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\centerline{V . S . GULIEV }

\centerline{Abstract . Some s u f f i c i e n t c o n d i t i o n s are found f o r a pa i r o f weight }

\centerline{ f u n c t i o n s , prov id ing the v a l i d i t y o f two − weighted i n e q u a l i t i e s f o r s i n − }

\centerline{ gu la r i n t e g r a l s de f ined on Heisenberg groups . }

Estimates f o r s i n g u l a r i n t e g r a l s o f the Calderon −− Zygmund type in var −
i ou s spaces ( i n c l u d i n g weighted spaces and the a n i s o t r o p i c case ) have at −
t r a c t ed a great dea l o f a t t e n t i o n on the part o f r e s e a r c h e r s . \quad In t h i s paper
we w i l l dea l with s i n g u l a r i n t e g r a l ope ra to r s $ T $ on the Heisenberg group

$ H ˆ{ n }$
which have an e s s e n t i a l l y d i f f e r e n t cha rac t e r as compared with ope ra to r s
o f the Calderon −− Zygmund type . \quad We have obta ined the two − weighted

$ L { p } − $

\noindent i n e q u a l i t y with monotone weights f o r s i n g u l a r i n t e g r a l ope ra to r s
$ T $ on $\ l e f t .H\begin { a l i gned } & n \\

& . \end{ a l i gned }\ right . $

\noindent Appl i ca t i ons are g iven .

\hspace ∗{\ f i l l }Let $ H ˆ{ n }$ be the Heisenberg group ( see [ 1 ] , [ 2 ] ) r e a l i z e d as a s e t o f po in t s

\noindent $ x = ( x { 0 } , x { 1 } , . . . , x { 2
n } ) = ( x { 0 } , x ˆ{ \prime } ) \ in R ˆ{ 2 n + 1 }$
with the m u l t i p l i c a t i o n

\ [ xy = ( x { 0 } + y 0 + 2 ˆ{ 1 } \sum ˆ{ i = 1 } { n }
( x { i } y n + i − x { n + i } y i ) , x ˆ{ \prime }
+ y ˆ{ \prime } ) . \ ]

The corre spond ing Lie a lgebra i s generated by the l e f t − i n v a r i a n t vec to r
f i e l d s

\ [\ begin { a l i gned } X { 0 } = \partial ˆ{ \partial } x { 0 } , X { i }
= \partial ˆ{ \partial } x { i } + 2 ˆ{ 1 x { n + i }} \partial ˆ{ \partial }
x { 0 } , \\

X { n + i } = \partial \partial { x { n + i }} − 2 ˆ{ 1
x { i }} \partial ˆ{ \partial } x { 0 } , i = 1 , . . .
, n , \end{ a l i gned }\ ]

\noindent which s a t i s f y the commutation r e l a t i o n

\ [\ begin { a l i gned } [ X { i } , X { n + i } ] = 4 ˆ{ 1 { X { 0 }
, }}\\

[ X { 0 } , X { i } ] = [ X { 0 } , X { n + i } ]
= [ X { i } , X { j } ] = [ X { n + i } , X { n +
j } ] = [ X { i } , X { n + j } ] = 0 , \end{ a l i gned }\ ]
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Abstract . Some sufficient conditions are found for a pair of weight

functions , providing the validity of two - weighted inequalities for sin -

gular integrals defined on Heisenberg groups .

Estimates for singular integrals of the Calderon – Zygmund type in var - ious
spaces ( including weighted spaces and the anisotropic case ) have at - tracted
a great deal of attention on the part of researchers . In this paper we will
deal with singular integral operators T on the Heisenberg group Hn which have
an essentially different character as compared with operators of the Calderon –
Zygmund type . We have obtained the two - weighted Lp−

inequality with monotone weights for singular integral operators T on H
n

.
Applications are given .

Let Hn be the Heisenberg group ( see [ 1 ] , [ 2 ] ) realized as a set of points
x = (x0, x1, ..., x2n) = (x0, x

′) ∈ R2n+1 with the multiplication

xy = (x0 + y0 + 21
i=1∑
n

(xiyn+ i− xn+iyi), x′ + y′).

The corresponding Lie algebra is generated by the left - invariant vector fields

X0 = ∂∂x0, Xi = ∂∂xi + 21xn+i∂∂x0,

Xn+i = ∂∂xn+i
− 21xi∂∂x0, i = 1, ..., n,

which satisfy the commutation relation

= 41X0,

[X0, Xi] = [X0, Xn+i] = [Xi, Xj ] = [Xn+i, Xn+j ] = [Xi, Xn+j ] = 0,
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368 V . S . GULIEV

i, j = 1, ..., n i = j.

The dilation δt : δtx = (t2x0, tx
′), t > 0, is defined on H

n
.
The Haar mea -

sure on this group coincides with the Lebesgue measure dx = dx0dx1 · · · dx2n.
The identity element in Hn is e = 0 ∈ R2n+1, while the element x−1 inverse

toxis(−x).

The function f defined in Hn is said to be H− homogeneous of degree m, on
Hn, if f(δtx) = tmf(x), t > 0. We also define the norm on Hn

2n

| x | H = [02
x + (

∑
i2x)2]1/4

i = 1

which is H− homogeneous of degree one . This also yields the distance func
- tion , namely , the distance

d(x, y) = d(y−1x, e) =| y−1x | H,

| y−1x | H = [(x0 − y0− 21
i=1∑
n

(xiyn+ i− xn+iyi))
2+

2n

+(
∑

(xi − yi)2)2]1/4.

i = 1

d is left - invariant in the sense that d(x, y) remains unchanged when x and y

are both left - translated by some fixed vector in H
n
.
Furthermore , d satisfies

the triangle inequality d(x, z) ≤ d(x, y) + d(y, z), x, y, z ∈ H n
.
For r > 0

andx ∈ Hnlet

B(x, r) = {y ∈ Hn; | y−1x | H < r} (S(x, r) = {y ∈ Hn; | y−1x | H = r})

be the H− ball (H− sphere ) with center x and radius r.

The number Q = 2n+ 2 is called the homogeneous dimension of H
n

.

Clearly, d(δtx) = tQdx.

Given functions f(x) and g(x) defined in Hn, the Heisenberg convolution
(H− convolution ) is obtained by

(f ∗ g)(x) =

∫
f(y)g(y−1x)dy =

∫
f(xy−1)g(y)dy,

Hn Hn
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\ [ i , j = 1 , . . . , n i = j . \ ]

\noindent The d i l a t i o n $ \delta { t } : \delta { t } x = ( t ˆ{ 2 }
x { 0 } , tx ˆ{ \prime } ) , t > 0 , $ i s de f ined on $\ l e f t .H\begin { array }{ c} n \\
. \end{ array }The\right . $ Haar mea −

sure on t h i s group c o i n c i d e s with the Lebesgue measure $ dx = dx { 0 }
dx { 1 } \cdot \cdot \cdot dx { 2 n } . $

\noindent The i d e n t i t y element in $ H ˆ{ n }$ i s $ e = 0 \ in R ˆ{ 2
n + 1 } , $ whi l e the element $ x ˆ{ − 1 }$ i n v e r s e

\begin { a l i g n ∗}
to x i s ( − x ) .
\end{ a l i g n ∗}

\noindent The func t i on $ f $ de f ined in $ H ˆ{ n }$ i s s a id to be $ H
− $ homogeneous o f degree $ m , $

on $ H ˆ{ n } , $ i f $ f ( \delta { t } x ) = t ˆ{ m } f
( x ) , t > 0 . $ We a l s o d e f i n e the norm on $ H ˆ{ n }$

\ [\ begin { a l i gned } 2 n \\
\mid x \mid H = [ 0 { x }ˆ{ 2 } + ( \sum i { x }ˆ{ 2 }

) ˆ{ 2 } ] 1 / 4 \\
i = 1 \end{ a l i gned }\ ]

\noindent which i s $ H − $ homogeneous o f degree one . \quad This a l s o y i e l d s the d i s t anc e func −
t i on , namely , the d i s t anc e

\ [\ begin { a l i gned } d ( x , y ) = d ( y ˆ{ − 1 } x ,
e ) = \mid y ˆ{ − 1 } x \mid H , \\
\mid y ˆ{ − 1 } x \mid H = [ ( x { 0 } − y 0 −

2 ˆ{ 1 } \sum ˆ{ i = 1 } { n } ( x { i } y n + i − x { n
+ i } y i ) ) ˆ{ 2 } + \\

2 n \\
+ ( \sum ( x { i } − y i ) ˆ{ 2 } ) ˆ{ 2 } ] 1 / 4 { . }\\
i = 1 \end{ a l i gned }\ ]

\noindent $ d $ i s l e f t − i n v a r i a n t in the sense that $ d ( x , y
) $ remains unchanged when $ x $ and $ y $

are both l e f t − t r a n s l a t e d by some f i x e d vec to r in $\ l e f t .H\begin { array }{ c} n \\
. \end{ array }Furthermore\right . , d $ s a t i s f i e s
the t r i a n g l e i n e q u a l i t y $\ l e f t . d ( x , z ) \ leq d ( x

, y ) + d ( y , z ) , x , y , z \ in H\begin { array }{ c} n \\
. \end{ array }For\right . r > 0 $

\begin { a l i g n ∗}
and x \ in H ˆ{ n } l e t \\ B ( x , r ) = \{ y \ in

H ˆ{ n } ; \mid y ˆ{ − 1 } x \mid H < r \} ( S ( x
, r ) = \{ y \ in H ˆ{ n } ; \mid y ˆ{ − 1 } x \mid

H = r \} )
\end{ a l i g n ∗}

\noindent be the $ H − $ b a l l $ ( H − $ sphere ) with cente r $ x $
and rad iu s $ r . $

\centerline{The number $ Q = 2 n + 2 $ i s c a l l e d the homogeneous dimension o f
$\ l e f t .H\begin { a l i gned } & n \\

& . \end{ a l i gned }\ right . $ }

\begin { a l i g n ∗}
Clea r ly , d ( \delta { t } x ) = t ˆ{ Q } dx .
\end{ a l i g n ∗}

Given f u n c t i o n s $ f ( x ) $ and $ g ( x ) $ de f ined in $ H ˆ{ n }
, $ the Heisenberg convo lut ion

$ ( H − $ convo lut ion ) i s obta ined by

\ [\ begin { a l i gned } ( f ∗ g ) ( x ) = \ int f ( y )
g ( y ˆ{ − 1 } x ) dy = \ int f ( xy ˆ{ − 1 } ) g
( y ) dy , \\

H n H n \end{ a l i gned }\ ]

\noindent where $ dy $ i s the Haar measure on $\ l e f t .H\begin { a l i gned } &
n \\

& . \end{ a l i gned }\ right . $

The ke rne l $ K ( x ) $ admitt ing the es t imate $ \mid K ( x
) \mid \ leq C \mid x \mid ˆ{ \alpha − Q } { H }$ i s summable

in the neighborhood o f $ e $ f o r $ \alpha > 0 $ and in that case $ K
∗ g $ i s de f i ned f o r

the func t i on $ g $ with bounded support . \quad I f however the ke rne l $ K
( x ) $ has a

\noindent s i n g u l a r i t y o f order $ Q $ at zero , i . e $ . , \mid K
( x ) \mid \sim \mid x \mid ˆ{ − Q } { H }$ near $ e { , }$
then there a r i s e s

a s i n g u l a r i n t e g r a l on $\ l e f t .H\begin { a l i gned } & n \\
& . \end{ a l i gned }\ right . $
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The dilation delta sub t : delta sub t x = open parenthesis t to the power of 2 x sub 0 comma tx to

the power of prime closing parenthesis comma t greater 0 comma is defined on Row 1 n Row 2 period .
Haar mea hyphen

sure on this group coincides with the Lebesgue measure dx = dx sub 0 dx sub 1 times times times
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The identity element in H to the power of n is e = 0 in R to the power of 2 n plus 1 comma while
the element x to the power of minus 1 inverse

to x is open parenthesis minus x closing parenthesis period
The function f defined in H to the power of n is said to be H hyphen homogeneous of degree m

comma
on H to the power of n comma if f open parenthesis delta sub t x closing parenthesis = t to the

power of m f open parenthesis x closing parenthesis comma t greater 0 period We also define the norm
on H to the power of n

