \mid x \mid ˆ{ − \lambda } , \gamma }\\
\ leq Ct ˆ{ \alpha + ˆ{ n + }}ˆ{ \gamma } { q } − \lambda \paral le l f

t \paral le l L { p , \mid x \mid ˆ{ \beta } , \gamma } = Ct ˆ{ \alpha
+ } n{ + } { q } \gamma − \lambda − n{ + } { p } \gamma − \beta { \paral le l }
f \paral le l L { p , \mid x \mid ˆ{ \beta } , \gamma } . \end{ a l i gned }\ ]

\hspace ∗{\ f i l l } I f $ 1 { p } − 1 { q } < \alpha −{ n }ˆ{ \beta − \lambda } { +
\gamma } , $ then f o r a l l \quad $ f \ in L { p , \mid x \mid ˆ{ \beta }
, \gamma } ( R ˆ{ n } { + } ) $ \quad we have \quad $ \paral le l I { \alpha
, \gamma } f \paral le l L { q , \mid x \mid ˆ{ − \lambda } , \gamma }$

\noindent $ = 0 $ \quad as \quad $ t \rightarrow 0 . $

\hspace ∗{\ f i l l } I f $ 1 { p } − 1 { q } > \alpha −{ n }ˆ{ \beta − \lambda } { +
\gamma } , $ then f o r a l l \quad $ f \ in L { p , \mid x \mid ˆ{ \beta }
, \gamma } ( R ˆ{ n } { + } ) $ \quad we have \quad $ \paral le l I { \alpha
, \gamma } f \paral le l L { q , \mid x \mid ˆ{ − \lambda } , \gamma }$

\begin { a l i g n ∗}
\ tag ∗{$ = 0 $} as t \rightarrow \ infty .
\end{ a l i g n ∗}

\centerline{There fore we get the e q u a l i t y \quad $ 1 { p } − 1 { q } = \alpha
−{ n }ˆ{ \beta − \lambda } { + \gamma } . $ }

\centerline {2 ) \quad Suppose that the operator \quad $ I { \alpha , \gamma }$
\quad i s bounded from \quad $ L { 1 , \mid x \mid ˆ{ \beta } , \gamma }
( R ˆ{ n } { + } ) $ \quad to }

\noindent $ WL { q , \mid x \mid ˆ{ − \lambda } , \gamma } ( R ˆ{ n } { + }
) . $ \quad I t i s easy to show that

\ [ \paral le l f t \paral le l { L { 1 , \mid x \mid ˆ{ \beta } , \gamma }}
= t ˆ{ − n − \gamma − \beta } \paral le l f \paral le l { L { 1 ,
\mid x \mid ˆ{ \beta } , \gamma }} , ( I { \alpha , \gamma } f
t ) ( x ) = t ˆ{ − \alpha } ( I { \alpha , \gamma } f )
( tx ) , \ ]

\noindent and

\ [ \paral le l I { \alpha , \gamma } f t \paral le l WL { q , \mid
x \mid ˆ{ − \lambda } , \gamma } = t ˆ{ − \alpha − } n{ + } { q } \gamma { +
\lambda } \paral le l I { \alpha , \gamma } f \paral le l WL { q , \mid
x \mid ˆ{ − \lambda } , \gamma } . \ ]

\noindent By the boundedness o f \quad $ I { \alpha , \gamma }$ \quad from \quad
$ L { 1 , \mid x \mid ˆ{ \beta } , \gamma } ( R ˆ{ n } { + } ) $ \quad t o \quad
$ WL { q , \mid x \mid ˆ{ − \lambda } , \gamma } ( R ˆ{ n } { + }
) , $
we have

\ [ \paral le l I { \alpha , \gamma } f \paral le l WL { q , \mid x
\mid ˆ{ − \lambda } , \gamma } \ leq C \paral le l f \paral le l L { 1
, \mid x \mid ˆ{ \beta } , \gamma } , \ ]

\noindent where \quad $ C $ \quad i s independent o f \quad $ f . $ \quad Then we have

\ [\ begin { a l i gned } ( I { \alpha , \gamma } f t ) { ∗ , \gamma } (
\tau ) = t ˆ{ − n − \gamma } ( I { \alpha , \gamma } f ) { ∗
, \gamma } ( t ˆ{ \alpha } \tau ) , \\
\paral le l I { \alpha , \gamma } f t \paral le l WL { q , \mid

x \mid ˆ{ − \lambda } , \gamma } = t ˆ{ − \alpha − \gamma n + } { q }
+ \lambda \paral le l I { \alpha , \gamma } f \paral le l WL { q ,
\mid x \mid ˆ{ − \lambda } , \gamma } , \end{ a l i gned }\ ]

\noindent and

\ [\ begin { a l i gned } \paral le l I { \alpha , \gamma } f \paral le l { WL { q
, \mid x \mid ˆ{ − \lambda } , \gamma }} = t ˆ{ \alpha + ˆ{ n + }}ˆ{ \gamma } { q }
− \lambda \paral le l I { \alpha , \gamma } f t \paral le l WL { q
, \mid x \mid ˆ{ − \lambda } , \gamma }\\
\ leq Ct ˆ{ \alpha + } n{ + } { q } \gamma − \lambda \paral le l f t

