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Abstract
In this paper we study the Riesz potentials  (B— Riesz potentials )
gener -
ated by the Laplace - Bessel differential operator Ap = Y"r="992, +4, 9%,,
v >0, in the weighted Lebesgue spaces L, s ,. We establish an inequal -
ity of Stein - Weiss typ e for the B— Riesz potentials , and obtain
necessary
and sufficient conditions on the parameters for the boundedness of the B—
Riesz potential operator from the spaces L, 6, t 0 Ly, and from
the spaces Ly .6, t o the weak spaces WL, .
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0. Introduction
The classical Riesz potential i s an important t echnical tool in

Y7

harmonic

analysis , theory of functions and partial differential equations . The po-

tential

and related t opics associated with the Laplace - Bessel differential operator
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k=1
Ap = Z@aigk + Y2, 2, >0

have b een the research areas many mathematicians such as B . Mucken-
houpt and E . Stein [ 7], I . Kipriyanov [ 8 ] , L . Lyakhov [10 ], K .
Stempak [12],A.D. Gadjievand . A . Aliev[1],V .S . Guliyev |
2]-[4], and others .
In this  paper we study Riesz  potentials (B— Riesz  potentials

gener - ated by the Laplace - Bessel differential operator  Ap in
weighted Lebesque spaces.  We establish an inequality of Stein - Weiss
type (see [11]) for the B— Riesz potentials .  We obtain the
necessary and sufficient conditions on the parameters for boundedness of
the  B— Riesz potential operator from the spaces L, 5, to L
and from the spaces  L; s, t o the weak
spaces WLy iz -

Definitions , notation and preliminaries

@z

{y

S

Let RY = {2z € R" ; = = (21,..,20),2, > 0} and B(z,r) =
|z —y|<r, r>0}, B,=B(0,r),andlet Cp,r)=R}\B(z,r).

Rn

+

a measurable set A < R% let |A|, = [,a2)dez, then |B.|,

w(n,v)r"*7, where,, v) = / x)dr = 7r("21? é(),/lzr+(v('7— +2 )1)/2)/2)-
B,

Denote by 7Y the generalized shift operator (B — shift operator ) acting

accordingtothe?yf(z) =C, / f(@ =, (zn,yn)p)sin? ~* Bdg,
0

where (Tn,yn)g = —22 +y2 2z,yn cos B and c, = F\/w(r((i;;))/m =
2,w(2,7). We note that the generalized shift  operator 7% i s closely
connected

with the Laplace - Bessel differential operator Ap (for example , n=1
see

[9]and n>1 [8] for details ) .

Let  L,.,(R?) Dbe the space of measurable functions on R7%  with finite

Il Lpy = (I f Il Lpy(RY) = (/Rn | f(z) | 23dx)1/p, 1<p<oo.  morm
Ve

For  p= o the space L. ,(R7?) is defined by means of the usual
modifi - cation

[/ Looyy = [ f | Loo = esszerr sup | f(2) |-
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The translation operator 7Y generates the corresponding  B—
convolution

(feg)(x)= [ flyT?g(z)y,dy,

n
R%

for which the Young inequality holds :

lfRglLin < I fllLpy gl Lgy 1<p,gr<oo, p1+1q:1T+1-

LEMMA 1 . Let 0<a<n+ry. Then

T [ "7 — [y oY <2ty T e (1)

2z [<|y]. for

Proof. We will show that

[T [ [ = [y [*7"77

™
<C vextendsingle(x' —y', (xn,yn)g)vestendsingle® "7 — |y [*~"7 |sin?~* BdB.
Y B
0

F —r,,, the mean value theorem we have

1@ =o', (@n,yn)s)|* " = [y [T
<@ =y, (@n,ym)g)l= |y | €277,

where  min {| (2' -/, (zn,yn)p) || y [} <& <max {| (&' — ¢/, (xn,yn)p) |, y [}
Note that

vextendsingle(z’ —y', (x, yn)g)vextendsingle <| x| + |y |< 33 |y |,
vextendsingle(z' —y', (x,,yn)g)vextendsingle >| x —y |>|y | — |z [> 2" |y |

and
(@' =y, (@nyn)p)l= [y ISl 2 |+ [y |- |y |<| 2]
| y | —vextendsingle(z’ — y', (xn, yn)g)vextendsingle <|y | — |z —y |<| = | .