Line 1 2 n Line 2 bar x bar H = bracketleftbig 0 x to the power of 2 plus parenleftbig sum i x to the
power of 2 parenrightbig to the power of 2 bracketrightbig 1 slash 4 Line 3 i = 1

which is H hyphen homogeneous of degree one period .. This also yields the distance func hyphen
tion comma namely comma the distance
Line 1 d open parenthesis x comma y closing parenthesis = d open parenthesis y to the power of

minus 1 x comma e closing parenthesis = bar y to the power of minus 1 x bar H comma Line 2 bar y
to the power of minus 1 x bar H = bracketleftbig parenleftbig x sub 0 minus y 0 minus 2 to the power
of 1 sum from i = 1 to n open parenthesis x sub i y n plus i minus x sub n plus i y i closing parenthesis
parenrightbig to the power of 2 plus Line 3 2 n Line 4 plus parenleftbig sum open parenthesis x sub i
minus y i closing parenthesis to the power of 2 parenrightbig to the power of 2 bracketrightbig 1 slash
4 sub period Line 5 i = 1

d is left hyphen invariant in the sense that d open parenthesis x comma y closing parenthesis remains
unchanged when x and y

are both left hyphen translated by some fixed vector in Row 1 n Row 2 period . comma d satisfies
the triangle inequality d open parenthesis x comma z closing parenthesis less or equal d open paren-

thesis x comma y closing parenthesis plus d open parenthesis y comma z closing parenthesis comma x
comma y comma z in Row 1 n Row 2 period . r greater 0

and x in H to the power of n let B open parenthesis x comma r closing parenthesis = open brace
y in H to the power of n semicolon bar y to the power of minus 1 x bar H less r closing brace open
parenthesis S open parenthesis x comma r closing parenthesis = open brace y in H to the power of n
semicolon bar y to the power of minus 1 x bar H = r closing brace closing parenthesis

be the H hyphen ball open parenthesis H hyphen sphere closing parenthesis with center x and radius
r period

The number Q = 2 n plus 2 is called the homogeneous dimension of Case 1 n Case 2 period
Clearly comma d open parenthesis delta sub t x closing parenthesis = t to the power of Q dx period
Given functions f open parenthesis x closing parenthesis and g open parenthesis x closing parenthesis

defined in H to the power of n comma the Heisenberg convolution
open parenthesis H hyphen convolution closing parenthesis is obtained by
Line 1 open parenthesis f * g closing parenthesis open parenthesis x closing parenthesis = integral f

open parenthesis y closing parenthesis g open parenthesis y to the power of minus 1 x closing parenthesis
dy = integral f open parenthesis xy to the power of minus 1 closing parenthesis g open parenthesis y
closing parenthesis dy comma Line 2 H n H n

where dy is the Haar measure on Case 1 n Case 2 period
The kernel K open parenthesis x closing parenthesis admitting the estimate bar K open parenthesis

x closing parenthesis bar less or equal C bar x bar sub H to the power of alpha minus Q is summable
in the neighborhood of e for alpha greater 0 and in that case K * g is defined for
the function g with bounded support period .. If however the kernel K open parenthesis x closing

parenthesis has a
singularity of order Q at zero comma i period e period comma bar K open parenthesis x closing

parenthesis bar thicksim bar x bar sub H to the power of minus Q near e sub comma then there arises
a singular integral on Case 1 n Case 2 period

where dy is the Haar measure on H
n

.

The kernel K(x) admitting the estimate | K(x) |≤ C | x |α−QH is summable
in the neighborhood of e for α > 0 and in that case K ∗ g is defined for the
function g with bounded support . If however the kernel K(x) has a

singularity of order Q at zero , i . e ., | K(x) |∼| x |−QH near e, then there arises

a singular integral on H
n

.



TWO - WEIGHTED Lp− INEQUALITIES 369 Let ω(x) be a positive mea-

surable function on H
n
.
Denote by Lp(H

n, ω)

a set of measurable functions f(x), x ∈ Hn, with the finite norm

‖ f ‖ LP (Hn,ω) = (

∫
| f(x) |p ω(x)dx)1/p, 1 ≤ p <∞.

Hn

We say that a lo cally integrable function ω : Hn → (0,∞) satis-
fies Muckenhoupt ’ s condition Ap = Ap(H

n) ( briefly , ω ∈ Ap), 1 < p <
∞, if there is a constant C = C(ω, p) such that for any H− ball B ⊂ Hn

(| B |−1

∫
B

ω(x)dx)(| B |−1

∫
B

ω1p′−(x)dx) ≤ C, 1p + 1p′ = 1,

where the second factor on the left is replaced by ess sup {ω−1
( x) : x ∈ B} if

p = 1.
Let K(x) be a singular kernel defined on Hn \ {e} and satisfying the con -

ditions : K(x) is an H− homogeneous function of degree −Q, i . e .,K(δtx) =
t−QK(x) for any t > 0 and

∫
SH

K(x)dσ(x) = 0, where dσ(x) is a measure

∈ onSH = S(e, 1).

Denote by ωK(δ) the modulus of continuity of the kernel on SH :

ωK(δ) = sup{| K(x)−K(y) |: x, y ∈ SH , | y−1x | H ≤ δ}.

It is assumed that∫ 1

0

ωK(t)dtt <∞.

We consider the singular integral operator T :

Tf(x) =

∫
K(xy−1)f(y)dy =: lim

ε→0+

∫
K(xy−1)f(y)dy.

Hn | xy−1 | H>ε

As is known , T acts boundedly in Lp(H
n), 1 < p < ∞ ( see [ 3

] , [ 4 ] ) . For singular integrals with Cauchy – Szeg ö kernels the weighted
estimates were est ablished in the norms of Lp(H

n, ω) with weights ω satisfying
the
condition Ap[5]. These results extend to the more general kernels considered
above [ 4 ] .

Theorem 1 [ 4 ] . Let 1 < p <∞ and ω ∈ Ap; then T is
bounded in

Lp(H
n, ω).

In the sequel we will use Theorem 2 . Let 1 ≤ p ≤ q <∞ and U(t), V (t)
be positive functions
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Let $ \omega ( x ) $ be a p o s i t i v e measurable func t i on on $\ l e f t .H\begin { array }{ c} n \\

. \end{ array }Denote\right . $ by $ L { p } ( H ˆ{ n } , \omega ) $

\noindent a s e t o f measurable f u n c t i o n s $ f ( x ) , x \ in H ˆ{ n }
, $ with the f i n i t e norm

\ [\ begin { a l i gned } \paral le l f \paral le l L { P } ( H n { , \omega }
) = ( \ int \mid f ( x ) \mid ˆ{ p } \omega ( x )
dx ) 1 / p { , } 1 \ leq p < \ infty . \\

H n \end{ a l i gned }\ ]

We say that a l o c a l l y i n t e g r a b l e func t i on $ \omega : H ˆ{ n } \rightarrow
( 0 , \ infty ) $ \quad s a t i s f i e s
Muckenhoupt ’ s cond i t i on $ A { p } = A { p } ( H ˆ{ n } ) ( $

b r i e f l y $ , \omega \ in A { p } ) , 1 < p < \ infty , $
i f
the re i s a constant $ C = C ( \omega , p ) $ such that f o r any

$ H − $ b a l l $ B \subset H ˆ{ n }$

\ [ ( \mid B \mid ˆ{ − 1 } \ int { B } \omega ( x ) dx )
( \mid B \mid ˆ{ − 1 } \ int { B } \omega ˆ{ 1 p { − }ˆ{ \prime }}
( x ) dx ) \ leq C , 1 { p } + 1 { p ˆ{ \prime }} = 1
, \ ]

\noindent where the second f a c t o r on the l e f t i s r ep laced by e s s sup $ \{
\omega ˆ{ − 1 } { ( } x ) : x \ in B \} $

i f $ p = 1 . $

\hspace ∗{\ f i l l }Let $ K ( x ) $ be a s i n g u l a r ke rne l de f i ned on $ H ˆ{ n }
\setminus \{ e \} $ and s a t i s f y i n g the con −

\noindent d i t i o n s $ : K ( x ) $ i s an $ H − $ homogeneous func t i on o f degree
$ − Q , $ i . e $ . , K ( \delta { t } x ) = $

\noindent $ t ˆ{ − Q } K ( x ) $ f o r any $ t > 0 $ and $ \ int { S { H }}
K ( x ) d \sigma ( x ) = 0 , $ where $ d \sigma
( x ) $ i s a measure

\begin { a l i g n ∗}
\ in on S { H } = S ( e , 1 ) .
\end{ a l i g n ∗}

\centerline{Denote by $ \omega { K } ( \delta ) $ the modulus o f c o n t i n u i t y o f the ke rne l on
$ S { H } : $ }

\ [ \omega { K } ( \delta ) = \sup \{ \mid K ( x ) −
K ( y ) \mid : x , y \ in S { H } , \mid y ˆ{ − 1 }
x \mid H \ leq \delta \} . \ ]

\centerline{ I t i s assumed that }

\ [ \ int ˆ{ 1 } { 0 } \omega { K } ( t ) dt { t } < \ infty . \ ]

\centerline{We cons id e r the s i n g u l a r i n t e g r a l operator $ T : $ }

\ [\ begin { a l i gned } Tf ( x ) = \ int K ( xy ˆ{ − 1 } ) f
( y ) dy = : \ lim { \varepsilon \rightarrow 0 + } \ int
K ( xy ˆ{ − 1 } ) f ( y ) dy . \\

H n \mid xy ˆ{ − 1 } \mid H ˆ{ > \varepsilon }\end{ a l i gned }\ ]

As i s known $ , T $ ac t s boundedly in $ L { p } ( H ˆ{ n } ) ,
1 < p < \ infty ( $ see \quad [ 3 ] , \quad [ 4 ] ) .

For s i n g u l a r i n t e g r a l s with Cauchy −− Szeg $ \ddot{o} $ k e r n e l s the weighted e s t imate s
were e s t ab l i s h ed in the norms o f $ L { p } ( H ˆ{ n } , \omega ) $

with weights $ \omega $ s a t i s f y i n g the

\noindent cond i t i on $ A { p } [ 5 ] . $ These r e s u l t s extend to the more gene ra l k e r n e l s cons ide r ed

\noindent above [ 4 ] .

