Advances and Applications in Mathematical Sciences
Volume 24, Issue 5-6, March-April 2025, Pages 27-41

© 2025 Mili Publications, India

ON STRUCTURES OF BIHOM-SUPERDIALGEBRAS
AND THEIR DERIVATIONS

NIL MANSUROGLU! and BOUZID MOSBAHI2

1Kirgehir Ahi Evran University

Faculty of Arts and Science

Department of Mathematics

40100 Kirgehir, Turkey

E-mail: nil. mansuroglu@ahievran.edu.tr

2Department of Mathematics

Faculty of Sciences

University of Sfax

Sfax, Tunisia

E-mail: mosbahi.bouzid.etud@fss.usf.tn

Abstract

BiHom-superdialgebras are clear generalization of Hom-superdialgebras. The purpose of
this note is to describe and to survey structures of BiHom-superdialgebras. Moreover, we state
some main properties on such algebras. Then we derive derivations of BiHom-superdialgebras.

1. Introduction

The associative superdialgebras are also known as diassociative
superalgebras. In 2015, C. Wang, Q. Zhang and Z. Weiz described them as a
generalization of associative superalgebras. These authors developed many
results on associative superdialgebra in the paper [2]. As a generalization of
associative superalgebras, they have two associative products and also they
comply three other statements. On the other hand, many results of
superdialgebras were investigated in [3, 4, 5]. There are many application
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areas of these algebras, for instance, physics, classical geometry and non-
commutative geometry. For more details (see [6, 7, 8, 9, 10, 11]). The
principal beginning point of this paper is based on the concept of BiHom-
dialgebras introduced by Zahari and Bakayoko in [1]. In this paper, the
authors studied BiHom-associative dialgebras and they gave the central
extensions and the classifications of BiHom-associative dialgebras with
dimension n > 4. By following their approach in [1], we present the concepts
on BiHom-superdialgebras. Moreover, we state some main properties on such
algebras. This paper is organized as follows. In second section, we introduce
the structure of BiHom-superdialgebras. The last section is devoted to
deriving the derivations of BiHom-superdialgebras. Our main results are
stated and proved in this section. Throughout our discussion, we assume a
field K of characteristic 0, with all vector spaces and algebras are Z2-graded

over K.
2. Structure of BiHom-superdialgebras

By using some definitions on superdialgebras and Hom-dialgebras in [5,
12], we introduce some structure of BiHom-superdialgebras. Furthermore, we
survey some important consequences on BiHom-superdialgebras which are
similar to some statements on Hom-superdialgebras [1].

Definition 2.1. Let H be a superspace. If two even bilinear mappings
-, +: Hx H — H satisfy the next statements

@) p(gHr)=(p-q)-r,

(i) p4(g-r) = (p=q)-dr = p-(gtr),

(i) pH(grr) = (pFa)-r=(p-g)r
for every homogeneous elements p, ¢, r € H, then a 3-tuple (H, -, F) is
called a superdialgebra.

Definition 2.2. Given a superspace H. If two even bilinear mappings

4 F:HxH — Hl and an even superspace homomorphism o: H —> H

satisfy the next properties

() a(pHq) = a(p)Halq), alptq) = a(p)-a(g) !
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(i) a(p)+(g-r) = (p~g)Halr) = alp)+(grr),
(i) a(p)F(gFr) = (pFa)Fa(r) = (pHq)Falr),
(iv) a(p)k(g-r) = (pFq)Halr)
for every homogeneous elements p, q, r € H, then a tuple (H, -, - a)l is
said to be a Hom-superdialgebra.

Definition 2.3. Given a superspace H. If an even bilinear map

-:HxH — H and two even superspace homomorphisms a,c: H - H

hold the next properties
(i) aog=¢goaq,
(i) a(p-q) = a(p)- alg), &(p - q) = &(p) - &(q),
(i) a(p)- (g -7) = (p-q) &(r)

for every homogeneous elements p, q, r € H, then a 4-tuple (H,-,q, €) is

said to be a BiHom-associative superalgebra.

Definition 2.4. Given a superspace H. If two even bilinear mappings

-, F: HxH — H and two even superspace homomorphisms o, ¢ : H - H

satisfy the following axioms

() aoe =goa,

(i) a(pHq) = a(p)dalg), alptq)= alp)talg),
(iii) e(p+q) = &(p)Helq), e(pFq) = e(p)relq),
(iv) (pH4q)e(r) = alp) (g 7).