Hence

2 [y <@ — ¢ (znyn)p) <32 |y, and |2~y (zn,yn)p)|— [y || <[« |-
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DEFINITION 1 . Let 1 <p<oo. We denote by WL,,(R?) the
weak L,., space defined as the set  of locally integrable functions  f
with the finite norms

I f I WLy =suprfeff (r),
feny(r) = vextendsingle{z € R, : | f(z) |> r}vertendsingle.,. where

Let v be non - negative and measurable function on  R%, and
Ly.~(R7%) be the weighted L, ,— space of all measurable functions  f
on R7 for which

I Ly = Il Lpoy(RE) =l 0f [| Ly (RY) < oo

We denote by  WL,,,(R%) (1 <p < oo)the weighted weak Lebesgue
space which i s the class of all measurable functions  f:R% — R, for which

[ fUWLpwy= [ fIlWLypoyRY) =[[vf | WLy~ (R}) < oo.
We shall need the following Hardy - typ e transforms defined on  R? :
i) = [ty Hf@ = [ i
|| B

||

The following two theorems for these transformations were proved in [ 5
] (seealso[6], Section1.1).
THEOREM A . Let 1 < ¢ < oo Suppose that v
and w area. e.
positive functions on ~ R%. Then :
(a) Theoperator H, isboundedfrom Ly, ,R?) to WLg,,(R?)
if and only ifa, = supt>0(fEBt vi(z)z]dz)l/qsupg, w (z) < oo,
(b)  The operator H!  is bounded from Liw~RY)  to

WLy~ (RY)
if and only if =~ Ay = sup,.o([5, vI(2)a7dw)1/qsupg, w(z) < oo.
Moreover , there exist positive constants aj, j=1,..4,
depending
only on ¢ such that  aA; <|| H||<axA1 and  azAs; <|| H' ||< asAs.
THEOREM B . Let l1<p<g<oo. Suppose that v and

w area.e.

positive functions on R7%.  Then :

. (a) dThle ol}erator H, isboundedfrom L,.,~(R?) to Lg.,~(RY)
it and only i
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Ay =sup( [ or(@)ido)t /o [ w @)ado)1/ < e’ = p/(p 1)
t>0 EBt By
(b) Theoperator  H! isboundedfrom Ly, (R%) to L., (R7T)
it and only if

Ay = sup(/B vq(x)x,”ldx)l/q(/ w (z)z)dx)1/p’ < oo.

>0 B

Moreover , there exist positive constants  b;, j=1,..,4, depend-
ing onlyon p and q such that biAs < ||H| <bA3 and
b3 Ay < H H' || <

b4A4.

We will need the case when we substitute  L,.,(R%) by the homoge

neous space (Xapa:u’)v X = Riv p((E - y) :| =Yy ‘7 d/i(if) = x;/Ld‘T in
Theorems A and B .

. th o~ RY
Considery,” r@)T" | # 1" _Riesun_ fpotentiarf/ (W)ndy; 0 < <nt.

For the  B— Riesz potential the following Hardy - Littlewood - Sobolev
the - orem is valid .

nif 1 < psTiﬁlJ;{)ZiSﬁfmthe < n—&—v(ofl])’LetO < thenboundednessconditiona < n + yofla,~ pand from1iL

P,y
the 2)Ifp= 1,thenboundednessgl}?zitw",,YfmmlL_1‘1 grotl isnecessaryW Ly (R )and.

1 y(Rn+) to
sufficient for
2. Main results
One of the our main results is the following Stein - Weiss type theorem
for the  B- Riesz potentials .

Theorem 2. Let 0 < a < n4+7v 1 < p < ¢ < oo, B < n+9p,

+q7, A d llowi . .
AL;ZI\?ngH +. Then Zo(gfﬁfAeniLg Cire —Q)s p()m 11—gthen + ’Yii—o;ﬁrf\gand [ € inequality

lz|= X,y (R
(/
R

where C  is independent of f.