\hspace ∗{\ f i l l }Theorem \quad 1 \quad [ 4 ] . \quad Let $ 1 < p < \ infty $
\quad and $ \omega \ in A { p } ; $ then $ T $ i s bounded in

\begin { a l i g n ∗}
L { p } ( H ˆ{ n } , \omega ) .
\end{ a l i g n ∗}

\noindent In the s eque l we w i l l use
Theorem 2 . \quad Let $ 1 \ leq p \ leq q < \ infty $ and $ U

( t ) , V ( t ) $ \quad be p o s i t i v e f u n c t i o n s

\begin { a l i g n ∗}
on ( 0 , \ infty ) .
\end{ a l i g n ∗}
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Let omega open parenthesis x closing parenthesis be a positive measurable function on Row 1 n Row

2 period . by L sub p open parenthesis H to the power of n comma omega closing parenthesis
a set of measurable functions f open parenthesis x closing parenthesis comma x in H to the power of

n comma with the finite norm
Line 1 bar f bar L sub P open parenthesis H n sub comma omega closing parenthesis = open

parenthesis integral bar f open parenthesis x closing parenthesis bar to the power of p omega open
parenthesis x closing parenthesis dx closing parenthesis 1 slash p sub comma 1 less or equal p less
infinity period Line 2 H n

We say that a lo cally integrable function omega : H to the power of n right arrow open parenthesis
0 comma infinity closing parenthesis .. satisfies

Muckenhoupt quoteright s condition A sub p = A sub p open parenthesis H to the power of n closing
parenthesis open parenthesis briefly comma omega in A sub p closing parenthesis comma 1 less p less
infinity comma if

there is a constant C = C open parenthesis omega comma p closing parenthesis such that for any H
hyphen ball B subset H to the power of n

open parenthesis bar B bar to the power of minus 1 integral sub B omega open parenthesis x closing
parenthesis dx closing parenthesis open parenthesis bar B bar to the power of minus 1 integral sub B
omega to the power of 1 p minus to the power of prime open parenthesis x closing parenthesis dx closing
parenthesis less or equal C comma 1 p plus 1 p to the power of prime = 1 comma

where the second factor on the left is replaced by ess sup open brace omega to the power of minus
1 sub open parenthesis x closing parenthesis : x in B closing brace

if p = 1 period
Let K open parenthesis x closing parenthesis be a singular kernel defined on H to the power of n

backslash open brace e closing brace and satisfying the con hyphen
ditions : K open parenthesis x closing parenthesis is an H hyphen homogeneous function of degree

minus Q comma i period e period comma K open parenthesis delta sub t x closing parenthesis =
t to the power of minus Q K open parenthesis x closing parenthesis for any t greater 0 and integral

sub S sub H K open parenthesis x closing parenthesis d sigma open parenthesis x closing parenthesis =
0 comma where d sigma open parenthesis x closing parenthesis is a measure

in on S sub H = S open parenthesis e comma 1 closing parenthesis period
Denote by omega sub K open parenthesis delta closing parenthesis the modulus of continuity of the

kernel on S sub H :
omega sub K open parenthesis delta closing parenthesis = supremum open brace bar K open paren-

thesis x closing parenthesis minus K open parenthesis y closing parenthesis bar : x comma y in S sub H
comma bar y to the power of minus 1 x bar H less or equal delta closing brace period

It is assumed that
integral sub 0 to the power of 1 omega sub K open parenthesis t closing parenthesis dt t less infinity

period
We consider the singular integral operator T :
Line 1 Tf open parenthesis x closing parenthesis = integral K open parenthesis xy to the power of

minus 1 closing parenthesis f open parenthesis y closing parenthesis dy = : limint epsilon right arrow
0 plus integral K open parenthesis xy to the power of minus 1 closing parenthesis f open parenthesis y
closing parenthesis dy period Line 2 H n bar xy to the power of minus 1 bar H to the power of greater
epsilon

As is known comma T acts boundedly in L sub p open parenthesis H to the power of n closing
parenthesis comma 1 less p less infinity open parenthesis see .. brackleft 3 brackright comma .. brackleft
4 brackright closing parenthesis period

For singular integrals with Cauchy endash Szeg dieresis-o kernels the weighted estimates
were est ablished in the norms of L sub p open parenthesis H to the power of n comma omega closing

parenthesis with weights omega satisfying the
condition A sub p brackleft 5 brackright period These results extend to the more general kernels

considered
above brackleft 4 brackright period
Theorem .. 1 .. brackleft 4 brackright period .. Let 1 less p less infinity .. and omega in A sub p

semicolon then T is bounded in
L sub p open parenthesis H to the power of n comma omega closing parenthesis period
In the sequel we will use
Theorem 2 period .. Let 1 less or equal p less or equal q less infinity and U open parenthesis t closing

parenthesis comma V open parenthesis t closing parenthesis .. be positive functions
on open parenthesis 0 comma infinity closing parenthesis period

on(0,∞).



\noindent 370 \quad V . S . GULIEV
1 ) \quad The i n e q u a l i t y

\ [ ( \ int ˆ{ \ infty } { 0 } U ( t ) \arrowvert \ int ˆ{ t } { 0 }
\phi ( \tau ) d \tau \arrowvert ˆ{ q } dt ) 1 / q \ leq
K { 1 } ( \ int ˆ{ \ infty } { 0 } \mid \phi ( t ) \mid ˆ{ p }
v ( t ) dt ) 1 / p \ ]

\noindent with the constant $ K { 1 }$ not depending on $ \phi $ ho lds i f f the cond i t i on

\ [ \sup { t > 0 } ( \ int ˆ{ \ infty } { t } U ( \tau ) d \tau
) ˆ{ p / q } ( \ int ˆ{ t } { 0 } V ( \tau ) ˆ{ 1 − p ˆ{ \prime }}
d \tau ) ˆ{ p − 1 } < \ infty \ ]

\noindent i s f u l f i l l e d ;

\centerline {2 ) \quad The i n e q u a l i t y }

\ [ ( \ int ˆ{ \ infty } { 0 } U ( t ) \mid \ int ˆ{ \ infty } { t }
\phi ( \tau ) d \tau \mid ˆ{ q } dt ) 1 / q \ leq K { 2 }
( \ int ˆ{ \ infty } { 0 } \mid \phi ( t ) \mid ˆ{ p } V ( t
) dt ) 1 / p \ ]

\noindent with the constant $ K { 2 }$ not depending on $ \phi $ ho lds i f f the cond i t i on

\ [ \sup { t > 0 } ( \ int ˆ{ t } { 0 } U ( \tau ) d \tau
) ˆ{ p / q } ( \ int ˆ{ \ infty } { t } V ( \tau ) ˆ{ 1 p { − }ˆ{ \prime }}
d \tau ) ˆ{ p − 1 } < \ infty \ ]

\noindent i s f u l f i l l e d .

Note that Theorem 2 was proved by G . Ta l ent i , G . Tomase l l i , B . Mucken −
houpt [ 7 ] f o r $ 1 \ leq p = q < \ infty , $ and by J . S . Bradley [ 8 ] , V . M . K o k i l a s h v i l i [ 9 ] ,
V . G . Maz ’ ya [ 1 0 ] f o r $ p < q { . }$

\hspace ∗{\ f i l l }We say that the weight pa i r $ ( \omega , \omega { 1 }
) $ be longs to the c l a s s $ \widetilde{A} { pq } ( \gamma ) , \gamma
> 0 , $ i f

\noindent e i t h e r o f the f o l l o w i n g c o n d i t i o n s i s f u l f i l l e d : a $ ) \omega
( t ) $ and $ \omega { 1 } ( t ) $ are i n c r e a s i n g

f u n c t i o n s on $ ( 0 , \ infty ) $ and

\ [ \sup { t > 0 } ( \ int ˆ{ \ infty } { t } \omega ( \tau )
\tau ˆ{ − 1 − \gamma q / p ˆ{ \prime }} d \tau ) ˆ{ p /
q } ( \ int ˆ{ t / 2 } { 0 } \omega ( \tau ) ˆ{ 1 − p ˆ{ \prime }}
\tau ˆ{ \gamma − 1 } d \tau ) ˆ{ p − 1 } < \ infty ; \ ]

\noindent b $ ) \omega ( t ) $ and $ \omega { 1 } ( t ) $
are dec r ea s ing f u n c t i o n s on $ ( 0 , \ infty ) $ and

\ [ \sup { t > 0 } ( \ int ˆ{ t / 2 } { 0 } \omega { 1 } ( \tau
) \tau ˆ{ \gamma − 1 } d \tau ) ˆ{ p / q } ( \ int ˆ{ \ infty } { t }
\omega ( \tau ) ˆ{ 1 p { − }ˆ{ \prime }} \tau ˆ{ − 1 { − } \gamma
p ˆ{ \prime } / q } d \tau ) ˆ{ p − 1 } < \ infty . \ ]

Theorem 3 . \quad Let $ 1 < p < \ infty $ \quad and the weight pa i r
$ ( \omega , \omega { 1 } ) \ in \widetilde{A} { p } ( Q )
\equiv $

$ \widetilde{A} { pp } ( Q ) . $ \quad Then f o r $ f \ in L { p }
( H ˆ{ n } , \omega ( \mid x \mid H ) ) $ \quad the re e x i s t s
$ Tf ( x ) $ f o r almost a l l

\ [\ begin { a l i gned } x \ in H ˆ{ n } and \\
\ int \mid Tf ( x ) \mid ˆ{ p } \omega { 1 } ( \mid x

\mid H ) dx \ leq C \ int { H n } \mid f ( x ) \mid ˆ{ p }
\omega ( \mid x \mid ) H ) dx , ( 1 ) \\

H n \end{ a l i gned }\ ]

\noindent where th e constant $ C $ does not depend on $ f . $

370 .. V period S period GULIEV
1 closing parenthesis .. The inequality
open parenthesis integral sub 0 to the power of infinity U open parenthesis t closing parenthesis

vextendsingle-vextendsingle-vextendsingle integral sub 0 to the power of t phi open parenthesis tau clos-
ing parenthesis d tau vextendsingle-vextendsingle-vextendsingle to the power of q dt closing parenthesis
1 slash q less or equal K sub 1 open parenthesis integral sub 0 to the power of infinity bar phi open
parenthesis t closing parenthesis bar to the power of p v open parenthesis t closing parenthesis dt closing
parenthesis 1 slash p

with the constant K sub 1 not depending on phi holds iff the condition
supremum t greater 0 open parenthesis integral sub t to the power of infinity U open parenthesis tau

closing parenthesis d tau closing parenthesis to the power of p slash q open parenthesis integral sub 0
to the power of t V open parenthesis tau closing parenthesis to the power of 1 minus p to the power of
prime d tau closing parenthesis to the power of p minus 1 less infinity

is fulfilled semicolon
2 closing parenthesis .. The inequality
open parenthesis integral sub 0 to the power of infinity U open parenthesis t closing parenthesis bar

integral sub t to the power of infinity phi open parenthesis tau closing parenthesis d tau bar to the
power of q dt closing parenthesis 1 slash q less or equal K sub 2 open parenthesis integral sub 0 to the
power of infinity bar phi open parenthesis t closing parenthesis bar to the power of p V open parenthesis
t closing parenthesis dt closing parenthesis 1 slash p

with the constant K sub 2 not depending on phi holds iff the condition
supremum t greater 0 open parenthesis integral sub 0 to the power of t U open parenthesis tau

closing parenthesis d tau closing parenthesis to the power of p slash q open parenthesis integral sub t to
the power of infinity V open parenthesis tau closing parenthesis to the power of 1 p minus to the power
of prime d tau closing parenthesis to the power of p minus 1 less infinity

is fulfilled period
Note that Theorem 2 was proved by G period Talenti comma G period Tomaselli comma B period

Mucken hyphen
houpt brackleft 7 brackright for 1 less or equal p = q less infinity comma and by J period S period

Bradley brackleft 8 brackright comma V period M period Kokilashvili brackleft 9 brackright comma
V period G period Maz quoteright ya brackleft 1 0 brackright for p less q sub period
We say that the weight pair open parenthesis omega comma omega sub 1 closing parenthesis belongs

to the class A-tildewide sub pq open parenthesis gamma closing parenthesis comma gamma greater 0
comma if

either of the following conditions is fulfilled : a closing parenthesis omega open parenthesis t closing
parenthesis and omega sub 1 open parenthesis t closing parenthesis are increasing

functions on open parenthesis 0 comma infinity closing parenthesis and
supremum t greater 0 open parenthesis integral sub t to the power of infinity omega open parenthesis

tau closing parenthesis tau to the power of minus 1 minus gamma q slash p to the power of prime d tau
closing parenthesis to the power of p slash q open parenthesis integral sub 0 to the power of t slash 2
omega open parenthesis tau closing parenthesis to the power of 1 minus p to the power of prime tau to
the power of gamma minus 1 d tau closing parenthesis to the power of p minus 1 less infinity semicolon

b closing parenthesis omega open parenthesis t closing parenthesis and omega sub 1 open parenthesis
t closing parenthesis are decreasing functions on open parenthesis 0 comma infinity closing parenthesis
and

supremum t greater 0 open parenthesis integral sub 0 to the power of t slash 2 omega sub 1 open
parenthesis tau closing parenthesis tau to the power of gamma minus 1 d tau closing parenthesis to the
power of p slash q open parenthesis integral sub t to the power of infinity omega open parenthesis tau
closing parenthesis to the power of 1 p minus to the power of prime tau to the power of minus 1 sub
minus gamma p to the power of prime slash q d tau closing parenthesis to the power of p minus 1 less
infinity period

