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TWO - WEIGHTED L,— INEQUALITIES FOR SINGULAR
INTEGRAL OPERATORS ON HEISENBERG GROUPS
V.S .GULIEV
ABSTRACT . Some sufficient conditions are found for a pair of weight
functions , providing the validity of two - weighted inequalities for sin -
gular integrals defined on Heisenberg groups .

Estimates for singular integrals of the Calderon — Zygmund type in var - ious
spaces ( including weighted spaces and the anisotropic case ) have at - tracted
a great deal of attention on the part of researchers . In this paper we will
deal with singular integral operators T on the Heisenberg group H™ which have
an essentially different character as compared with operators of the Calderon —
Zygmund type .  We have obtained the two - weighted L,—

inequality with monotone weights for singular integral operators T on H

Applications are given .
Let H™ be the Heisenberg group ( see [ 1], [2] ) realized as a set of points
x = (20,71, ..., Tan) = (70, 2") € R2"T! with the multiplication
i=1

zy = (zo +y0 + 2 Z(a:lyn +i—Tppiyi), T +Y).

n

The corresponding Lie algebra is generated by the left - invariant vector fields

Xo = 88.%‘0, X; = 88@3 + 2“”“833:0,
Xn-i—i = 86:8 - 21“88330, 1= 1, R

n+i

which satisfy the commutation relation

= 41x0,
(X0, Xi] = [Xo, Xnyi] = [Xi, X;] = [Xnti, Xngj]) = [Xs, Xngj] =0,
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368 V.S . GULIEV
ij=1,..,n i=j.

The dilation &; : &z = (t2xg,tz’),t > 0, is defined on H " The Haar mea -

sure on this group coincides with the Lebesgue measure dx = dxodxy - - - dxo,.
The identity element in H" is e = 0 € R?"*! while the element 2! inverse

toxis(—x).

The function f defined in H" is said to be H— homogeneous of degree m, on
H™, if f(6:x) =t™ f(x),t > 0. We also define the norm on H™

2n
|| H=1[03+ (D i2)’1/4
i=1
which is H— homogeneous of degree one .  This also yields the distance func

- tion , namely , the distance

d(z,y) =d(y 'z,e) =|y ‘x| H,
=1

|y e | H = (0 —y0 — 2" Y (wmiyn +i — zppayi))*+

2n
(3 — w1/
1=1
d is left - invariant in the sense that d(z,y) remains unchanged when = and y

are both left - translated by some fixed vector in H " Furthermore , d satisfies

the triangle inequality d(z,z) < d(z,y) + d(y, 2), x, ,zeHnForr>O
g Yy Y Y Yy

andx € H"let
B(z,r)={ye H";|y 'z |H<r} (S(z,r)={yec H"|y 'a|H=r})
be the H— ball (H— sphere ) with center z and radius r.

The number @ = 2n + 2 is called the homogeneous dimension of H

Clearly, d(6;z) = t9dz.

Given functions f(z) and g(z) defined in H™, the Heisenberg convolution
(H— convolution ) is obtained by

(f*g)(x) = / F(w)gly z)dy = / F(zy)a(y)dy,
Hn Hn



n
where dy is the Haar measure on H

The kernel K (x) admitting the estimate | K(z) |< C | z |3 9 is summable
in the neighborhood of e for & > 0 and in that case K # g is defined for the
function g with bounded support .  If however the kernel K (x) has a

singularity of order @ at zero ,i. e .,| K(z) |~| |I_{Q near e, then there arises

a singular integral on H



TWO - WEIGHTED L,— INEQUALITIES 369 Let w(x) be a positive mea-
surable function on H '* Denote by L,(H",w)

a set of measurable functions f(x),x € H™, with the finite norm

| £l Lp(Hn,,) = /|f ) P w(z)da)l/p, 1<p< oo
Hn

We say that a lo cally integrable functionw : H™ — (0,00) satis-
fies Muckenhoupt ’ s condition A, = A,(H"™) (briefly ,w € 4,), 1 <p<
o0, if there is a constant C' = C'(w, p) such that for any H— ball B C H"

uBr{émmmmBr{éwﬁwmmga L+, =1,

where the second factor on the left is replaced by ess sup {w 'z) 2z € B} if
p=1.

Let K(z) be a singular kernel defined on H" \ {e} and satisfying the con -
ditions :  K(x) is an H— homogeneous function of degree —Q, 1. e ., K(§;z) =
t~QK (x) for any t > 0 and fSH K(z)do(z) = 0, where do(z) is a measure

€ onSy = S(e, 1).
Denote by wg (6) the modulus of continuity of the kernel on Sg :

wi () = sup{| K(z) — K(y) |: @,y € Su, |y 'z |H <6}

It is assumed that

1
/ wi (t)dt; < oo.
0

We consider the singular integral operator 7' :

:/mW4m y = lim / K(zy™")f(y)dy.

e—0+
| -1 | H>¢

As is known ,T acts boundedly in L,(H"), 1 <p <oo (see [3
], [4]). For singular integrals with Cauchy — Szeg 6 kernels the weighted
estimates were est ablished in the norms of L, (H™,w) with weights w satisfying
the
condition A,[5]. These results extend to the more general kernels considered
above [4] .