V) (pFq)e(r) = a(p)k(g -r),

vi) (pHq)F&(r) = a(p)H(gFr),

(vii) (pFq)Fe(r) = a(p)F(g+r)

for every homogeneous elements p, g, r € H, then a 5-tuple (H, -, , a, )l is

called a BiHom-superdialgebra.
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Here o and € are called structure maps of H. Since the maps a, € commute, for

any integer m, n, we denote by

0"e" = o...o00g0...0¢.
| A e

(m—times) (n—times)

1 m_—n

Particularly, a'® = Idg, o ¢! = ag and o ™e ™" is the inverse of a™&".

Example 2.5. By taking & =oa, any Hom-superdialgebra becomes a
BiHom-superdialgebra. By setting o = ¢ =1id, any superdialgebra is a

BiHom-superdialgebra.

Example 2.6. Consider the superspace H = H; ® H; with
Hy =spanie;} and H; =span{ey}

where e; is an even element (degree 0) and ey is an odd element (degree 1).

We define two bilinear operations | and F as follows for the basis {e;, ey}
ep1e; = e, eg ey = ey, all other - products are 0.
eplFeg =ey, egl-e; = —ey, all other + products are 0.
Now we define two even superspace homomorphisms o and € on H by
ale) = e, aley) = —ey, eley) = e, eleg) = ey.
This constructs a 2-dimensional BiHom-superdialgebra (H, -, I, a, &)l
Definition 2.7. Given a BiHom-superdialgebra (H, -, F, a, €)f when a

and ¢ are bijection, then (H, -, F, o, ) is called a regular BiHom-

superdialgebra.

Remark 2.1.If pt-q = p-1q = p-qlfor any p, g € H, then each BiHom-

associative superalgebra H is a BiHom-superdialgebra.

Definition 2.8. Given two BiHom-superdialgebras (H;, -, I, a, €)[ and
(Hg, 1, H, o', ¢') and let g : Hy — Hgy be an even homomorphism. g is said

to be a morphism of BiHom-superdialgebras if
goa=0'0g, gog=¢og
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and
g(p)=' g(q) = g(p-q), g(p)- gl@)=gptrq)
for every p, g € H;.

Definition 2.9. Let o and ¢ be two morphisms. A BiHom-
superdialgebra (H, -, F, a, €)T is said to be a multiplicative BiHom-

superdialgebra.

Definition 2.10. If o and ¢ are bijective, we say that (H, -, I, a, €)[is a

regular BiHom-superdialgebra.

Theorem 2.11. Let (H,,+, a, &)l be a BiHom-superdialgebra and
o, ¢ : H— H be two commuting endomorphisms. Consider < = o (o' ®¢g')
and > =Fo(a'®¢) Then, Hy ) =(H, <> 00,¢e) is a BiHom-
superdialgebra.

Proof. (i) Since a and ¢ commute and similarly o' and &' commute, we
have

oo’ ogg' = (aog)o(aog)=(coa)o(eoa )= g& oaa
Thus, condition (i) holds.
(i1) By Definition 2.4,
p <q =(a(p) 1e(q))
Thus,
ac'(p < q) = a(o'(a'(p) 7 €(q))) = ala'(p) + a'z'(q)).
Since (H, -, I, a, €)lis a BiHom-superdialgebra, we know that
a(p + q) = alp) + alg).
By applying this to the above expression, we obtain
a(a'(p) 4 o'g'(g)) = a'(alp)) - afe'(q)).
Therefore,

ad'(p < q) = a'(p) < aa'(g).
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A similar argument shows that aa/(p > ¢) = ad/(p) > ad'(q).
(iii) By definition,
p <q=a(p)elg)
Hence,
ee'(p < q) = &(e'(o'(p) - €'(q))) = e(a'(p) 4 £'€'(q)).
By using the property &(p 4 q) = &(p) - &(¢q) for a BiHom-superdialgebra, we
obtain
e(o(p) 1 £'€'(q)) = €'(e(e'(p)))  &(€'(q)):
Thus,
ee'(p < q) = e&'(p) < e€'(q).
Similarly, we can prove the condition for .
(iv) By definition,
p<q=0d(p)de(g) and g <r=0alg) )
Thus,
(p < q) < &e'(r) = ((p) 1 €(q)) < e'(r).