Theorem 3 period .. Let 1 less p less infinity .. and the weight pair open parenthesis omega comma
omega sub 1 closing parenthesis in A-tildewide sub p open parenthesis Q closing parenthesis equiv

A-tildewide sub pp open parenthesis Q closing parenthesis period .. Then for f in L sub p open
parenthesis H to the power of n comma omega open parenthesis bar x bar H closing parenthesis closing
parenthesis .. there exists Tf open parenthesis x closing parenthesis for almost al l

Line 1 x in H to the power of n and Line 2 integral bar Tf open parenthesis x closing parenthesis
bar to the power of p omega sub 1 open parenthesis bar x bar H closing parenthesis dx less or equal
C integral sub H n bar f open parenthesis x closing parenthesis bar to the power of p omega open
parenthesis bar x bar closing parenthesis H closing parenthesis dx comma open parenthesis 1 closing
parenthesis Line 3 H n

where th e constant C does not depend on f period

370 V . S . GULIEV 1 ) The inequality

(

∫ ∞
0

U(t)|
∫ t

0

φ(τ)dτ |qdt)1/q ≤ K1(

∫ ∞
0

| φ(t) |p v(t)dt)1/p

with the constant K1 not depending on φ holds iff the condition

sup
t>0

(

∫ ∞
t

U(τ)dτ)p/q(

∫ t

0

V (τ)1−p′dτ)p−1 <∞

is fulfilled ;
2 ) The inequality

(

∫ ∞
0

U(t) |
∫ ∞
t

φ(τ)dτ |q dt)1/q ≤ K2(

∫ ∞
0

| φ(t) |p V (t)dt)1/p

with the constant K2 not depending on φ holds iff the condition

sup
t>0

(

∫ t

0

U(τ)dτ)p/q(

∫ ∞
t

V (τ)1p′−dτ)p−1 <∞

is fulfilled .
Note that Theorem 2 was proved by G . Talenti , G . Tomaselli , B . Mucken

- houpt [ 7 ] for 1 ≤ p = q <∞, and by J . S . Bradley [ 8 ] , V . M . Kokilashvili
[ 9 ] , V . G . Maz ’ ya [ 1 0 ] for p < q.

We say that the weight pair (ω, ω1) belongs to the class Ãpq(γ), γ > 0, if
either of the following conditions is fulfilled : a )ω(t) and ω1(t) are increasing
functions on (0,∞) and

sup
t>0

(

∫ ∞
t

ω(τ)τ−1−γq/p′dτ)p/q(

∫ t/2

0

ω(τ)1−p′τγ−1dτ)p−1 <∞;

b )ω(t) and ω1(t) are decreasing functions on (0,∞) and

sup
t>0

(

∫ t/2

0

ω1(τ)τγ−1dτ)p/q(

∫ ∞
t

ω(τ)1p′−τ−1−γp
′/qdτ)p−1 <∞.

Theorem 3 . Let 1 < p < ∞ and the weight pair (ω, ω1) ∈
Ãp(Q) ≡ Ãpp(Q). Then for f ∈ Lp(Hn, ω(| x | H)) there exists Tf(x)
for almost al l

x ∈ Hnand∫
| Tf(x) |p ω1(| x | H)dx ≤ C

∫
Hn

| f(x) |p ω(| x |)H)dx, (1)

Hn

where th e constant C does not depend on f.
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\hspace ∗{\ f i l l }Coro l l a ry . \quad I f $ \omega ( t ) , t > 0 $
i s i n c r e a s i n g ( dec r ea s ing ) and the func t i on

\noindent $ \omega ( t ) t ˆ{ − \beta }$ i s dec r ea s ing ( i n c r e a s i n g ) f o r s ome
$ \beta \ in ( 0 , Q ( p − 1 ) ) ( \beta \ in (
− Q , 0 ) ) , $

\noindent then $ T $ i s bounded on $ L { p } ( H ˆ{ n } , \omega
( \mid x \mid H ) ) . $

\noindent Proof o f Theorem $ 3 { . }$ \ h f i l l Let $ f \ in L { p } (
H ˆ{ n } , \omega ( \mid x \mid H ) ) $ and $ \omega ,
\omega { 1 }$ be p o s i t i v e in −

\noindent c r e a s i n g f u n c t i o n s on $ ( 0 , \ infty ) . $ We w i l l prove that
$ Tf ( x ) $ e x i s t s f o r almost a l l

$\ l e f t . x \ in H\begin { array }{ c} n \\ . \end{ array }We\right . $ take any f i x e d
$ \tau > 0 $ and r e p r e s e n t the func t i on $ f $ in the norm

of the sum $ f 1 + f 2 , $ where

\ [ f 1 ( x ) = \{ ˆ{ f ( x ) , } { 0 { , }} i f ˆ{ i f }
\mid ˆ{ \mid }ˆ{ x \mid H } { x \mid H } \ leq ˆ{ > } \tau ˆ{ \tau }ˆ{ /
2 } { / 2 } , f 2 ( x ) = f ( x ) − f 1 ( x
) . \ ]

\noindent Let $ \omega ( t ) $ be a p o s i t i v e i n c r e a s i n g func t i on on
$ ( 0 , \ infty ) $ and $ f \ in L { p } ( H ˆ{ n } , \omega
( \mid x \mid H ) ) . $
Then $ f 1 \ in L { p } ( H ˆ{ n } ) $ and t h e r e f o r e $ Tf 1

( x ) $ e x i s t s f o r almost a l l $ x \ in H ˆ{ n } . $ Now
we w i l l show that $ Tf 2 $ converges a b s o l u t e l y f o r a l l $ x : \mid

x \mid H \geq \tau . $ \quad Note that

\ [\ begin { a l i gned } C ( K ) = \sup { x \ in S { H }} \mid K
( x ) \mid < \ infty . Hence \\
\mid Tf { \ leq }ˆ{ 2 } ( x ) { ( }ˆ{ \mid } { 2 { \tau }ˆ{ ) }}

\mid f ( y ) \mid \omega ( \mid y \mid H ) 1 { p }ˆ{ \omega
( \mid y \mid H ) 1 { p }} { Q ˆ{ \ leq } { p } { \mid y }ˆ{ C
( K ) { \mid y \mid H }} { \mid \ int { H ˆ{ \ leq \tau } / } { 2 }}ˆ{ \ int { \ leq
\tau / } { 2 }} \mid \mid { xy }ˆ{ f ( y ) } { − 1 }ˆ{ \mid } { \mid ˆ{ Q } { H }}}
dy { dy , } \ leq ( 2 ) \end{ a l i gned }\ ]

\noindent s i n c e $ \mid xy ˆ{ − 1 } \mid H \geq \mid x \mid
H − \mid y \mid H \geq \tau / 2 . $ \quad Thus , by the H
$ \ddot{o} $ l d e r i n e q u a l i t y we can

es t imate ( 2 ) as

\ [ \mid Tf 2 ( x ) \mid \ leq C \tau ˆ{ − Q / p } \paral le l
f \paral le l L { p } ( H n { , \omega } ( \mid x \mid H
) ) ( \ int ˆ{ \tau / 2 } { 0 } \omega ( t ) ˆ{ 1 p { − }ˆ{ \prime }}
t ˆ{ Q − 1 } dt ) 1 / p ˆ{ \prime } . \ ]

\noindent There fore $ Tf 2 ( x ) $ converges a b s o l u t e l y f o r a l l $ x
: \mid x \mid H \geq \tau $ and thus $ Tf ( x ) $

e x i s t s f o r almost a l l $ x \ in H ˆ{ n } . $ \quad Assume $ \bar{\omega} { 1 }
( t ) $ to be an a r b i t r a r y cont inuous

i n c r e a s i n g func t i on on $ ( 0 , \ infty ) $ such that $ \bar{\omega} { 1 }
( t ) \ leq \omega { 1 } ( t ) , \bar{\omega} { 1 } ( 0
) = \omega { 1 } ( 0 + ) $ and

\noindent $ \bar{\omega} { 1 } ( t ) = \ int ˆ{ t } { 0 } \phi
( \tau ) d \tau + \bar{\omega} { 1 } ( 0 ) , t \ in
( 0 , \ infty ) ( $ i t i s obvious that such $ \bar{\omega} { 1 }
( t ) $ e x i s t s ;

\begin { a l i g n ∗}
f o r example , \bar{\omega} { 1 } ( t ) = \ int ˆ{ t } { 0 }
\omega ˆ{ \prime }{ 1 } ( \tau ) d \tau + \omega { 1 } ( t
) ) .
\end{ a l i g n ∗}

\centerline{We observe that the cond i t i on a ) i m p l i e s }

\begin { a l i g n ∗}
\ exists C { 1 } > 0 , \ f o ra l l t > 0 , \omega { 1 } (

t ) \ leq C { 1 } \omega ( t / 2 ) . \ tag ∗{$ ( 3 ) $}
\end{ a l i g n ∗}

\noindent Indeed , from

\begin { a l i g n ∗}
\ exists C { 2 } > 0 { , } \ f o ra l l t > 0 { , }\\ ( \phi (
\tau ) ˆ{ t } { \ int ˆ{ \ infty }} \tau ˆ{ − Q ( p − 1 ) } d
\tau ) ( \omega ˆ{ 0 } { \ int ˆ{ t / 2 }} ( \tau ) ˆ{ 1 p { − }ˆ{ \prime }}
\tau ˆ{ Q − 1 } d \tau ) ˆ{ p − 1 } \ leq C { 2 }\ tag ∗{$ (
4 ) $}
\end{ a l i g n ∗}
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Corollary period .. If omega open parenthesis t closing parenthesis comma t greater 0 is increasing

open parenthesis decreasing closing parenthesis and the function
omega open parenthesis t closing parenthesis t to the power of minus beta is decreasing open paren-

thesis increasing closing parenthesis for s ome beta in open parenthesis 0 comma Q open parenthesis
p minus 1 closing parenthesis closing parenthesis open parenthesis beta in open parenthesis minus Q
comma 0 closing parenthesis closing parenthesis comma

then T is bounded on L sub p open parenthesis H to the power of n comma omega open parenthesis
bar x bar H closing parenthesis closing parenthesis period

Proof of Theorem 3 sub period .... Let f in L sub p open parenthesis H to the power of n comma
omega open parenthesis bar x bar H closing parenthesis closing parenthesis and omega comma omega
sub 1 be positive in hyphen

creasing functions on open parenthesis 0 comma infinity closing parenthesis period We will prove
that Tf open parenthesis x closing parenthesis exists for almost all

x in Row 1 n Row 2 period . take any fixed tau greater 0 and represent the function f in the norm
of the sum f 1 plus f 2 comma where
f 1 open parenthesis x closing parenthesis = open brace sub 0 sub comma to the power of f open

parenthesis x closing parenthesis comma if to the power of if bar to the power of bar sub x bar H to the
power of x bar H less or equal to the power of greater tau to the power of tau sub slash 2 to the power
of slash 2 comma f 2 open parenthesis x closing parenthesis = f open parenthesis x closing parenthesis
minus f 1 open parenthesis x closing parenthesis period