holds :

| @[] Loy f(2) |4 a3 da)1/q < O( /R | |?P] f(z) [P 2] dx)1/p, (2)

n
+
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( / 2 [ L f(@) |7 2de)1/g
R

n
+

< (/]R
H/Ri

+ / | ( / | F@) | T | & | yldy)galda)l/q = I + I + I,

+ Ba|e|

| ( /B | F@) | TV | @ | yldy)galda)1/q
lel/2

n
+

2 ([ W) |77 " ydy)aado) /g
Bajz)\Bla|/2

It is easytoverifythat if |y| < |z|/2, then
lz| < fyl+lz-yl <
|z|/2+|z—y]|. Hence |z|/2<|z—y]| and TY|z|* " "< (Ja]/2)* "

Consequently ,

<2 ([ a0 -y - Na(H, f () d0)1 /o
RY
F —u rther , taking into account the inequality

“Ag<(n+y-—a)g—n—v

) ’
Sosnraat (/\/c el g aramn—)ad a1/ = Cat® AN/
B
C1 = (:/(2/1)(>\—a)q/(n+7))1/q. where

Analogously , by virtue of the condition Bp<(n++)p—-1) (=8<

n—+yp,),it - that(/ |2 | 7P 2)dx)1/p = Cot " HTN/P =B,

By
_ w(n,v) )
Cy = ( 1= 8 /(n + ) )l/p. where

Summarizing these estimates , we find that

sup( / | [ 4 )1 g / |z |7 2 dx)1/p
t>0 JCp, By

=C102i1>lgta_ﬂ_’\+"+g—n+p7 <o = a—fB-A=n+,7—n+,7.
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I < baCyCy2mr=a / |2 |°] £(@) P 27dz)1/p.
R}

It is easy to verify that if |
lyl < lef+]z-y| <

y| > 2|z|, then

lyl/2+ |z —y|. Hence |[y|/2<|z—y]|

and TV [z [*"7<(Jy|/2)*7"
Consequently ,

I3 < 2"”’”‘(/]1% | |7 (H( £ () Iy 1777 (@) a7 do)1/q.

n
+

F —u rther ,

-A¢g> —n—7v ( A<

taking into account the inequality

), wehave (/ | x |’)‘q x)dr)l/q = C'Bt(?wv)/qf)\7
By

where C3 = ( L C;c(]T/lEZ)Jr ,) ) 1/q. Analogously , by virtue of
the condition Bp>ap—n—v (=a<n+yy+ B), it follows that

Yn+y4

(/ | & |~ B tr=ar’ 2y qay1 /p! = Oyt TN/ (ntytf—a)
B

— W(n) )
Ca = (14 (B (- /P

where
Summarizing these estimates , we find that
sup( [ | o/l [ PO oy
t>0 By By
= C3CYy supt;"*g’/\*w”r —ntp, <00 = a—fF-A=n+,7—n+g7.
>0
Now the second part of Theorem B leads us to the inequality
I < byCyCy2n 10 d|xmﬂ@wmmwp
R}
Torately. estimate I, we consider the cases o < n+,y and o >
n+,y sepa - Let a < ~n+, . In this case the condition «
B+A+antp, —ynty 2>

—yn+, implies ¢ <p*,where p* = (n+7)p/(n+v— ap). YNty
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First , assume that ¢ <p*. In the sequel we use the notation

Dp={zcR?: 2" <|z|<2"} | Dy={reR?: 22 <]z |< 2?2}

1, Byhdder's . inequality with resp ect t o the exponent p: and Theorem

B= ([ a0/ ) | T [ [ ydy)aardo)1 /g
R% B2 2| \B|z|/2

_ kz / 7 ( / | F@) | TV | @ | yldy)galda)1/q
B2 2| \B|x|/2

< X DTV 2 * ydy)pde)a)y’

cz YDk Bajo|\Blz|/2
X (/ | x | _)‘qp**p—qac:{d;c)p_ q:p)l/q
Dy,
<O (B 2M () / T (FXo60— ) @) 2 d)a/p")1/q

Dy,
<Cs (22N (g )|(Da66 — k | (=) P adz)a/p)1/q

<Gl N2l 5@ P s

If g¢=p*,then pB+X=0 and consequently , using directly Theorem
1 we have

B<Co (2% [ s (Pasa-n )@ shde)1)p’
€z D

<Cy (kY 2" (Dx66 — k| f(2) | ajdx)”" /)1 /p*
(S

< Crolly | 2 |77] (@) |7 23dw)1/p.
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. 8 Now let «a > n+p,y. In this case by H ¢ lder ’ s inequality with
respect t o
the exponent p we get the following estimate

