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Abstract
Let K =[0,00) xR b e the Laguerre hypergroup which i s the fundamental
manifold  of the radial function space for the Heisenberg group .  In
this paper we  consider the generalized  shift  operator ,  gener-

ated by Laguerre hypergroup , by means of which the maximal function is
investigated .  For
1 < p < oo the L,(K)-— boundedness and weak L;(K)— boundedness result
for
the maximal function i s obtained .
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1. Introduction

The Hardy — Littlewood maximal function i s an important t ool of har
- monic analysis . It was first introduced by Hardy and Littlewood in 1
930
(see [12]) for functions defined on the circle , and lat er it was extended t
o the FEuclidean spaces , various Lie groups , symmetric spaces , and some
weighted
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measure spaces (see [7], [8], [16], [19], [20]). In
the setting of hypergroups , some versions of Hardy — Littlewood maximal
functions were given in [ 5 ] for the Jacobi hypergroups of compact typ e
, in [ 6 ] for the Jacobi - type hyper - groups, andin [17] for
the one - dimensional Bessel - Kingman hypergroups , in [ 2 | for the one -
dimensional Chebli —T —r imeche hypergroups , and in [ 9 ] ( see also [ 1
0] ) for the n— dimensional Bessel - Kingman hypergroups (n > 1).

In the present work ,  we study the maximal function on the Laguerre
hypergroup , so we fix a >0and K=[0,00) x R and we define the maximal
function using the harmonic  analysis  on the Laguerre hypergroup which
can be seen as a deformation of the hypergroup of radial functions on the
Heisenberg group  ( see, for example [1, 14, 15, 18]).
For 1 <p< oothe L,(K)- boundedness and weak L;(K)— boundedness
result for the maximal function i s obtained . The proof of this result
extends ideas and techniques of [10 ] .

2. Preliminaries
We consider the following partial differential operators :

braceex — braceex — braceex — braceexr — bracele ftmid — braceexr — braceex — braceex — braceex — bracele ftbt

For a=n—1,n€ N\ {0}, the operator D, i s the radial part of the sub -
Laplacian on the Heisenberg group H,.
For (A\,m) € R x N, the initial value problem

u (g )= .
braceex—braceex—bracele ftmid—braceex—braceex—bracele ftbt u(0,0)D%; = —4 | X | (m+%lz(:0;t£;02ffj_1)zl’l

has a unique solution ¢\, m given by
oA m(z,t) = ML (| N[ 2%), (2,1) €K,
where £ is the Laguerre function defined on R, by
£ () = e Pmif? (a) fmif? (0)

and m{™ is the Laguerre polynomial of degree m and order a(see [1]).
Let « > 0be afixed number , K= [0,0) xR and m, the
weighted Lebesgue measure on K, given by
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24144
o ey, a=0.

Forevery 1 <p < oo, wedenoteby L,(K) =L,(K;dm,) the spaces
of complex - valued functions f, measurable on K such that

dmg(x,t) =z

| £ o= ( /K | F(@,t) P dma(z,0)1/p < 0o, if pe[1,00),
and

I F | Loo(K) = ess(0 @ cxet) |

Let | (z,t) | K= (z* + t*)'/* be the homogeneous norm of (z,t) € K and
r > 0. We will denote by §,(z,t) = (rz,7?t), the dilation of (z,t) € K and
by B.(x,t) the ball centered at (x,¢) of radius », i.e., the set
Br(x7t) -

{(y,s) e K:| (x —y,t —s) | K < r}.LetalsoB, = B,.(0,0).
We denote by

fr(a,t) ==tV f(5,1(2, 1))

the dilation of the function f defined on K preserving the mean value of f
with respect to the measure dm,, in the sense that

/fr(x,t)dma(x,t) = / f(z, t)ydmy(z,t), VYr >0and f€ Li(K).
K K

The Fourier - Laguerre transform F i s defined for f e L;(K) by :