Let omega open parenthesis t closing parenthesis be a positive increasing function on open parenthesis
0 comma infinity closing parenthesis and f in L sub p open parenthesis H to the power of n comma omega
open parenthesis bar x bar H closing parenthesis closing parenthesis period

Then f 1 in L sub p open parenthesis H to the power of n closing parenthesis and therefore Tf 1 open
parenthesis x closing parenthesis exists for almost all x in H to the power of n period Now

we will show that Tf 2 converges absolutely for all x : bar x bar H greater equal tau period .. Note
that

Line 1 C open parenthesis K closing parenthesis = supremum sub x in S sub H bar K open parenthesis
x closing parenthesis bar less infinity period Hence Line 2 bar Tf less or equal to the power of 2 open
parenthesis x closing parenthesis parenleftbig sub 2 tau to the power of parenrightbig to the power of bar
bar f open parenthesis y closing parenthesis bar omega open parenthesis bar y bar H closing parenthesis
1 p from omega open parenthesis bar y bar H closing parenthesis 1 p to Q sub p to the power of less or
equal sub bar y sub bar integral H to the power of less or equal tau slash sub 2 to the power of C open
parenthesis K closing parenthesis sub bar y bar H to the power of integral less or equal tau slash sub 2
bar bar xy sub minus 1 to the power of f open parenthesis y closing parenthesis sub bar sub H to the
power of Q to the power of bar dy sub dy comma less or equal open parenthesis 2 closing parenthesis

since bar xy to the power of minus 1 bar H greater equal bar x bar H minus bar y bar H greater
equal tau slash 2 period .. Thus comma by the H dieresis-o lder inequality we can

estimate open parenthesis 2 closing parenthesis as
bar Tf 2 open parenthesis x closing parenthesis bar less or equal C tau to the power of minus Q

slash p bar f bar L sub p open parenthesis H n sub comma omega open parenthesis bar x bar H closing
parenthesis closing parenthesis open parenthesis integral sub 0 to the power of tau slash 2 omega open
parenthesis t closing parenthesis to the power of 1 p minus to the power of prime t to the power of Q
minus 1 dt closing parenthesis 1 slash p to the power of prime period

Therefore Tf 2 open parenthesis x closing parenthesis converges absolutely for all x : bar x bar H
greater equal tau and thus Tf open parenthesis x closing parenthesis

exists for almost all x in H to the power of n period .. Assume omega-macron sub 1 open parenthesis
t closing parenthesis to be an arbitrary continuous

increasing function on open parenthesis 0 comma infinity closing parenthesis such that omega-macron
sub 1 open parenthesis t closing parenthesis less or equal omega sub 1 open parenthesis t closing parenthe-
sis comma macron-omega sub 1 open parenthesis 0 closing parenthesis = omega sub 1 open parenthesis
0 plus closing parenthesis and

omega-macron sub 1 open parenthesis t closing parenthesis = integral sub 0 to the power of t phi
open parenthesis tau closing parenthesis d tau plus macron-omega sub 1 open parenthesis 0 closing
parenthesis comma t in open parenthesis 0 comma infinity closing parenthesis open parenthesis it is
obvious that such omega-macron sub 1 open parenthesis t closing parenthesis exists semicolon

for example comma omega-macron sub 1 open parenthesis t closing parenthesis = integral sub 0 to
the power of t omega to the power of prime 1 open parenthesis tau closing parenthesis d tau plus omega
sub 1 open parenthesis t closing parenthesis closing parenthesis period

We observe that the condition a closing parenthesis implies
Equation: open parenthesis 3 closing parenthesis .. exists C sub 1 greater 0 comma forall t greater 0

comma omega sub 1 open parenthesis t closing parenthesis less or equal C sub 1 omega open parenthesis
t slash 2 closing parenthesis period

Indeed comma from
exists C sub 2 greater 0 sub comma forall t greater 0 sub comma Equation: open parenthesis 4

closing parenthesis .. open parenthesis phi open parenthesis tau closing parenthesis from t to integral to
the power of infinity tau to the power of minus Q open parenthesis p minus 1 closing parenthesis d tau
closing parenthesis open parenthesis omega from 0 to integral to the power of t slash 2 open parenthesis
tau closing parenthesis to the power of 1 p minus to the power of prime tau to the power of Q minus 1
d tau closing parenthesis to the power of p minus 1 less or equal C sub 2
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Corollary . If ω(t), t > 0 is increasing ( decreasing ) and the
function
ω(t)t−β is decreasing ( increasing ) for s ome β ∈ (0, Q(p− 1))(β ∈ (−Q, 0)),
then T is bounded on Lp(H

n, ω(| x | H)).
Proof of Theorem 3. Let f ∈ Lp(Hn, ω(| x | H)) and ω, ω1 be positive in -
creasing functions on (0,∞). We will prove that Tf(x) exists for almost all

x ∈ H n
.
We take any fixed τ > 0 and represent the function f in the norm of

the sum f1 + f2, where

f1(x) = {f(x),
0,

if if || x|Hx|H ≤
> τ τ

/2
/2, f2(x) = f(x)− f1(x).

Let ω(t) be a positive increasing function on (0,∞) and f ∈ Lp(Hn, ω(| x | H)).
Then f1 ∈ Lp(Hn) and therefore Tf1(x) exists for almost all x ∈ Hn. Now we
will show that Tf2 converges absolutely for all x :| x | H ≥ τ. Note that

C(K) = sup
x∈SH

| K(x) |<∞.Hence

| Tf2
≤(x)(

|
2
)
τ

| f(y) | ω(| y | H)1ω(|y|H)1p
p

Q
≤
p

C(K)|y|H
|y

∫
≤τ/ 2

|
∫
H≤τ / 2

||f(y)xy
|
−1|Q

H

dydy, ≤ (2)

since | xy−1 | H ≥| x | H− | y | H ≥ τ/2. Thus , by the H ö lder inequality
we can estimate ( 2 ) as

| Tf2(x) |≤ Cτ−Q/p ‖ f ‖ Lp(Hn,ω(| x | H))(

∫ τ/2

0

ω(t)1p′−tQ−1dt)1/p′.

Therefore Tf2(x) converges absolutely for all x :| x | H ≥ τ and thus Tf(x)
exists for almost all x ∈ Hn. Assume ω̄1(t) to be an arbitrary continuous
increasing function on (0,∞) such that ω̄1(t) ≤ ω1(t), ω̄1(0) = ω1(0+) and

ω̄1(t) =
∫ t

0
φ(τ)dτ + ω̄1(0), t ∈ (0,∞)( it is obvious that such ω̄1(t) exists ;

forexample, ω̄1(t) =

∫ t

0

ω′1(τ)dτ + ω1(t)).

We observe that the condition a ) implies

∃C1 > 0, ∀t > 0, ω1(t) ≤ C1ω(t/2). (3)

Indeed , from

∃C2 > 0, ∀t > 0,

(φ(τ)t∫∞τ−Q(p−1)dτ)(ω0∫ t/2(τ)1p′−τQ−1dτ)p−1 ≤ C2 (4)
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we obta in ( 3 ) , s i n c e

\ [\ begin { a l i gned } \ int ˆ{ \ infty } { t } \omega { 1 } ( \tau ) \tau ˆ{ −
1 − Q ( p − 1 ) } d \tau \geq C \omega { 1 } ( t
) t ˆ{ − Q ( p − 1 ) } , \\

( \ int ˆ{ t / 2 } { 0 } \omega ( \tau ) ˆ{ 1 p { − }ˆ{ \prime }}
\tau ˆ{ Q − 1 } d \tau ) ˆ{ p − 1 } \ leq C \omega ( t
/ 2 ) ˆ{ − 1 } t ˆ{ Q ( p − 1 ) }\end{ a l i gned }\ ]

\noindent and , b e s i d e s ,

\ [\ begin { a l i gned } Q ( 1 { p − } 1 ) \ int ˆ{ \ infty } { t } \phi
( \tau ) \tau ˆ{ − Q ( p − 1 ) } d \tau = \ int ˆ{ \ infty } { t }
\phi ( \tau ) d \tau \ int ˆ{ \ infty } { \tau } \lambda ˆ{ − 1
− Q ( p − 1 ) } d \lambda = \\

= \ int ˆ{ \ infty } { t } \lambda ˆ{ − 1 − Q ( p − 1 ) }
d \lambda \ int ˆ{ \lambda } { t } \phi ( \tau ) d \tau \ leq
\ int ˆ{ \ infty } { t } \omega { 1 } ( \tau ) \tau ˆ{ − 1 − Q
( { p } − 1 ) } d \tau . \end{ a l i gned }\ ]

\centerline{We have }

\ [\ begin { a l i gned } \paral le l Tf \paral le l L { p } , ˆ{ \bar{\omega} }
1 ( H n ) \ leq ( \ int \mid Tf ( x ) \mid ˆ{ p } dx
\ int ˆ{ \mid x \mid H } { 0 } \phi ( t ) dt ) 1 / p
+ \\

H n \\
+ ( \bar{\omega} { 1 } ( 0 ) \ int \mid Tf ( x ) \mid ˆ{ p }

dx ) 1 / p = A { 1 } + A { 2 } . \\
H n \end{ a l i gned }\ ]

I f $ \omega ( 0 + ) > 0 , $ then $ L { p } ( H ˆ{ n }
, \omega ( \mid x \mid H ) ) \subset L { p } ( H ˆ{ n }
) , $ and i f $ \omega ( 0 + ) = 0 , $ then

$ \bar{\omega} ( t ) \ leq \omega { 1 } ( t ) \ leq C
\omega ( t / 2 ) $ i m p l i e s $ \bar{\omega} { 1 } ( 0 ) =
0 . $ There fore in the case $ \omega ( 0 + ) = 0 $

we have $ A { 2 } = 0 . $

\centerline{ I f $ \omega ( 0 ) > 0 , $ then $ f \ in { L { p }ˆ{ (
R n } ) }$ and we have }

\ [\ begin { a l i gned } A { 2 } \ leq C ( \bar{\omega} { 1 } ( 0 )
\ int \mid f ( x ) \mid ˆ{ p } dx ) 1 / p \ leq C (
\ int \mid f ( x ) \mid ˆ{ p } \omega { 1 } ( \mid x \mid
H ) dx ) 1 / p \ leq \\

H n H n \\
\ leq C \paral le l f \paral le l L { p } ( H n { , \omega }

( \mid x \mid H ) ) ˆ{ . }\end{ a l i gned }\ ]

\noindent Now we can wr i t e

\ [\ begin { a l i gned } A { 1 } \ leq ( \ int ˆ{ \ infty } { 0 } \phi ( t
) dt \ int \mid Tf ( x ) ˆ{ p } dx ) 1 / p \ leq A { 1
1 } + A { 1 2 . }\\
\mid x \mid H ˆ{ > t }\end{ a l i gned }\ ]

\noindent where

\ [\ begin { a l i gned } A ˆ{ p } { 1 1 } = \ int ˆ{ \ infty } { 0 } \phi (
t ) dt \ int \arrowvert \ int K ( x , y ˆ{ − 1 } ) f
( y ) dy \arrowvert ˆ{ p } dx , \\
\mid x \mid H ˆ{ > t } \mid y \mid H ˆ{ > t } / 2 \\
A ˆ{ p } { 1 2 } = \ int ˆ{ \ infty } { 0 } \phi ( t ) dt \ int