Theorem 1 [4]. Let 1 <p<oo and we Ay then T is
bounded in

L,(H",w).

In the sequel we will use Theorem 2 . Let 1<p<qg<ooand U(t),V(t)
be positive functions



on(0, o).



370 V.S.GULIEV 1) The inequality

</0 U) / ¢(T)dT\th)1/q§K1(/0 | 6(t) P o(t)de)1/p

with the constant Ky not depending on ¢ holds iff the condition

sup( /t S Uryanyla / V)Pt < oo

t>0 0

1s fulfilled ;
2)  The inequality

( “u) / " p(r)dr |9 di)1/g < Ko / o) [P vty /p

with the constant Ko not depending on ¢ holds iff the condition

t o]
sup( / U(r)dr)P/9( / V(r)P-dr)P! < oo
>0 Jo t

is fulfilled .

Note that Theorem 2 was proved by G . Talenti , G . Tomaselli , B . Mucken
-houpt [7]for 1 <p=¢g < oo,and by J.S . Bradley [8], V.M . Kokilashvili
[9],V.G .Maz ya[10]forp<gq

We say that the weight pair (w,w;) belongs to the class gpq('y), ~v >0, if
either of the following conditions is fulfilled : a )w(t) and w;(t) are increasing
functions on (0, c0) and

oo , t/2 ,
sup(/ w(7)7717W/p d’r)p/q(/ w(T)lfp T”fldT)pfl < o0;
t>0 Jt 0

b )w(t) and wi(t) are decreasing functions on (0, c0) and

t/2 - / /
sup(/ wl(T)Tﬂ/_ldT)p/q(/ w(r) P71 APl < o,
0

t>0 t

Theorem 3 . Let 1 < p< oo and the weight pair (w,w;) €
Ay(Q) = A,(Q). Then for fe Ly(H" w(|x| H)) there exists Tf(z)
for almost al

r € H"and
/ITf(x) |pW1(|$\H)deC/H | f(z) [P w(] 2 [)H)dz, (1)
Hn

where th e constant C does not depend on f.
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Corollary . If w(t),t> 0 isincreasing ( decreasing ) and the
function
w(t)t=# is decreasing ( increasing ) for s ome € (0,Q(p—1))(B € (—-Q,0)),
then T is bounded on L,(H",w(| x| H)).
Proof of Theorem 3, Let f € L,(H",w(| z | H)) and w,w; be positive in -
creasing functions on (0,00). We will prove that T f(x) exists for almost all

zeH " We take any fixed 7 > 0 and represent the function f in the norm of
the sum f1+ f2, where

fL() = " 3T <> 7 f2(e) = fl@) — fl(a).

Let w(t) be a positive increasing function on (0,00) and f € L,(H",w(| = | H)).
Then f1 € L,(H™) and therefore T'f1(x) exists for almost all € H™. Now we
will show that Tf2 converges absolutely for all z :| z | H > 7. Note that

C(K) = sup | K(z) |< co.Hence

r€SH
| T2 | W) [y | WY e,

Py Weg<r, 2

W) dyay, < (2)
||my —1‘?[

since |xy™' | H >| x| H— |y | H > 7/2. Thus, by the H 6 lder inequality
we can estimate ( 2 ) as

/2 ,
| Tf2(x) |< O~ || f || Lp(Hnu(] @ | H))(/O w(t)' P19 dt)1 /.

Therefore T f2(x) converges absolutely for all = :| z | H > 7 and thus Tf(z)
exists for almost all € H™.  Assume @;(t) to be an arbitrary continuous
increasing function on (0, 00) such that @ (t) < w1 (t),w1(0) = w1 (0+) and
wi(t) = fg ¢(T)dT + @01(0),¢ € (0,00)( it is obvious that such w; (¢) exists ;
t
forexample, @1 (t) = / W L(T)dT + wi(t)).
0

We observe that the condition a ) implies

aC, > O7 Vit > O7 w1 (t) < C’lw(t/2). (3)

Indeed , from

3C, >0, Vt >0,
((7)joo7= QD) (W o (1) P79 dr ) < € (4)



372 V.S.GULIEV we obtain ( 3 ), since
/ wi (7)1 RV dr > Ow, ()t~
¢
t/2 )
(/ w(r)P= 797 dr )Pt < Cu(t/2) 1@
0

and , besides ,

Q(1p1)/too ¢(T)7Q<P1>dT—/too ¢(7)d7/oo AR ) =

00 A 0
:/ A‘l‘Q(p‘l)dA/ qs(T)dTg/ wi ()79 Dar,
t t t

‘We have

- |z|H
ITF | Lyp,” 1(Hn) < (/ | Tf(x) [? dﬂ?/o ¢(t)dt)1/p+

Hn
H@r(0) [ 171 1P do)1/p = s + s
Hn
If w(0+) > 0, then L,(H",w(| « | H)) C L,(H"), and if w(0+) = 0, then
@(t) < wi(t) < Cw(t/2) implies w1 (0) = 0. Therefore in the case w(0+) = 0 we
have A5 = 0.