\paral le l L { 1 , \mid x \mid ˆ{ \beta } , \gamma } = Ct ˆ{ \alpha
+ ˆ{ n + }}ˆ{ \gamma } { q } − \lambda − n − \gamma − \beta { \paral le l }
f \paral le l L { 1 , \mid x \mid ˆ{ \beta } , \gamma } . \end{ a l i gned }\ ]

\centerline{ I f $ 1 − 1 { q } < \alpha −{ n }ˆ{ \beta − \lambda } { +
\gamma } , $ then f o r a l l \quad $ f \ in L { 1 , \mid x \mid ˆ{ \beta }
, \gamma }$ \quad we have \quad $ \paral le l I { \alpha , \gamma } f \paral le l { WL { q
, \mid x \mid ˆ{ − \lambda } , \gamma }} = $ }

\noindent 0 \quad as \quad $ t \rightarrow 0 . $

\centerline{ I f $ 1 − 1 { q } > \alpha −{ n }ˆ{ \beta − \lambda } { +
\gamma } , $ then f o r a l l \quad $ f \ in L { 1 , \mid x \mid ˆ{ \beta }
, \gamma }$ \quad we have \quad $ \paral le l I { \alpha , \gamma } f \paral le l { WL { q
, \mid x \mid ˆ{ − \lambda } , \gamma }} = $ }

\begin { a l i g n ∗}
\ tag ∗{$ 0 $} as t \rightarrow \ infty . \\ Thus ˆ{ There fore } we get { Theorem }
4 the { i s proved }ˆ{ e q u a l i t y } { . } 1 − 1 { q } = \alpha −{ n }ˆ{ \beta
− \lambda } { + \gamma } .
\end{ a l i g n ∗}
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Line 1 bar I sub alpha comma gamma f bar sub L sub q comma bar x bar to the power of minus lambda comma

gamma = t to the power of alpha plus to the power of gamma n plus sub q minus lambda bar I sub alpha comma
gamma f t bar L sub q comma bar x bar to the power of minus lambda comma gamma Line 2 less or equal Ct
to the power of alpha plus to the power of n plus sub q to the power of gamma minus lambda bar f t bar L sub
p comma bar x bar to the power of beta comma gamma = Ct to the power of alpha plus n plus q gamma minus
lambda minus n plus p gamma minus beta sub bar f bar L sub p comma bar x bar to the power of beta comma
gamma period

If 1 p minus 1 q less alpha minus n sub plus gamma to the power of beta minus lambda comma then for all ..
f in L sub p comma bar x bar to the power of beta comma gamma open parenthesis R sub plus to the power of n
closing parenthesis .. we have .. bar I sub alpha comma gamma f bar L sub q comma bar x bar to the power of
minus lambda comma gamma

= 0 .. as .. t right arrow 0 period
If 1 p minus 1 q greater alpha minus n sub plus gamma to the power of beta minus lambda comma then for all

.. f in L sub p comma bar x bar to the power of beta comma gamma open parenthesis R sub plus to the power of
n closing parenthesis .. we have .. bar I sub alpha comma gamma f bar L sub q comma bar x bar to the power of
minus lambda comma gamma

Equation: = 0 .. as t right arrow infinity period
Therefore we get the equality .. 1 p minus 1 q = alpha minus n sub plus gamma to the power of beta minus

lambda period
2 closing parenthesis .. Suppose that the operator .. I sub alpha comma gamma .. is bounded from .. L sub

1 comma bar x bar to the power of beta comma gamma open parenthesis R sub plus to the power of n closing
parenthesis .. to

WL sub q comma bar x bar to the power of minus lambda comma gamma open parenthesis R sub plus to the
power of n closing parenthesis period .. It i s easy to show that

bar f t bar sub L sub 1 comma bar x bar to the power of beta comma gamma = t to the power of minus n
minus gamma minus beta bar f bar sub L sub 1 comma bar x bar to the power of beta comma gamma comma
open parenthesis I sub alpha comma gamma f t closing parenthesis open parenthesis x closing parenthesis = t to
the power of minus alpha open parenthesis I sub alpha comma gamma f closing parenthesis open parenthesis tx
closing parenthesis comma

and
bar I sub alpha comma gamma f t bar WL sub q comma bar x bar to the power of minus lambda comma

gamma = t to the power of minus alpha minus n plus q gamma sub plus lambda bar I sub alpha comma gamma f
bar WL sub q comma bar x bar to the power of minus lambda comma gamma period