F()(Am) = / o N m(a 1)z, )dma (. 1)
K
and we have (see [1,15])

| F() | Loo (K) <[| f || L1 (K).
For (z,t),(y,s) e Kand @< [0,2n),r €[0,1) let

(1), (y, )0, = (‘o + y? + 2zyr cos 0)1/2,t + s + xyrsinf).

translation

are Thegeneralizedgiven for a suitable
guerre hypergroup

operatorsfunctionfby(gpa,l,t) on the La-

027r

1
o g f )5 1)df, :pa = 0, :
(’(T )Lt)f(y’ S) = { 7Ta/0 27T1f0 /(( {w,)E(Ex7(yvtg7§y9,r))d)09’ )r)?elflfrz)af(ljdw ifa > 0.
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see [1],[15]):

o fes) = o f@t), Gonflu.s) = fy.s).
1L o f I LK) < || fII Ly(K) for  f € Ly(K),
FIEL o /YA m) = F(F)(A,m)ox, m(z,t).

(@)

In[14]T'(:?;’a‘ttranslation))f (y,8)=/, Operatorf(z, U)(T x,t) Wa((l‘, is)t7 given(?J? 5)7 by(z v))z2etldzdo
S)=Jk ’ ’

where dzdvis the Lebesgue measure on K, and W, is an appropriate kernel
satisfying

/KWQ((:BJ), (y,5), (2,v)) 22 dzdv = 1.

For all (\,m) € RxN, thefunction ¢, m(x,t) satisfies the following
product formula

SN, m(z, ) oA, m(y, 5) = (%) oA, m(y, s).

a Usingthegeneralizedgeneralizedconvolutiontranslationproduct*operatorsonKby(gl 3;7,5), (x,t) €
K, we define

(5(1:,15) * 62%5) (f) = (’S“azc,t)f(ya S)a

where 6, 1s the Dirac measure at (z,t).
The convolution product is defined onthe space My(K)
of bounded Radon measures on K by

(uxv)(f) = / (), £ (4, 8)dpu(, )du(y, 5).

KxK

When u=h-m, and v = g-m,, with h and g in the space L;(K) of
integrable functions on K with respect t o the measure dm,(z,t), we have

prv=(f*g)ma, with g(y,s)=g(y,—s),
where h x g is the convolution product of h and g defined by :

(h*g)(z,t) = /K((TO‘:),C’,g)h(y,s)g(y7 —s)dmg(y,s), forall (z,t) € K.
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(My(K),*,4) 1 s an involutive Banach algebra , where i i s the involution
on K given by i(x,t) = (z,—t) and the convolution product = satisfies all
the conditions of Jewett (see [13]), Thence (Kxi) isa
hypergroup in the sense of Jewett ('see [ 3], [ 13 ] ) and the functions
¢\, m are characters of K. If o =n —1is a nonnegative integer , then the
Laguerre hypergroup K can be identified with the hypergroup of radial
functions on the Heisenberg group

Hn.

3. Polar coordinates in Laguerre hypergroup K
and some lemmas
Let ¥ =¥, denote the unit sphere in K,w, it s surface area and €, it s

volume (see [11]).  For ¢=(zt) €K, we consider the transformation
given
by

x=r(cosp)/?,  t=r2sing,

where —7/2<¢<7/2,r=¢|Kand & = ((cos ¢)'/2 sin ¢)cX.

The Jacobian associated with the above transformation
is equal to
r2et3( cos ¢)*, thus if f is integrable in K,

[ #astidmata.
K
=211 +1) =" 42/2 I° f(r(cos ¢)V/2, 1% sin ¢)r2ot3(cos ¢)*drdp. We write

2D (1o + 1) =7 17, (cos ¢)dep = / dg¢’
¥

and thus

[ st namaan= [ | TR (5, € drde 1)

Here d¢’is called the surface area element on ¥.
LEMMA 1 . The following formulas

a+
wy = 2y/aD(C5y B s +1)
and

G*

Oy = dy/ma+20) 5, VDT E+1)

are valid .
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wy = /Edg' = 27T (1o +1) =" 17, (cos §)%dg = 2/7T (1§ 3 g + 1)
By (1),

1
Q= [ dma(et) = / / P20 e — 2042 4
> JOo

By
L(“3)
=4y/ma+2)L(a+ HI(5+1).