If w(0) > 0, then f € pn) and we have

A < C@ /|f \”d:rl/p<0/|f )P wn(| @ | H)da)l/p <

Hn Hn
SO fll Lp(Hno(| x| H))

Now we can write

A < (/000 o(t)dt / | Tf(z)Pdx)l/p < A11 + Ajo,
‘ T | H>t

Aﬁ’l—/ owie [ | [ Key i@l

|z | HZY [y [ H”'/2

A’fz—/ o(t) / / K(z,y™ ") fy)dy|Pda.

|z | HZY [y | H='/2

where
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/ | () 1P dy < w(leya) / | F) 1P w(] y | H)dy
ly | H>Y/2 |y | H'/2

implies f € L,({y € H" :| y | H > t}) for any ¢ > 0. Hence , on account of ( 3 )
, we have

A < C(/o o(t)dt / | f(z)|P dz)l/p =
o | H /2
2|x|H
([ 1@ P do / H(t)dt)1 /p <
Hn
<C([ 1 1@ 1P r(2] 2 | H)dn)Lp < C | 1| Lyt (H")
Hn

Obviously , if |z |H > ¢, |y|H < t/2, then 2!'| x|
H < |y 'z|H < 23|z|H. Therefore

[ 1] ey <

o | B |y | H 2

<cw) [ [ 1t 55w dyrde <
o B |y | HS2

<2cw) [ e [ 15w |y
o B |y HSY2

Taking the H— polar coordinates x = JZ/’, p=|z| H,T €Sy we can write

o0
/ |2 |52 do = /da(a’c)/ pO1=9Pgp = 9P,
0
|z | H?" Sy
For a > Q(1 + p'), by virtue of the H ¢ 1der inequality , we have

t/2 o
/ | () | dy = o / do(5) /0 22| £(5,3) | dp /0 o lgs =
|y | H<t/2 SH

/2
=a/ @ 1ds / | F@) |y 15" dy <
0
s <y H2
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t/2
< / s ds( / | () Py (527 dy)1/px

s<|y| H<"/2

<O Tl g <

s<|y|H='/2

< C/Ot/2 s ( / | F() 1Py |57 dy)1/pds.
s<|y|H='/2

Consequently
Ay <0 / B(2t)t~ P~ %
0

t
<[ 20DC 1) P 1 i a7

|y | H=*
By (4 ) and Theorem 2

A< N O

|y | H>®

x|y |79 dy)w(s)s™(@DPDds]1/p =

—c([Ts s [ 1) Pl dn/e =
|y | H>®

ly|H
el / | ) Py 52 / w(s)s™ 1 ds)1 fp <
Hn

<o / | () P () y | H)dy)1/p.
Hn

Hence we obtain ( 1) for wy(t) = w1(t). Now , by the Fatou theorem , the
inequality ( 1) is fulfilled .

Theorem 3 was earlier announced in [1 1] .
A similar reasoning can be used to prove the analogue of Theorem 3 for the
operator T, : f — T, f where

Tf(@) = [ o 57 Sy, 0<a<Q.
Hn

Namely , we have
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a<Q, 1<p< Qa pP'—q¢'= aQ andth e weights
(w,w1) be monotone positive functions on (0,00).  Then the inequality

([ 1Tatt@) e | Bdo)1/a < O [ |l o | Hyde)1/p
Hn Hn

holds if and only if (w,w1) € gp,q(Q).

Remark . In the case of a homogeneous group the analogue of Theorem
4 is also valid (see [12]) .

For monotone weights one can find the weighted L,—
estimates for a
Calderon — Zygmund operator in [ 1 3] and [ 14 ], and for the anisotropic case
in[15].
Asknown [16],if f € C§°(H"™), then the function

o) = C, / |2yt 72 f(y)dy

Hn
is a solution of the equation Lyg = f, where Ly = — 21221 XJ2 In particular ,
our results lead to _
Theorem 5 . Let 1<p<oo,(w,w)€AQ), feL,(H" w(|z|H)),
and

Lo(g) = f. Then
| Xog | Lp(Hnw, (| [ H)) < cl| f | Lp(Hnu(| x| H))
| XiX;9 || Lp(Hnw, (|2 )H)) < C || f || Lp(Hnu(| 2 | H)),
i,j=1,2,..,2n.
Theorem6. Letl < p < q < oo p —¢ = 1Q, (wuw) € gpq(Q),
feL,(H"w(|z| H)),andLog = f. Then
| Xig | Le(Hn o, (|2 [ H)) <C | f || Ly(Hno(| 2 | H)), i=1,2,..2n.
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