By using the definition of <, we obtain
(o'(p) 4 €(q)) < &&'(r) = o'(a'(p) H £'(q)) = '(€'(r)).

Since (H, -, I, a, €)lis a BiHom-superdialgebra, applying axiom (iv) gives

a(a'(p)) 4 (e'(q) 4 €(r) = aa'(p) < (g < 7).

The proofs for conditions (v), (vi) and (vii) follow similarly by applying the
definitions of < and > and using the corresponding axioms of the BiHom-
superdialgebra. Since all the conditions (i)-(vii) of Definition 2.4 are satisfied,

we conclude that Hy q) = (H, <, >, oo, ge') is a BiHom-superdialgebra.
Thus, the theorem is proved. ]
Consequently, the theorem derives the following sequence of corollaries.

Corollary 2.12. Given the multiplicative BiHom-superdialgebra
(H, 4, F, a,¢). Then, (H,"o(a"®c"),Fo(a®®e"), a", ") is a

multiplicative BiHom-superdialgebra as well.
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Proof. It is clearly sufficient to take a' = a” and & = &" in Theorem

2.11. Thus, this proves the corollary. ]

Corollary 2.13. Let (H, H, F, a) be a multiplicative Hom-superdialgebra
and ¢:H —» H be an endomorphism of H. Then, (H,-o(a®g),

Fo(o ®¢), a2, ¢) is also a BiHom-superdialgebra.

Proof. By taking o' = a, B = Idy and ¢ = ¢ in Theorem 2.11, we prove

the corollary. o
Corollary 2.14. If (H, -, F, a, €) is a regular BiHom-superdialgebra,

then (H, 4o (' ®e!), Fo(a™! ® ™)) is a superdialgebra.

Proof. The claim follows in the case where o' = o 'and & =& ! of
Theorem 2.11. o

Corollary 2.15. Given a superdialgebra (H, -, F) and two commuting
homomorphisms o, € : H — H. Then, (H,4o(a®¢),Fo(a®c¢) a,c) is a
BiHom-superdialgebra.

Proof. By taking a = ¢ = Idyg and replacing a’' by o and ¢ by ¢ in
Theorem 2.11, we obtain the result as required. ]

Definition 2.16. Let (H, -, I, a, €) be a BiHom-superdialgebra and S a
subset of H. If S is stable under o and ¢ and p-q, ptq € S for every
p, q € S, S is called a BiHom-supersubalgebra of H.

Definition 2.17. Given a BiHom-superdialgebra (H, -, F, a, €¢) and a
BiHom-supersubalgebra T of H. For every p € T, q € H, we say T 1s a left
BiHom-ideal of H if we have p-dq, pkqeT. If g-1p and g+ p are in T,

then T is called a right BiHom-ideal of H and T is said to be a two sided
BiHom-ideal of Hif p-H4q, g4 p, ptq,q-p e T.

Example 2.18. Clearly, 7 = {0} and 7' = H are two-sided BiHom-ideals.
If 6: H > Hy is a morphism of BiHom-superdialgebras, then the kernel

Ker0 is a two sided BiHom-ideal in H; and the image Im6 is a BiHom-
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supersubalgebra of H,. Moreover, if 77 and Ty are two sided BiHom-ideals

of H, then T + Ty is two sided BiHom-ideal as well.

Proposition 2.19. Given a BiHom-superdialgebra (H, -, F, a, €) and a
two sided BiHom-ideal T of (H, A, +, o, €). Then, (H/T,H,F, o, &) is a
BiHom-superdialgebra where

a(p) = a(p), &(p) = &(p)
and
p+43=pHq, PFq=phtg
forall p, ¢ € H/T.
Proof. Here, we only prove right superassociativity. Similarly, the others

are proved. For every p, q, 7 € H/T , we obtain

(pFa)Fef)-a(@)r(@rr)=(prq)Fe(r)-alp)r(grr)

(pFq)Fe(r)— a(p)F (g r) (by Definition 2.4(vii))

0.

Then, (H/T, -, F, @, &) is BiHom-superdialgebra. o

3. Derivation of BiHom-superdialgebra

Some significant concepts corresponding to derivations of BiHom-
superdialgebras will be presented in this section.