Observe that for any (z,t) € Kand r > 0 the area of the sphere S, (z,t) of
center (z,t) and radius risequal t o 223w, and its volume i s equal t o

r2a+492 _ r2a+42awi4.

LEMMA 2 . The function f(z,t) =| (z,t) |3 is integrable in any neigh

borhood of the origin if and only if X > —2a —4, and it is integrable in the
complement of any neighborhood of the origin if and only if X\ < —2a — 4.
Proof. Forafixed A#—-2a—-4and 0<a<b< oo, we have

/ | @1) [} dma(,t)
a<|(z,t)|K<b
b
— / / ,r20¢+3+)\d,r,d§/ — 2awi4(b2a+4+)\ _ a2a+4+)\)’
X Ja

and thus the thesis follows .
LEMMA 3. For every (z,t),(y,s) € K and
r > 0 the  function
() xBY.s)is supported in B, (z,t) and the following inequalities are

valid(:t):

maBr(z,t) < Cr2atd max{1, (x/r)**T1},

mB.(x,t) < Cr**T max{1, (x/r)?* T3},

|z —yl<r|t—s|<z(x+r)}. whereB,(z,t) = {(y,s) € K
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(520X Br(y,s) =0 for any (y,s) € K\ By(x,1), and
thisp*®™ ner, that the support of function ((Ta;7t)xBr(y,s) belongs t 0 B, (x,t).

M Br(2,t) = mo B (z,0)

xr+r 7’2

= / dmy(y,s) < / yzo‘“dy/ds

{(y.5) €Ki (w—y,8) [K} (w=r)s —0°

’fzg‘j; .2 <>r" = Or** M max{1, (z/r)?* Y,

e

and

mfr(m,t) = / dme(y, s)

{y,s) eK:lz—yl<nr|t—s|<z(x+r)}
x4+r z(x+r)

S / y20¢+1 dy / ds

(@—1)s —alz+7)
< C{ ,:‘5;1:3 Coa® <>rm = Cr* ™ max{1, (x/r)?* 3},
where(z — r)+ = max{z — r,0}.
Thus the proof of Lemma 3 i s completed .
4. L,— boundedness of maximal function on the Laguerre

hypergroup
We now consider the maximal operator

Mf(x,t) = Sgrgla,,LB7./B 0 | [y, s) | dma(y, s).

THEOREM 1 . 1)1If feLi(K), then for every B >0

ma{(z,t) €K : Mf(z,t) > 8} < c,e/K | F(2,t) | dma (@, t),

where C >0 is independent of  f.
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2)If feL,K), 1<p<oc,then Mf e L,(K)and

[ Mf | Lp(K) < Cp || f I Lp(K)

where C, >0 is independent of f.

P r o o f. Themaximal function Mf(z,t) may be
interpreted as  a maximal function  defined on a space of
homogeneous type . By this we mean a topological space X equipped

with a continuous pseudometric p and a positive measure v satisfying

V(E(S,2r)) < Cv(E(E, 7)) (2)

with a constant C; independent of ¢ and r > 0. Here E(¢,r)={ne X
p&n) <7}, p&n) =l&—n].Let (X,p,v)b e a space of homogeneous type .
Define

M, f(z) = sup w(E(€,r)) " /E eI

r>0

It i s well known that the maximal operator M, i s of weak type ( 1,

1) andis bounded on L,(X,dv)for 1 <p< oo (see[4]). We
shall use this result in the case in which X =K, ¢ = (2,¢), n= (y,s) €
K,p(&n) =

max {|z—y/|,(t—s)?}, dv(€) = dmy(z,t). It 1is clear that this

measure satisfies the doubling condition ( 2 ) .
We will shall show tha

Mf(z,t) < CM, f(£). (3)