B (yle(f | FW) P yadya/p
Bajo|\Blz|/2

x / (TV | & |4~ yldy)g/p' a2 de)L/q.
Ba2|\Bz|/2

On the other hand , using ( 2 ) and the inequality — « > n+,v, we find
that

/ (@7 |l iy < [ le—y(a—r
B2\ Bz /2 B2\ B|z|/2

o0
< / | Byjz| N & — parenleft — arrowdblrightnotde f — commarnotdefnotdefl(0‘7”77)1’/parenright — notdef|ir
0

</
0
oo

SCM|$\(0f—n—7)P'+n+V+cm/ 7Ly e = Cug | 7 | (0 —n —-

|z‘(f~—n—7)p’

|| (@=n=m)7 o

|Bz|x|‘7d7+/ ‘E(xaT(ln,

|z|(e=n=")p

where the positive constant ;3 does not depend on  z. The latter
estimate yields

I, <
J ) .
CuaeY oy | [Porllemnmnnet [ | F() 1P 43d9)a /P01 fa
€z B2 \Bz|/2

< Oz, / (D266 — k | f(y) 7 yldy)a/p |« | Al emn=np4ntal pagyde)1 /q

Dy

< Oy 2" ity (D66 — k| f(y) P yidy)a/p)1/a
€L

< Cuaparente ftBigg ~ k" 29Dk 266 | J(0) ¥ lde)a/p)1/a < Cos( [ 12171 5(0) P )l
€z R}

Thus Theorem 2 is completely proved .
To obtain the general result on the boundedness of the = B— potentials
I, we need the following weak weighted estimate .
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1 < g < oo, f < 0, M <

n
0 following . o L1|z]? A ®T
n—+ 'quggthmafgf)\and f € inequality™,’, ., . Then I ~f€

Theorem 3. Let 0 < o < n+7,

+
n Wlq,p + AZ)
4 ynt 2 -A YR

(/ |2 |7 Jan f(2) |> T}agde)l/q < C; / |2 |7] f(2) | 2]dz, (3)
{z€RY: R7

where O is independent of  f.
Proof. We have

( / | [ Lo f(2) |> T}2dz)1/g
{z€RY:

< (e @ 170252, | F(0) | Ty |2 |77 yhdy > 7/3}a)da)1/g

/
+ ({mERi:

+ (/{ |z |7 2520, ,, | f() | Ty |z |*"" 7 yn'dy > 7/3}a)dx)l/q = Jy + Jo + Js.
z€RY :

|2 |7 2528, \B, . | F@) | Ty | 2 |*7" 7 yldy > 7/3}a]dx)1/q

Then J; < ({weRi:QH—F’Y —alx |0l—n—’y—)\ va(x) > 7/3}a7dx)1/q.

F —u rther , taking into account the inequality

“Ag<(n+y-a)g—n-vy

(= a <n+vy—n+yy+ A)wehave

/ | r | ( A a n-— V)an’)/dz
Cs,
/ / p(FAFamn=atnty=1er e dp = ) gt(TATOn=Yatnty
Si_l t

depends only on o, X and ¢

where the positive constant Cie
it follows that

Analo - gously by virtue of the condition 3<0

sup |z | P=1t"75.
By
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sup(/ | x \(_)‘+°‘_"_7)q x)dx)l/qsup | © |_5
>0 JCp, B,

=Csupt™ ) —A+a—-n—-7—-F<o00 <= a—F-A=n+7-n+q¢7.
>0

Now in the case p=1 the first part of Theorem A leads us t o the
inequality
nzcl [ Jopli P s,
R}

where the positive constant  Cy; i s independent of  f. Also

J3 < (/{ . 2+ —alz |7V H( ) [y 7)) (@) > /3 de)1/g.