\arrowvert \ int K ( x , y ˆ{ − 1 } ) f ( y ) dy \arrowvert ˆ{ p }
dx . \\
\mid x \mid H ˆ{ > t } \mid y \mid H ˆ{ < t } / 2 \end{ a l i gned }\ ]
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we obtain open parenthesis 3 closing parenthesis comma since
Line 1 integral sub t to the power of infinity omega sub 1 open parenthesis tau closing parenthesis

tau to the power of minus 1 minus Q open parenthesis p minus 1 closing parenthesis d tau greater equal
C omega sub 1 open parenthesis t closing parenthesis t to the power of minus Q open parenthesis p
minus 1 closing parenthesis comma Line 2 open parenthesis integral sub 0 to the power of t slash 2
omega open parenthesis tau closing parenthesis to the power of 1 p minus to the power of prime tau to
the power of Q minus 1 d tau closing parenthesis to the power of p minus 1 less or equal C omega open
parenthesis t slash 2 closing parenthesis to the power of minus 1 t to the power of Q open parenthesis
p minus 1 closing parenthesis

and comma besides comma
Line 1 Q open parenthesis 1 p minus 1 closing parenthesis integral sub t to the power of infinity phi

open parenthesis tau closing parenthesis tau to the power of minus Q open parenthesis p minus 1 closing
parenthesis d tau = integral sub t to the power of infinity phi open parenthesis tau closing parenthesis d
tau integral sub tau to the power of infinity lambda to the power of minus 1 minus Q open parenthesis
p minus 1 closing parenthesis d lambda = Line 2 = integral sub t to the power of infinity lambda to
the power of minus 1 minus Q open parenthesis p minus 1 closing parenthesis d lambda integral sub t
to the power of lambda phi open parenthesis tau closing parenthesis d tau less or equal integral sub t
to the power of infinity omega sub 1 open parenthesis tau closing parenthesis tau to the power of minus
1 minus Q open parenthesis sub p minus 1 closing parenthesis d tau period

We have
Line 1 bar Tf bar L sub p comma to the power of omega-macron 1 open parenthesis H n closing

parenthesis less or equal open parenthesis integral bar Tf open parenthesis x closing parenthesis bar to
the power of p dx integral sub 0 to the power of bar x bar H phi open parenthesis t closing parenthesis
dt closing parenthesis 1 slash p plus Line 2 H n Line 3 plus open parenthesis omega-macron sub 1 open
parenthesis 0 closing parenthesis integral bar Tf open parenthesis x closing parenthesis bar to the power
of p dx closing parenthesis 1 slash p = A sub 1 plus A sub 2 period Line 4 H n

If omega open parenthesis 0 plus closing parenthesis greater 0 comma then L sub p open parenthesis
H to the power of n comma omega open parenthesis bar x bar H closing parenthesis closing parenthesis
subset L sub p open parenthesis H to the power of n closing parenthesis comma and if omega open
parenthesis 0 plus closing parenthesis = 0 comma then

omega-macron open parenthesis t closing parenthesis less or equal omega sub 1 open parenthesis t
closing parenthesis less or equal C omega open parenthesis t slash 2 closing parenthesis implies macron-
omega sub 1 open parenthesis 0 closing parenthesis = 0 period Therefore in the case omega open
parenthesis 0 plus closing parenthesis = 0

we have A sub 2 = 0 period
If omega open parenthesis 0 closing parenthesis greater 0 comma then f in sub L sub p to the power

of open parenthesis R n closing parenthesis and we have
Line 1 A sub 2 less or equal C open parenthesis omega-macron sub 1 open parenthesis 0 closing

parenthesis integral bar f open parenthesis x closing parenthesis bar to the power of p dx closing paren-
thesis 1 slash p less or equal C open parenthesis integral bar f open parenthesis x closing parenthesis bar
to the power of p omega sub 1 open parenthesis bar x bar H closing parenthesis dx closing parenthesis
1 slash p less or equal Line 2 H n H n Line 3 less or equal C bar f bar L sub p open parenthesis H n
sub comma omega open parenthesis bar x bar H closing parenthesis closing parenthesis to the power of
period

Now we can write
Line 1 A sub 1 less or equal open parenthesis integral sub 0 to the power of infinity phi open

parenthesis t closing parenthesis dt integral bar Tf open parenthesis x closing parenthesis to the power
of p dx closing parenthesis 1 slash p less or equal A sub 1 1 plus A sub 1 2 period Line 2 bar x bar H
to the power of greater t

where
Line 1 A sub 1 1 to the power of p = integral sub 0 to the power of infinity phi open parenthesis

t closing parenthesis dt integral vextendsingle-vextendsingle-vextendsingle integral K open parenthesis
x comma y to the power of minus 1 closing parenthesis f open parenthesis y closing parenthesis dy
vextendsingle-vextendsingle-vextendsingle to the power of p dx comma Line 2 bar x bar H to the power
of greater t bar y bar H to the power of greater t slash 2 Line 3 A sub 1 2 to the power of p = integral
sub 0 to the power of infinity phi open parenthesis t closing parenthesis dt integral vextendsingle-
vextendsingle-vextendsingle integral K open parenthesis x comma y to the power of minus 1 closing
parenthesis f open parenthesis y closing parenthesis dy vextendsingle-vextendsingle-vextendsingle to the
power of p dx period Line 4 bar x bar H to the power of greater t bar y bar H to the power of less t
slash 2

372 V . S . GULIEV we obtain ( 3 ) , since∫ ∞
t

ω1(τ)τ−1−Q(p−1)dτ ≥ Cω1(t)t−Q(p−1),

(

∫ t/2

0

ω(τ)1p′−τQ−1dτ)p−1 ≤ Cω(t/2)−1tQ(p−1)

and , besides ,

Q(1p−1)

∫ ∞
t

φ(τ)τ−Q(p−1)dτ =

∫ ∞
t

φ(τ)dτ

∫ ∞
τ

λ−1−Q(p−1)dλ =

=

∫ ∞
t

λ−1−Q(p−1)dλ

∫ λ

t

φ(τ)dτ ≤
∫ ∞
t

ω1(τ)τ−1−Q(p−1)dτ.

We have

‖ Tf ‖ Lp,ω̄ 1(Hn) ≤ (

∫
| Tf(x) |p dx

∫ |x|H
0

φ(t)dt)1/p+

Hn

+(ω̄1(0)

∫
| Tf(x) |p dx)1/p = A1 +A2.

Hn

If ω(0+) > 0, then Lp(H
n, ω(| x | H)) ⊂ Lp(H

n), and if ω(0+) = 0, then
ω̄(t) ≤ ω1(t) ≤ Cω(t/2) implies ω̄1(0) = 0. Therefore in the case ω(0+) = 0 we
have A2 = 0.

If ω(0) > 0, then f ∈
L

(Rn
p )

and we have

A2 ≤ C(ω̄1(0)

∫
| f(x) |p dx)1/p ≤ C(

∫
| f(x) |p ω1(| x | H)dx)1/p ≤

Hn Hn

≤ C ‖ f ‖ Lp(Hn,ω(| x | H)).

Now we can write

A1 ≤ (

∫ ∞
0

φ(t)dt

∫
| Tf(x)pdx)1/p ≤ A11 +A12.

| x | H>t

where

Ap11 =

∫ ∞
0

φ(t)dt

∫
|

∫
K(x, y−1)f(y)dy|pdx,

| x | H>t | y | H>t/2

Ap12 =

∫ ∞
0

φ(t)dt

∫
|

∫
K(x, y−1)f(y)dy|pdx.

| x | H>t | y | H<t/2
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The r e l a t i o n

\ [\ begin { a l i gned } \ int \mid f ( y ) \mid ˆ{ p } dy \ leq \omega
( 1 { t / 2 ) } \ int \mid f ( y ) \mid ˆ{ p } \omega
( \mid y \mid H ) dy \\
\mid y \mid H ˆ{ > t } / 2 \mid y \mid H ˆ{ > t } /

2 \end{ a l i gned }\ ]

\noindent i m p l i e s $ f \ in L { p } ( \{ y \ in H ˆ{ n } : \mid
y \mid H > t \} ) $ f o r any $ t > 0 . $

Hence , on account o f ( 3 ) , we have

\ [\ begin { a l i gned } A { 1 1 } \ leq C ( \ int ˆ{ \ infty } { 0 } \phi
( t ) dt \ int \mid f ( x ) \mid ˆ{ p } dx ) 1 /
p = \\
\mid x \mid H ˆ{ > t } / 2 \\
= C ( \ int \mid f ( x ) \mid ˆ{ p } dx \ int ˆ{ 2 \mid

x \mid H } { 0 } \phi ( t ) dt ) 1 / p \ leq \\
H n \\
\ leq C ( \ int \mid f ( x ) \mid ˆ{ p } \omega { 1 } (

2 \mid x \mid H ) dx ) 1 / p \ leq C \paral le l f
\paral le l L { p , \omega ( \mid x \mid { H } ) } ( H ˆ{ n }
) . \\

H n \end{ a l i gned }\ ]

Obviously , \quad i f $ \mid x \mid H > t , \mid y \mid
H < t / 2 , $ \quad then \quad $ 2 ˆ{ 1 } \mid x \mid H
\ leq \mid y ˆ{ − 1 } x \mid H \ leq 2 ˆ{ 3 } \mid x \mid
H . $

There fore

\ [\ begin { a l i gned } \ int \arrowvert \ int K ( xy ˆ{ − 1 } ) f
( y ) dy \arrowvert ˆ{ p } dx \ leq \\
\mid x \mid H ˆ{ > t } \mid y \mid H ˆ{ < t } / 2 \\
\ leq C ( K ) \ int ( \ int \mid xy ˆ{ − 1 } \mid ˆ{ −

Q } { H } \mid f ( y ) \mid dy ) ˆ{ p } dx \ leq \\
\mid x \mid H ˆ{ > t } \mid y \mid H ˆ{ < t } / 2 \\
\ leq 2 ˆ{ Qp } C ( K ) \ int \mid x \mid ˆ{ − Qp } { H }

dx ( \ int \mid f ( y ) \mid dy ) ˆ{ p } { . }\\
\mid x \mid H ˆ{ > t } \mid y \mid H ˆ{ < t } / 2 \end{ a l i gned }\ ]

\hspace ∗{\ f i l l }Taking the $ H − $ po la r coo rd ina t e s $ x = \delta { \rho }ˆ{ \bar{x} }
, \rho = \mid x \mid H , \bar{x} \ in S { H }$ we can wr i t e

\ [\ begin { a l i gned } \ int \mid x \mid ˆ{ − Qp } { H } dx = \ int
d \sigma ( \bar{x} ) \ int ˆ{ \ infty } { 0 } \rho ˆ{ Q − 1 −
Qp } d \rho = Ct ˆ{ Q − Qp } . \\
\mid x \mid H ˆ{ > t } S { H }\end{ a l i gned }\ ]

\centerline{For $ \alpha > Q ( 1 + p ˆ{ 1 { \prime }} ) , $
by v i r t u e o f the H $ \ddot{o} $ l d e r i n e q u a l i t y , we have }

\ [\ begin { a l i gned } \ int \mid f ( y ) \mid dy = \alpha \ int
d \sigma ( \bar{y} ) \ int ˆ{ t / 2 } { 0 } \rho ˆ{ Q − \alpha
− 1 } \mid f ( \delta { \rho } \bar{y} ) \mid d \rho \ int ˆ{ \rho } { 0 }
s ˆ{ \alpha − 1 } ds = \\
\mid y \mid H ˆ{ < t } / 2 S { H }\\
= \alpha \ int ˆ{ t / 2 } { 0 } s ˆ{ \alpha − 1 } ds \ int

\mid f ( y ) \mid \mid y \mid ˆ{ − \alpha } { H } dy \ leq \\
s < \mid y \mid H ˆ{ < t } / 2 \end{ a l i gned }\ ]
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The relation
Line 1 integral bar f open parenthesis y closing parenthesis bar to the power of p dy less or equal omega

open parenthesis 1 t slash 2 closing parenthesis integral bar f open parenthesis y closing parenthesis bar
to the power of p omega open parenthesis bar y bar H closing parenthesis dy Line 2 bar y bar H to the
power of greater t slash 2 bar y bar H to the power of greater t slash 2

implies f in L sub p open parenthesis open brace y in H to the power of n : bar y bar H greater t
closing brace closing parenthesis for any t greater 0 period