By the boundedness of .. I sub alpha comma gamma .. from .. L sub 1 comma bar x bar to the power of beta
comma gamma open parenthesis R sub plus to the power of n closing parenthesis .. t o .. WL sub q comma bar x
bar to the power of minus lambda comma gamma open parenthesis R sub plus to the power of n closing parenthesis
comma

we have
bar I sub alpha comma gamma f bar WL sub q comma bar x bar to the power of minus lambda comma gamma

less or equal C bar f bar L sub 1 comma bar x bar to the power of beta comma gamma comma
where .. C .. i s independent of .. f period .. Then we have
Line 1 open parenthesis I sub alpha comma gamma f t closing parenthesis sub * comma gamma open parenthesis

tau closing parenthesis = t to the power of minus n minus gamma open parenthesis I sub alpha comma gamma f
closing parenthesis sub * comma gamma open parenthesis t to the power of alpha tau closing parenthesis comma
Line 2 bar I sub alpha comma gamma f t bar WL sub q comma bar x bar to the power of minus lambda comma
gamma = t to the power of minus alpha minus gamma n plus sub q plus lambda bar I sub alpha comma gamma f
bar WL sub q comma bar x bar to the power of minus lambda comma gamma comma

and
Line 1 bar I sub alpha comma gamma f bar sub WL sub q comma bar x bar to the power of minus lambda

comma gamma = t to the power of alpha plus to the power of n plus sub q to the power of gamma minus lambda
bar I sub alpha comma gamma f t bar WL sub q comma bar x bar to the power of minus lambda comma gamma
Line 2 less or equal Ct to the power of alpha plus n plus q gamma minus lambda bar f t bar L sub 1 comma bar x
bar to the power of beta comma gamma = Ct to the power of alpha plus to the power of n plus sub q to the power
of gamma minus lambda minus n minus gamma minus beta sub bar f bar L sub 1 comma bar x bar to the power
of beta comma gamma period

If 1 minus 1 q less alpha minus n sub plus gamma to the power of beta minus lambda comma then for all .. f
in L sub 1 comma bar x bar to the power of beta comma gamma .. we have .. bar I sub alpha comma gamma f
bar sub WL sub q comma bar x bar to the power of minus lambda comma gamma =

0 .. as .. t right arrow 0 period
If 1 minus 1 q greater alpha minus n sub plus gamma to the power of beta minus lambda comma then for all

.. f in L sub 1 comma bar x bar to the power of beta comma gamma .. we have .. bar I sub alpha comma gamma
f bar sub WL sub q comma bar x bar to the power of minus lambda comma gamma =

Equation: 0 .. as t right arrow infinity period Thus to the power of Therefore we get Theorem 4 the is proved
sub period to the power of equality 1 minus 1 q = alpha minus n sub plus gamma to the power of beta minus
lambda period
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‖ Iα,γf ‖L
q,|x|−λ,γ

= tα+γn+

q − λ ‖ Iα,γft ‖ Lq,|x|−λ,γ

≤ Ctα+n+γ
q − λ ‖ ft ‖ Lp,|x|β ,γ = Ctα+n+qγ − λ− n+pγ − β‖f ‖ Lp,|x|β ,γ .

If 1p − 1q < α− nβ−λ+γ , then for all f ∈ Lp,|x|β ,γ(Rn+) we have
‖ Iα,γf ‖ Lq,|x|−λ,γ
= 0 as t→ 0.

If 1p − 1q > α− nβ−λ+γ , then for all f ∈ Lp,|x|β ,γ(Rn+) we have
‖ Iα,γf ‖ Lq,|x|−λ,γ

as t→∞. = 0

Therefore we get the equality 1p − 1q = α− nβ−λ+γ .

2 ) Suppose that the operator Iα,γ is bounded from L1,|x|β ,γ(Rn+) to
WLq,|x|−λ,γ(Rn+). It i s easy to show that

‖ ft ‖L
1,|x|β,γ

= t−n−γ−β ‖ f ‖L
1,|x|β,γ

, (Iα,γft)(x) = t−α(Iα,γf)(tx),

and

‖ Iα,γft ‖WLq,|x|−λ,γ = t−α−n+qγ+λ ‖ Iα,γf ‖WLq,|x|−λ,γ .

By the boundedness of Iα,γ from L1,|x|β ,γ(Rn+) t o WLq,|x|−λ,γ(Rn+),

we have

‖ Iα,γf ‖WLq,|x|−λ,γ ≤ C ‖ f ‖ L1,|x|β ,γ ,

where C i s independent of f. Then we have

(Iα,γft)∗,γ(τ) = t−n−γ(Iα,γf)∗,γ(tατ),

‖ Iα,γft ‖WLq,|x|−λ,γ = t−α−γn+
q + λ ‖ Iα,γf ‖WLq,|x|−λ,γ ,

and

‖ Iα,γf ‖WL
q,|x|−λ,γ

= tα+n+γ
q − λ ‖ Iα,γft ‖WLq,|x|−λ,γ

≤ Ctα+n+qγ − λ ‖ ft ‖ L1,|x|β ,γ = Ctα+n+γ
q − λ− n− γ − β‖f ‖ L1,|x|β ,γ .

If 1− 1q < α− nβ−λ+γ , then for all f ∈ L1,|x|β ,γ we have ‖ Iα,γf ‖WL
q,|x|−λ,γ

=

0 as t→ 0.
If 1− 1q > α− nβ−λ+γ , then for all f ∈ L1,|x|β ,γ we have ‖ Iα,γf ‖WL

q,|x|−λ,γ
=

as t→∞. 0

ThusThereforewegetTheorem4theequality
isproved. 1− 1q = α− nβ−λ+γ .
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