F—rom the definition of the generalized shift operator it

follows  that 7(=) (2, )Moreover XBr (9, ), issupportedthere exists infcg(fs’fint@ such
that

0 < (¥),0XBr(y,5) < min{1, Ca(r/x)** 3}, V(y,s) € By(a,1). (4)

In thery,s case z < r this follows from the simple inequality 0 < (g?;,t) B (y,s) <

1.

Mf(l‘,t) < le(xvt) + M2f(x7t)7

where

Myf(z,t) = supla,, 5, / (o 1 £y, ) | dma(y, s),

r>x -

Mof(z,t) = sup Lo, 5, / (o | F(5,5) | dma(y, s).
B,

r<z
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from Lemma 3, mZ.(z,t) < Cr?*t also
wemaBr = Qor?ett and (gqa)z,t)xBr(y,s) < 1 forall (y,s) € B.(z,t).

have

Thus

My f(2,t) < sup L, 5, Bues, (2,8) | F(,9) | (F%,0XBr(y, 5)dma(y, s)

r>x

S CSUP Eémr(xvt)BIGE)r(xvt) | f(yvs) | dmoz(yvs) S CMVf(f)

r>x

If » < 2 then by Lemma 3 and (4), mP.(x,t) <

ol

Crz?*+t3 and (;“;,t)XBﬁy,s) < (r/z)*+3 for all (y,s) € Bu(z,t). This yields -

M2f(x» t) S sup ]-oszTBmGST (1'7 t) | f(.% 8) | (’(Ta)m.,t)XBr(ya S)dma(yv S)

r>x

< ngp B, +(x,t)Bags, (x,1) | f(y,5) | dma(y,s) < CM, f(§).
Therefore we get ( 3 ) , which completes the proof . COROLLARY 1 . If
f S Lloc(K)a then

lim 1, 5, / () 7 (9s5) — Flast)]dma(y,s) = 0
r—0 B,

for a . e . (x,t)ek.

As an application , we give a result about approximations of the identity .
The maximal function can be used t o study almost everywhere convergence
of fx¢e as they can b e controlled by the Hardy - Littlewood maximal
function M f under some conditions on ¢.

THEOREM 2. Let ¢ a nonnegative and decreasing function on
0, 50),
| p(z,t) [< (| (z,t) |) and (] (x,t) |) € Li(K). Then there exists a constant
C > 0 such that

Mo f(@,t) =sup | (f+ ¢r)(z,t) [< CM f(z,1).
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o)) 1= | [ (80 5)0m (3 =)dma(y.5)
k=—oc0
< ; /B e 1K) | F(0:5) | dmaly, s)
k=—oc0 (
—2a—4 k )
<X e /B o 0 1769 et

0
< QQ Z 2(k+1)(2a+4)w(2k> Mf(l',t)
k=—00

%
_ 92a+4 ( 0, S 2kRad)y(2k) ) M f(x,t),
k

= —00

where we have used the fact that m,B, = Q.r?*™*. On the other hand , we
have

k=—oc0

/1/) (z,t) | K)Ydmg(z,t) = Z / | (z,t) | K)dmq(x,t)
Byk+1, \321@

00

> O Z (2k(2a+4) _ 2(k—1)(2a+4))w(2k)

k=—00

k=—o0

_ (1 _ 2—2a—4) ( 0, Z 2k(2a+4)w(2k) ) .

The proposition i s proved , as (| (z,t) |) € L1(K).
COROLLARY 2. Let ¢ € [L,(K) and assume
Jx o(z, t)dmg(x,t) = 1.

Thenforf € L,(K),1 <p < o0
tim || £ % 67— £ | Ly(K) = 0
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