Hence comma on account of open parenthesis 3 closing parenthesis comma we have
Line 1 A sub 1 1 less or equal C open parenthesis integral sub 0 to the power of infinity phi open

parenthesis t closing parenthesis dt integral bar f open parenthesis x closing parenthesis bar to the power
of p dx closing parenthesis 1 slash p = Line 2 bar x bar H to the power of greater t slash 2 Line 3 = C
open parenthesis integral bar f open parenthesis x closing parenthesis bar to the power of p dx integral
sub 0 to the power of 2 bar x bar H phi open parenthesis t closing parenthesis dt closing parenthesis 1
slash p less or equal Line 4 H n Line 5 less or equal C open parenthesis integral bar f open parenthesis x
closing parenthesis bar to the power of p omega sub 1 open parenthesis 2 bar x bar H closing parenthesis
dx closing parenthesis 1 slash p less or equal C bar f bar L sub p comma omega open parenthesis bar x
bar sub H closing parenthesis open parenthesis H to the power of n closing parenthesis period Line 6 H
n

Obviously comma .. if bar x bar H greater t comma bar y bar H less t slash 2 comma .. then .. 2
to the power of 1 bar x bar H less or equal bar y to the power of minus 1 x bar H less or equal 2 to the
power of 3 bar x bar H period

Therefore
Line 1 integral vextendsingle-vextendsingle-vextendsingle integral K open parenthesis xy to the power

of minus 1 closing parenthesis f open parenthesis y closing parenthesis dy vextendsingle-vextendsingle-
vextendsingle to the power of p dx less or equal Line 2 bar x bar H to the power of greater t bar y bar
H to the power of less t slash 2 Line 3 less or equal C open parenthesis K closing parenthesis integral
open parenthesis integral bar xy to the power of minus 1 bar sub H to the power of minus Q bar f open
parenthesis y closing parenthesis bar dy closing parenthesis to the power of p dx less or equal Line 4 bar
x bar H to the power of greater t bar y bar H to the power of less t slash 2 Line 5 less or equal 2 to the
power of Qp C open parenthesis K closing parenthesis integral bar x bar sub H to the power of minus
Qp dx open parenthesis integral bar f open parenthesis y closing parenthesis bar dy closing parenthesis
to the power of p sub period Line 6 bar x bar H to the power of greater t bar y bar H to the power of
less t slash 2

Taking the H hyphen polar coordinates x = delta sub rho to the power of x-macron comma rho =
bar x bar H comma macron-x in S sub H we can write

Line 1 integral bar x bar sub H to the power of minus Qp dx = integral d sigma open parenthesis
x-macron closing parenthesis integral sub 0 to the power of infinity rho to the power of Q minus 1 minus
Qp d rho = Ct to the power of Q minus Qp period Line 2 bar x bar H to the power of greater t S sub H

For alpha greater Q open parenthesis 1 plus p to the power of 1 prime closing parenthesis comma
by virtue of the H dieresis-o lder inequality comma we have

Line 1 integral bar f open parenthesis y closing parenthesis bar dy = alpha integral d sigma open
parenthesis y-macron closing parenthesis integral sub 0 to the power of t slash 2 rho to the power of
Q minus alpha minus 1 bar f open parenthesis delta sub rho macron-y closing parenthesis bar d rho
integral sub 0 to the power of rho s to the power of alpha minus 1 ds = Line 2 bar y bar H to the power
of less t slash 2 S sub H Line 3 = alpha integral sub 0 to the power of t slash 2 s to the power of alpha
minus 1 ds integral bar f open parenthesis y closing parenthesis bar bar y bar sub H to the power of
minus alpha dy less or equal Line 4 s less bar y bar H to the power of less t slash 2

TWO - WEIGHTED Lp− INEQUALITIES 373 The relation∫
| f(y) |p dy ≤ ω(1t/2)

∫
| f(y) |p ω(| y | H)dy

| y | H>t/2 | y | H>t/2

implies f ∈ Lp({y ∈ Hn :| y | H > t}) for any t > 0. Hence , on account of ( 3 )
, we have

A11 ≤ C(

∫ ∞
0

φ(t)dt

∫
| f(x) |p dx)1/p =

| x | H>t/2

= C(

∫
| f(x) |p dx

∫ 2|x|H

0

φ(t)dt)1/p ≤

Hn

≤ C(

∫
| f(x) |p ω1(2 | x | H)dx)1/p ≤ C ‖ f ‖ Lp,ω(|x|H)(H

n).

Hn

Obviously , if | x | H > t, | y | H < t/2, then 21 | x |
H ≤ | y−1x | H ≤ 23 | x | H. Therefore∫

|
∫

K(xy−1)f(y)dy|pdx ≤

| x | H>t | y | H<t/2

≤ C(K)

∫
(

∫
| xy−1 |−QH | f(y) | dy)pdx ≤

| x | H>t | y | H<t/2

≤ 2QpC(K)

∫
| x |−QpH dx(

∫
| f(y) | dy)p.

| x | H>t | y | H<t/2

Taking the H− polar coordinates x = δx̄ρ , ρ =| x | H, x̄ ∈ SH we can write∫
| x |−QpH dx =

∫
dσ(x̄)

∫ ∞
0

ρQ−1−Qpdρ = CtQ−Qp.

| x | H>t SH

For α > Q(1 + p1′), by virtue of the H ö lder inequality , we have

∫
| f(y) | dy = α

∫
dσ(ȳ)

∫ t/2

0

ρQ−α−1 | f(δρȳ) | dρ
∫ ρ

0

sα−1ds =

| y | H<t/2 SH

= α

∫ t/2

0

sα−1ds

∫
| f(y) || y |−αH dy ≤

s <| y | H<t/2
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\ [\ begin { a l i gned } \ leq \ int ˆ{ t / 2 } { 0 } s ˆ{ \alpha − 1 } ds
( \ int \mid f ( y ) \mid ˆ{ p } \mid y \mid ˆ{ − Qp } { H }
dy ) 1 / p \times \\

s < \mid y \mid H ˆ{ < t } / 2 \\
\times ( \ int \mid y \mid ˆ{ ( Q − \alpha ) p ˆ{ \prime }} { H }

dy ) 1 / p ˆ{ \prime } \ leq \\
s < \mid y \mid H ˆ{ < t } / 2 \\
\ leq C \ int ˆ{ t / 2 } { 0 } s ˆ{ Q + { \prime { p }}ˆ{ Q }}

( \ int \mid f ( y ) \mid ˆ{ p } \mid y \mid ˆ{ − Qp } { H }
dy ) 1{ / } p{ ds } { . }\\

s < \mid y \mid H ˆ{ < t } / 2 \end{ a l i gned }\ ]

\centerline{Consequently }

\ [\ begin { a l i gned } A { 1 2 } \ leq C \{ \ int ˆ{ \ infty } { 0 } \phi
( 2 t ) t ˆ{ − Q ( p − 1 ) } \times \\
\times [ \ int ˆ{ t } { 0 } s ˆ{ Q ( 1 + { \prime }}ˆ{ 1 ) } { p }

( \ int \mid f ( y ) \mid ˆ{ p } \mid y \mid ˆ{ − Qp } { H }
dy ) 1 / p { ds } ] p{ dt } \} ˆ{ 1 / p } { . }\\
\mid y \mid H ˆ{ \geq s }\end{ a l i gned }\ ]

\noindent By ( 4 ) and Theorem 2

\ [\ begin { a l i gned } A { 1 2 } \ leq C [ \ int ˆ{ \ infty } { 0 } s ˆ{ Qp
( 1 + { \prime { p }}ˆ{ 1 ) }} ( \ int \mid f ( y ) \mid ˆ{ p }
\times \\
\mid y \mid H ˆ{ > s }\\
\times \mid y \mid ˆ{ − Qp } dy ) \omega ( s ) s ˆ{ −

( Q − 1 ) ( p − 1 ) } ds ] 1 / p = \\
= C ( \ int ˆ{ \ infty } { 0 } s ˆ{ − 1 + Qp } \omega ( s

) ds \ int \mid f ( y ) \mid ˆ{ p } \mid y \mid ˆ{ − Qp } { H }
dy ) 1 / p = \\
\mid y \mid H ˆ{ > s }\\
= C ( \ int \mid f ( y ) \mid ˆ{ p } \mid y \mid ˆ{ −

Qp } { H } \ int ˆ{ \mid y \mid H } { 0 } \omega ( s ) s ˆ{ −
1 + Qp } ds ) 1 / p \ leq \\

H n \\
\ leq C ( \ int \mid f ( y ) \mid ˆ{ p } \omega ( \mid

y \mid H ) dy ) 1 / p { . }\\
H n \end{ a l i gned }\ ]

\hspace ∗{\ f i l l }Hence we obta in ( 1 ) f o r $ \omega { 1 } ( t ) = \bar{\omega} { 1 }
( t ) . $ \quad Now , by the Fatou theorem , the

\noindent i n e q u a l i t y ( 1 ) i s f u l f i l l e d .

\centerline{Theorem 3 was e a r l i e r announced in [ 1 1 ] . }

A s i m i l a r r eason ing can be used to prove the analogue o f Theorem 3 f o r
the operator $ T { \alpha } : f \rightarrow T { \alpha } f $ where

\ [\ begin { a l i gned } T { \alpha } f ( x ) = \ int \mid xy ˆ{ −
1 } \mid ˆ{ \alpha − Q } { H } f ( y ) dy , 0 < \alpha
< Q . \\

H n \end{ a l i gned }\ ]

\centerline{Namely , we have }
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parenthesis integral bar f open parenthesis y closing parenthesis bar to the power of p bar y bar sub H
to the power of minus Qp dy closing parenthesis 1 slash p ds sub period Line 6 s less bar y bar H to the
power of less t slash 2
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2 t closing parenthesis t to the power of minus Q open parenthesis p minus 1 closing parenthesis times
Line 2 times open square bracket integral sub 0 to the power of t s to the power of Q open parenthesis
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parenthesis y closing parenthesis bar to the power of p bar y bar sub H to the power of minus Qp dy
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sub period Line 3 bar y bar H to the power of greater equal s

By open parenthesis 4 closing parenthesis and Theorem 2
Line 1 A sub 1 2 less or equal C open square bracket integral sub 0 to the power of infinity s to

the power of Qp open parenthesis 1 plus sub prime sub p to the power of 1 closing parenthesis open
parenthesis integral bar f open parenthesis y closing parenthesis bar to the power of p times Line 2 bar y
bar H to the power of greater s Line 3 times bar y bar to the power of minus Qp dy closing parenthesis
omega open parenthesis s closing parenthesis s to the power of minus open parenthesis Q minus 1 closing
parenthesis open parenthesis p minus 1 closing parenthesis ds closing square bracket 1 slash p = Line 4
= C open parenthesis integral sub 0 to the power of infinity s to the power of minus 1 plus Qp omega
open parenthesis s closing parenthesis ds integral bar f open parenthesis y closing parenthesis bar to
the power of p bar y bar sub H to the power of minus Qp dy closing parenthesis 1 slash p = Line 5
bar y bar H to the power of greater s Line 6 = C open parenthesis integral bar f open parenthesis y
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Hence we obtain open parenthesis 1 closing parenthesis for omega sub 1 open parenthesis t closing
parenthesis = omega-macron sub 1 open parenthesis t closing parenthesis period .. Now comma by the
Fatou theorem comma the

inequality open parenthesis 1 closing parenthesis is fulfilled period
Theorem 3 was earlier announced in brackleft 1 1 brackright period
A similar reasoning can be used to prove the analogue of Theorem 3 for
the operator T sub alpha : f right arrow T sub alpha f where
Line 1 T sub alpha f open parenthesis x closing parenthesis = integral bar xy to the power of minus

1 bar sub H to the power of alpha minus Q f open parenthesis y closing parenthesis dy comma 0 less
alpha less Q period Line 2 H n

Namely comma we have
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≤
∫ t/2

0

sα−1ds(

∫
| f(y) |p| y |−QpH dy)1/p×

s <| y | H<t/2

×(

∫
| y |(Q−α)p′

H dy)1/p′ ≤

s <| y | H<t/2

≤ C
∫ t/2

0

sQ+Q′p (

∫
| f(y) |p| y |−QpH dy)1/pds.

s <| y | H<t/2

Consequently

A12 ≤ C{
∫ ∞

0

φ(2t)t−Q(p−1)×

×[

∫ t

0

sQ(1+′1)
p (

∫
| f(y) |p| y |−QpH dy)1/pds]pdt}1/p.

| y | H≥s

By ( 4 ) and Theorem 2

A12 ≤ C[

∫ ∞
0

sQp(1+
1)
′p (

∫
| f(y) |p ×

| y | H>s

× | y |−Qp dy)ω(s)s−(Q−1)(p−1)ds]1/p =

= C(

∫ ∞
0

s−1+Qpω(s)ds

∫
| f(y) |p| y |−QpH dy)1/p =

| y | H>s

= C(

∫
| f(y) |p| y |−QpH

∫ |y|H
0

ω(s)s−1+Qpds)1/p ≤

Hn

≤ C(

∫
| f(y) |p ω(| y | H)dy)1/p.