F—urther , taking into account the inequality
-Ag> —n—7v (= A <

n+47y)wehave

t
/ | o |72 2)de = / / P ALY gedr = Oyt =AY
By sr=tJo

where the positive constant C;3 dependsonlyon o and A Anal-
ogously by virtue of the condition p>a—n—~ it follows that

sup | T ‘—B+a—n—7: t—hra—n—vy
Cs,

Summarizing these estimates , we find that

sup(/ | x |_)‘q x)dx)l/qsup | |_'8+a_"_7
t>0 JB, 5,

:Clgsuptn+g*A+OL7?’L*’Y*ﬁ<OO = a—-F-A=n+y-—n+tq7.
>0

Now in the case p = 1 thesecond part of Theorem A leads us
to the inequality

e REECIE
RY
where the positive constant  Cj9 i s independent of  f. We now , we

estimate  Js.
F—tom B+A>0 and Theorem 1 we get
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Jo = (kZ/{ . |2 |7 2528, ,\B,,,,. | W) | Ty |2 |*7"7 yn)dy > 7/3}x)dx)1/q
€7 e ks

< (kZ/{ L @52 0\ms W) Iy P Ty | |[*7P2" 7 yldy > er}a)dr)l/q
= rxecDy:

< (k / ze—xe—xcly_p_x,210f () | - |? Xao7—po21l(z)TC — TC — BC > cr})dr)l/q
€7 {IEDk:
< (alCDa66— k| f@) || P atdgt/a < (2 [ Vo P @) 2o/
n
F — rom Theorems 2 and 3 we get the following

Theorem4. Let 0<a<n+vy, 1<p<g<oo, B<yn+p
iD= 1) g (AS0iifg=00), a=B+A=0 (B+

B—X
. o il amnPN
DI fsuf ficientl < forp < thean™” 5_y, thenboundednessof<on®tiony, frompimw‘gﬁ(ﬂm) + izzae”mygﬁfl,

- A=A
for2)I fthep = 1,thenboundednesso fmon, lfroml—L;z:‘z‘O;’ " SE7 ) istonecessaryWLgﬁi_x77?&{”

Proof. Sufficiency of Theorem 4 follows from Theorems 2 and 3 .

) that a—B—X
1tOSupposequlz‘4W(Ri)theand'yn Voperatory <, < Iy i bounded from

Necessity.Ly, |, e (R%)

Define  ft(x) =: f(tz) for t>0. Then it can be easily shown that

|0 Do = 57 =B F e, o s UanfO)(@) = 1 Loy f (1),

and
| Lo~ ft |l Lq,\w|_)‘,'y =t ntev4x | Loy f | Lq7\w\—>\,'y-
Since the operator  I,, isboundedfrom L, ,s,(R%) to Ly -r,(RE),
we have
H Iaﬁf ” Lq,lxl**,’y <C H f H Lp,\:c|/3,'yy
where C isindependent of f. Then we get
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yn+
” IOéy'Yf ”qu‘w‘f)\,w: t(C;Jr - A ” IO&»’th H Lq,\x\*’\,fy
n4
SOt T = M f ]| Ly jap o = Ot gy = X = npy = B f || Ly s -

If 1,-1,<a-n " then forall  feL,;,(R) we have

| Toqf [ Lq:\ﬂﬁl”w
=0 as t—0.
If 1,-1,>a-n " thenforall feL,,p.,(R:) wehave

| Iy f [ Lq,\wlf*w

as t — oo. =0
Therefore we get the equality 1, — 1, = a —n-*
2 ) Suppose that the operator  I,, is bounded from L, 5 ,(R}) to
WLy e-»~RY). It iseasy toshow that

1 £ty e =" F ey s Ganf)@) = £ (Lan ) (t2),
and

” Ia,'yft || WLq,\:bF)‘,'y = t_a_n—'_q’er)\ ” ID&»’Yf H WLq,\z\**,'r

By the boundedness of  I,, from Ly s,(RY) to WLy -»,[RY),
we have

|| I(%’Yf || WLq,|x\_*,'y < c H f || Ll,\w\/i,'ya
where C isindependent of f. Then we have
(Ia,wft)*,v<7_) = t_n_’y(loc,“/f)*n/(taT%
[ Loy ft | WLz n =t X [ Loy f (| WL o124

and

n+
| Tanf llwe, oo =t 7= N Tan St WLy

a a+"t
SCtFntgy = M| ft 1] Lyjgpp = Ct*7 T =X =n— 5 = B f || L1, ja)p -

—A
If 1-1,<a—n? then forall  felyyps, wehave | Io,fllwe, .=
0 as t—o0.
—A
If 1-1,>a—n{% then for all  felyyps, wehave | Io,flwe, .=
as t— oo. 0

equality
isproved-

Thus ™" weget Theorem4the l1-1ly=a— nf__k.
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