Definition 3.1. Let (H, u, a, ¢) be a BiHom-superalgebra. A linear

mapping d : H — H is said to be an a"&"-derivation of (H, u, a, ) if it
holds
aod=doa and doe=¢god,

d o u(p, @) = n(d(p), a™™(q)) + (- 1) P14 lp@™e™ (p), d(9))

for every p, ¢ € H and for each integers m, n.
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Definition 3.2. A linear mapping d : H — H on a BiHom-superalgebra

is called a differential if

d(p'q)zdp~q+(—1)‘pHd‘p~dq, for every p, q € H, d?> =0

and
dooa=ood doeg=c¢cod.

Proposition 3.3. Given a differential BiHom-superalgebra (H, ., a, €, d)
and the products 1 and + on H by
p-q = a(p)dq and ptrq = dp.e(q).

Then (H, -, &, o, €) is a BiHom-superdialgebra where o. and ¢ are idempotent

structure maps.

Proof. Since o and ¢ are given to be structure maps in a BiHom-

superalgebra, we can show that they satisfy idempotency
acoa=0 and gog = ¢.
Starting with the left-hand side
a(p)-(g +7) = alp) 4 (alg) - d(r)) = ap) - d(alq) - d(r)).
By using the definition of the differential, we have
d(alg) - d(r)) = d(a(g)) - d(d(r)) + alg) - d*(r) = d(alg))- d(r) (since d*=0).

Thus,

a(p)(g 4 r) = alp) - (d(alg)) - d(r)).
Now, considering the right-hand side

(p Hq) 4 &(r) = (alp) - d(q)) 1 &(r) = ala(p) - d(q)) - d(&(r)).
Again, by applying the differential property, we find that
d(e(r)) = &(d(r)).

Therefore, we obtain

(p +q)H &(r) = a(p) - dlq) - e(d(r))
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Thus, both sides match, confirming BiHom-superassociativity
a(p)-(g 4 r) = alp) 1 (alg)d(r))

a(a(p))d(a(g)d(r))

aa(p)(d(a(q))d(r) + alg)d®(r))
a(op))(d(og))d(r))

(p+q) &)

for any p, q,r € H. By using a similar way, we obtain
a(p)F(gkr) = a(p)r-(d(g)(r)
= d(a(p))-e(d(q)(r))
o(d(p))(e(d(q))6*(r))
(d(p)e(d(a))e>(r)

= (pFa)Fe(r).

A similar approach can be taken to show the remaining axioms for bilinear
mappings 1 and F, relying on the properties of the differential d and the

homomorphisms o and €. Hence, the proposition is proven. |

Proposition 3.4. Let (H, -, |, o, &) be a BiHom-superdialgebra such
that o(r) =e(r) for all r € H. For any p,q € H, we describe the linear

mapping ad,(fl’ . H 5> H by
ad'® 9(p) = pe(p) - (- 1) 21" la(r) - x.

Then ad\® ® is a derivation of H.

Proof. We have
ad(* (p)-q + pad® ) = (p-1e(r) ~ (- 1) "I la(r) - p) 1
+ p(g () - (1)1 la(r) - g)
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= (pe() g - (- 1) 21" a(r) - p) g
+ pAger) - (1) 1Pl p A (a(r)-g)
= () 49) - (- 1) 2" ar) - (p )
+(pAg)e) - (1) 7 p A (a(r)-g)
= (pa)e(r) - (-1 P a(r)-(pHq)
= ad® (pq).

As aresult, ad'® © is a derivation. o

Definition 3.5. Given a BiHom-superdialgebra (H, -, I, a, €). A linear

mapping d : H - H is called a o™¢"- derivation of H, if it holds
Q) doa=aod,eod=docg,
(i) d(p=q) = a"e"(p)d(q) + (- 1) *1¥ld(p) 4 a™s" (q),
(i) d(pt-q) = o"¢" (P)F d(q) + (- 1) 7 V1d(p) - a™e" ()

for each p, ¢ € H and for each integers m, n.