Hn

Hence we obtain ( 1 ) for ω1(t) = ω̄1(t). Now , by the Fatou theorem , the
inequality ( 1 ) is fulfilled .

Theorem 3 was earlier announced in [ 1 1 ] .
A similar reasoning can be used to prove the analogue of Theorem 3 for the

operator Tα : f → Tαf where

Tαf(x) =

∫
| xy−1 |α−QH f(y)dy, 0 < α < Q.

Hn

Namely , we have



TWO − WEIGHTED $ L { p } − $ INEQUALITIES \quad 375
Theorem 4 . \quad Let $ 0 < \alpha < Q , 1 < p < Q { \alpha }

, p ˆ{ 1 } − q ˆ{ 1 } = \alpha{ Q }$ \quad and th e weights

\noindent $ ( \omega , \omega { 1 } ) $ be monotone p o s i t i v e f u n c t i o n s on
$ ( 0 , \ infty ) . $ \quad Then the i n e q u a l i t y

\ [\ begin { a l i gned } ( \ int \mid T { \alpha } f ( x ) \mid ˆ{ q }
\omega { 1 } ( \mid x \mid H ) dx ) 1 / q \ leq C
( \ int \mid f ( x ) { \mid }ˆ{ p } \omega ( \mid x \mid
H ) dx ) 1 / p \\

H n H n \end{ a l i gned }\ ]

\noindent holds i f and only i f $ ( \omega , \omega { 1 } ) \ in
\widetilde{A} { p , q } ( Q ) . $

Remark . \quad In the case o f a homogeneous group the analogue o f Theorem
4 i s a l s o v a l i d ( s ee [ 1 2 ] ) .

\hspace ∗{\ f i l l }For \quad monotone \quad weights one \quad can \quad f i n d \quad the \quad weighted \quad
$ L { p } − $ e s t imate s \quad f o r \quad a

\noindent Calderon −− Zygmund operator in [ 1 3 ] and [ 1 4 ] , and f o r the a n i s o t r o p i c case
in [ 1 5 ] .

\centerline{As known [ 1 6 ] , i f $ f \ in C ˆ{ \ infty } { 0 } ( H ˆ{ n }
) , $ then the func t i on }

\ [\ begin { a l i gned } g ( x ) = C { n } \ int \mid xy ˆ{ 1 } \mid ˆ{ −
2 n } { H } f ( y ) dy \\

H n \end{ a l i gned }\ ]

\noindent i s a s o l u t i o n o f the equat ion $ L { 0 } g = f , $ where
$ L { 0 } = − \sum ˆ{ 2 n } { i = 1 } X ˆ{ 2 } { j } . $ In p a r t i c u l a r ,

\noindent our r e s u l t s l ead to

\hspace ∗{\ f i l l }Theorem 5 . \quad Let $ 1 < p < \ infty , ( \omega
, \omega { 1 } ) \ in \widetilde{A} ( Q ) , f \ in L { p }
( H ˆ{ n } , \omega ( \mid x \mid H ) ) , $ and

\ [\ begin { a l i gned } L { 0 } ( g ) = f . Then \\
\paral le l X { 0 } g \paral le l L { p } ( H n { , \omega { 1 }}

( \mid x \mid H ) ) \ leq c \paral le l f \paral le l L { p }
( H n { , \omega } ( \mid x \mid H ) ) ˆ{ , }\\
\paral le l X { i } X { j } g \paral le l L { p } ( H n { ,

\omega { 1 }} ( \mid x \mid ) H ) ) \ leq C \paral le l
f \paral le l L { p } ( H n { , \omega } ( \mid x \mid H
) ) , \\

i , j = 1 , 2 , . . . , 2 n . \\
Theorem 6 . Let 1 < p < q < \ infty { , } p ˆ{ 1 } −

q ˆ{ 1 } = 1{ Q } , ( \omega , \omega { 1 } ) \ in \widetilde{A} { pq }
( Q ) , \\

f \ in L { p } ( H ˆ{ n } , \omega ( \mid x \mid H )
) , and L { 0 } g = f . Then \\
\paral le l X { i } g \paral le l L { q } ( H n { , \omega { 1 }}

( \mid x \mid H ) ) \ leq C \paral le l f \paral le l L { p }
( H n { , \omega } ( \mid x \mid H ) ) , i = 1
, 2 , . . . , 2 n . \end{ a l i gned }\ ]

\centerline{Refe rences }

1 . \quad G . B . Fol land and E . M . Ste in , Hardy spaces on homogeneous groups .
Math . \quad Notes , No . 28 , Pr inceton Univ . \quad Press , 1 982 .

2 . N . E . Taylor , Noncommutative harmonic a n a l y s i s . \quad Amer . \quad Math . \quad Soc . ,
Providence , 1 986 .

3 . \quad A . Koranyi and S . Vagi , \quad S ingu la r i n t e g r a l s in homogeneous spaces
and some problems o f c l a s s i c a l a n a l y s i s . \quad Ann . \quad Scuola Norm . \quad Sup . \quad Pisa

\noindent 25 ( 1 971 ) , 575 − 648 .

TWO hyphen WEIGHTED L sub p hyphen INEQUALITIES .. 375
Theorem 4 period .. Let 0 less alpha less Q comma 1 less p less Q alpha comma p to the power of 1

minus q to the power of 1 = alpha Q .. and th e weights
open parenthesis omega comma omega sub 1 closing parenthesis be monotone positive functions on

open parenthesis 0 comma infinity closing parenthesis period .. Then the inequality
Line 1 open parenthesis integral bar T sub alpha f open parenthesis x closing parenthesis bar to the

power of q omega sub 1 open parenthesis bar x bar H closing parenthesis dx closing parenthesis 1 slash
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power of p omega open parenthesis bar x bar H closing parenthesis dx closing parenthesis 1 slash p Line
2 H n H n

holds if and only if open parenthesis omega comma omega sub 1 closing parenthesis in A-tildewide
sub p comma q open parenthesis Q closing parenthesis period

Remark period .. In the case of a homogeneous group the analogue of Theorem
4 is also valid open parenthesis see brackleft 1 2 brackright closing parenthesis period
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to the power of n closing parenthesis comma then the function
Line 1 g open parenthesis x closing parenthesis = C sub n integral bar xy to the power of 1 bar sub

H to the power of minus 2 n f open parenthesis y closing parenthesis dy Line 2 H n
is a solution of the equation L sub 0 g = f comma where L sub 0 = minus sum sub i = 1 to the

power of 2 n X sub j to the power of 2 period In particular comma
our results lead to
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1 closing parenthesis in A-tildewide open parenthesis Q closing parenthesis comma f in L sub p open
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parenthesis comma and
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TWO - WEIGHTED Lp− INEQUALITIES 375 Theorem 4 . Let 0 <
α < Q, 1 < p < Qα, p1 − q1 = αQ and th e weights
(ω, ω1) be monotone positive functions on (0,∞). Then the inequality

(

∫
| Tαf(x) |q ω1(| x | H)dx)1/q ≤ C(

∫
| f(x)p| ω(| x | H)dx)1/p

Hn Hn

holds if and only if (ω, ω1) ∈ Ãp,q(Q).
Remark . In the case of a homogeneous group the analogue of Theorem

4 is also valid ( see [ 1 2 ] ) .
For monotone weights one can find the weighted Lp−

estimates for a
Calderon – Zygmund operator in [ 1 3 ] and [ 1 4 ] , and for the anisotropic case
in [ 1 5 ] .

As known [ 1 6 ] , if f ∈ C∞0 (Hn), then the function

g(x) = Cn

∫
| xy1 |−2n

H f(y)dy

Hn

is a solution of the equation L0g = f, where L0 = −
∑2n
i=1X

2
j . In particular ,

our results lead to
Theorem 5 . Let 1 < p <∞, (ω, ω1) ∈ Ã(Q), f ∈ Lp(Hn, ω(| x | H)),

and

L0(g) = f. Then

‖ X0g ‖ Lp(Hn,ω1
(| x | H)) ≤ c ‖ f ‖ Lp(Hn,ω(| x | H)),

‖ XiXjg ‖ Lp(Hn,ω1
(| x |)H)) ≤ C ‖ f ‖ Lp(Hn,ω(| x | H)),

i, j = 1, 2, ..., 2n.

Theorem6. Let1 < p < q < ∞, p1 − q1 = 1Q, (ω, ω1) ∈ Ãpq(Q),

f ∈ Lp(Hn, ω(| x | H)), andL0g = f. Then

‖ Xig ‖ Lq(Hn,ω1
(| x | H)) ≤ C ‖ f ‖ Lp(Hn,ω(| x | H)), i = 1, 2, ..., 2n.
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- berg group in weighted generalized H ö lder spaces and weighted Lp− spaces .
( Russian ) Dokl . Akad . Nauk SSSR 3 1 6 ( 1 991 ) , No
.2, 27four− hyphen278.

1 2 . V . S . Guliev , Two - weighted Lp− estimates for some operators on
homo -
geneous Lie groups . ( Russian ) Current problems of the th eory of functions
( Russian ) . Abstracts of All - Union School - Conference , 33 - 34 , Baku
, 1 985 .

1 3 . S . K . Abdulaev , On some classes of integral operators in spaces of
summable functions ( Russian ) . Dokl . Akad . Nauk SSSR 283 ( 1
985 ) , No . 4 , 777 - 780 .

14 . E . G . Guseinov , Singular integrals in the spaces of functions sum
- mable with monotone weight . ( Russian ) Mat . Sb . 132 ( 1 74 )
( 1 977 ) , No . 1 , 28 - 44 .

1 5 . V . S . Guliev , On a cert ain class of anisotropic integral
operators and weight embedding theorems ( Russian ) . Dokl . Akad
. Nauk SSSR
304 ( 1 989 ) , No . 6 , 1 289 - 1 293 ; English translation : Soviet Math .
Dokl .
39 ( 1 989 ) , No . 1 , 1 99 - 204 .

1 6 . G . B . Folland . A fundamental solution for a subelliptic operator
. Bull . Amer . Math . Soc . 79 ( 1 973 ) , No . 2 , 373 - 376 .

( Received 1 5 . 2 . 1 993 )
Author ’ s address :

Faculty of Mechanics and Mathematics
Baku State University

23 Lumumba St . , Baku 370073
Azerbaij an