The set of all a&" -derivation of H is represented by Deramgn (H) and
the set of all derivation on BiHom-superdialgebra is represented by

Der(H)= & Der ,, ,(H).
m,n>0 ae

We define, for any d,d e Der(H), the even bilinear mapping
[, ]: Der(H)x Der(H) — Der(H) by
[d, d]=dod - (-1)¢I¥lgaq.
Proposition 3.6. For each d € (Der_,, _n(H)); and d' e (Der_mn n (H));,

then
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[d, d' € Der_yis ni(H) q s ar|s

where m +s, n+t > -1 and (i, j) € Z3.

Proof. For each p, g € H, we have
[d. d1(u(p. @) = (d o d' - (- 1) 11 ¥]a" o &) (u(p. q))
= dod'u(p, 9)- (- 1) 9@ o du(p, q)
= d(u(d'(p). o’e'(q)) + (- 1) P 1 ¥ lu(ae' (p), d'(q))
- (1) ud(p), ofel(g) + (- 1)1 luase (p), d(q)))
= u(d o d(p), a™e"a% (@) + (- D LT PDyamena(p), d(o®e! (¢))
+ (- 1) P (o (p), a™e"d(q)))
+ (- PlaEPplldlygmenase! (p), d o d'(q))
~ (1) @ o d(p), afela™e(q)) - (- 1) P19 In(aseld(p), d'a™e"(q))
~ (- )Py @mem (p), a*e'd(q)))
—(- 1)\ dlld [+ plld|+ld]ld \u(asgt(p)amgn(p), d' - d(q))
Since any two of maps d, d’, a, ¢ commute, we have

doeg" =¢"od,d oa™ =a"od,
doe =¢lod, doa® =a’od.

Therefore, we have

[d, d'](u(p, q))

= w([d, d1(p), o™ 36" (q)) + (- 1) PN HIED(om*spnt (), [d, d)(q)).

In addition, it is easy to see that
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[d,d]oa=(dod —(-1) %@ cd)oa
:dod/oa—(—l)‘dud"drodo(x

:qodod’—(—l)‘dud,‘OLOd/Od

=aold, d]
and

[d,d]oe=(dod - (-1) N ¥lgod)oe

—dodos- (1)@ odoe

godod — (1) lgodod
=god, d]
which occurs that
[d. d] e (Der mis net(Daya)
by taking p = 4 and p = F respectively.
Consequently, for each integers k and [, represent by

Der(H) = (ng-Bn Deram’ o (H))y + (ISDn Deram7 o (H)),.

. 39

Definition 3.7. Let (H, -, +, o, ¢) be a BiHom-superdialgebra and

Y, 8, A elements in C. A linear mapping d: H —> H is a generalized

ame"-derivation or a (y, 8, 1) — (ae")- derivation of H if for every

p, ¢ € H, we have

@A) doa=aod,doe=c¢od,
(i) v(d(p 1q)) = 8(d(p)~a™"(q)) + (- 1) Pl Ia(a™e™ (p) - d(q)),

(i) Y(d(pt q)) = 8(d(p)F o"e"(q)) + (- 1) P14 a(a™e" (p) F d(q)).
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Denote by Der? % *(H) the set of (y, 8 1) — (a™&")- derivations of the BiHom-
superdialgebra (H, -, I, a, €).

Definition 3.8. Let (H, -, I, a, €) be a BiHom-superdialgebra. A linear

mapping d : H - H 1is said to be an ockel-quasi derivation of the BiHom-

superdialgebra (H, -, I, a, ¢) if there is a derivation d' : H — H
Q) doa=aod,eod=docs,

) dooa=0aod,cod =d o¢
(iii) d'(p-q) = d(p)0™s"(q) + (- 1) P 1¢(a™e"(p) - d(q)),

(i) d'(ptq) = d(p)F a™e"(q) + (- )P (@™ () d(9))

for all homogeneous elements p, g € H.

Denote by QDeramgn (H) the set of a™&"- quasi derivations of H. The set of all

quasi-derivations of H is given by

QDe(H) = ( ® @Dery ,(H)) +

m, n,>

(—E . QDeram, 7 (H)).

m, n,z

Proposition 3.9. Let d e Deiz(y;ns’ 7;L))(H) and d' e Der((y;;f’ i‘;(H) Then
o, &€ o , €

[d, d'] e Derr* 1 88 M) gy,

((xrrz+r7z’7 8n+n’)

Proof. Applying the similar way to Proposition 3.6 completes the proof. o
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