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1 Introduction
Many mathematicians have recently studied various matrices and analogs of these matri-
ces. Especially, these matrices are the Bernoulli, Pascal and Euler matrices [1-11]. These
matrices and their analogs are obtained using numbers and polynomials such as the
Bernoulli, Euler, g-Bernoulli, and g-Euler expressions [5, 12-18].

In this study we are interested in some matrices whose entries are the Bernoulli
F-polynomials, Bernoulli-Fibonacci numbers, Euler—Fibonacci numbers and Euler—
Fibonacci polynomials.

The Fibonacci sequence {F,},> is defined by

Fn+2:Fn+1 +Fm
Fy=0, Fi=1.

F, =

For convenience of the reader, we provide a summary of the mathematical notations and
some basic definitions of the Fibonomial coefficient.
The F-factorial is defined as follows:

Fn!:FnFn—an—Z"'Fl, FOIZL
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The Fibonomial coefficients are defined n > k > 1 as

AN F,!
k F_Fn—k!Fk!’

with (g) y=1land (Z) 7 = 0for n < k. Fibonomial coefficients have the following properties:

and

(:).6),- G).G5),

The binomial theorem for the F-analog is given by

@+ry)' =Y (Z) xkynk, (1)
k=0 F

The F-exponential function ¢’ is defined by

n

Gy
e = E T (2)
n=0 ="

in 19, 20].

2 The Bernoulli F-polynomials and some of its properties

Firstly, we mention the Bernoulli F-polynomials. Krot [19] defined the Bernoulli F-
polynomials. In this section, we obtain an exponential generating function of the Bernoulli
F-polynomials. Then we give some properties of the Bernoulli F-polynomials.

Definition 1 ([19]) Let (2)  be Fibonomial coefficients and F), be the nth Fibonacci num-
bers, and we use Bernoulli’s F-polynomials of order 1; we define

Bn,F(x) = Z Fk1+1 (Z)Fxnk. (3)

The first few Bernoulli’s F-polynomials are as follows:

Bor(x) =1,

Bir(x) =x+1,

2 1
Byp(x) =x"+x+ >

3 2 1
B3p(x) =x" +2x" +x + 3

1
Bur(x) =x* + 3% + 3% +x + =
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15 1
Bsr(x) =x° +5x* + 7x3 +5x% +x + g
Theorem 1 The exponential generating function of the Bernoulli F-polynomial B, r(x) is

~ ef(e-—1)

glx) 4)
Proof For the proof, we use the F-exponential function e.
eflep—1) 1[xn ,t" =\t
T SR\ L
n=0 n=0
1\ =, T
o n 1 xn—k
= Z Z EE 2
=0 \ k=0 k+1+ L'n—k
i Xn: 1 (n) wi) t
= x -
=0 \ k=0 Fk+1 k F F,!
o n
= ZBH,F(x)F._n' D
n=0
Theorem 2 Let B, r(x + y) be the Bernoulli F-polynomials, we have
"\ (n
Bur(x+y) =Y ( ) Bir(x)y"™, ()
k=0 kJ ¢
where Byp(x +y) = Yoo 5o (1) (¢ +£ 9)"* for all nonnegative integers n.
Proof By virtue of the definition of the Bernoulli F-polynomials we get
(St (St ) (5502
(%) —— y'— | = —
n=0 Fy! n=0 Fy! n=0 \ k=0 Bl Fuy!
oo n n t"
=3 (Z ( k) Bk,p(x)y”‘k> —. ©6)
n=0 \ k=0 F "
On the other hand,
= "\, 1" e 1 (1 "\ [, 1"
B ,F(x)_ n” | _ ) xn—k_ n
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n k=0
[o¢] tn

=Y Bup(x+y) 0 (7)
L E,!

Comparing the coefficients of Iﬁ—:, on both sides of Egs. (6) and (7), we arrive at the desired
result. O

3 The Euler-Fibonacci polynomials and their relation with Bernoulli
F-polynomials

In this section, we define the Euler—Fibonacci numbers and the Euler—Fibonacci poly-

nomials. Then we obtain their exponential functions and the relationship between the

Bernoulli F-polynomials and these polynomials.

Definition 2 For all nonnegative integer #, the Euler—Fibonacci numbers E, r are defined
by

"\ (n
Eyp=-) (k) Er (8)
k=0 £

where Egr = 1.

The first few Euler—Fibonacci numbers are as follows:

Eor Evr Eyr Esr Eur Esp
1 -1 1 1 u 1
2 a i 8 16
Theorem 3 The exponential generating function of Euler—Fibonacci numbers E, f is de-
fined by

f: - -
Enrr = . )
— "R b+l

Proof For the proof, we show that

(o] t"
<Z‘En,pp—nl> (eh+1)=2.
n=0

From (2), we have

oo t" oo t” o0 t” oo t”
() (S ) - () (25

n=0 n=0 n=1
00 n oo [n-1 E 1
k,F
=2 E F + t"
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o0 tn o0 t"
=2 ZEn,FF_n! + Z(_zEn,F)F_n!
n=0 n=1
=2,
which is the desired result. g

Definition 3 The Euler-Fibonacci polynomials E,, r(x) are defined by

n
E,r(x) = Z ( k) Ep "k,

k=0 F

where Eg r(x) = 1 and E, r are the nth Euler—Fibonacci numbers.

The first few Euler—Fibonacci polynomials are as follows:

Eor(x) =1,
1
EI,F(x) =X — 51
x 1
Epp(x) =% - = - =,
2 F(x) =x 2 4
x 1
E Y opp—
3F(x) = %" —x 2 2
3 3 3 11
E4p(x):x4—§x3—22 R
5 15 15 55 17
Esp(x) =x° — &% — 3 Pl e p—
2 4 4 8 16

Theorem 4 The exponential generating function of Euler—Fibonacci polynomials E, p(x)

is defined by
iE w2 (10)
LN T (e v 1)

Proof By virtue of the definition of the Euler—Fibonacci polynomials, we get

2e¥ " "
=Y Er n_-_
(ef +1) 20: " F'g E,!
o \ico Tkt Fnd!
o0 n
t}’l
()2 )5
n=0 \k=0 "/ F
= En,F(x)_~
n=0 F"' O

In the following proposition, we will give a relationship between the Bernoulli F-

polynomials B, r(x) and the Euler—Fibonacci polynomials E,, ¢(x).

Page 5of 16
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Proposition 1 Let n be a nonnegative integer,

X E o r(x) & 1 (n N
B, r(x) = Filw( + Z Fon (k>1-'( M1 Erar ). (11)
n+ =0 +

Proof For the proof, we use the exponential generating functions for the Bernoulli F-

polynomial and the Euler—Fibonacci polynomials. We have

ZBnF(x)_

e(et - 1)
t

(e+1)( ., 26
= ——- | € —
¢ Foet vl

:(i£+l)< xtnl—ZEnp(xtn1>

n=0 =0
%) o [ ) p
(2 e ) e - B @)
n=0 - " n=0 n+l.
(R L e (2 Erast) £
=0 \ k=0 Fri1! F,_i! P F. 1 F,!
n o0
1 n+l -E o
= —<") (1 = B p () tn+z("7"+1f("))_
=0 Fk+1 k F — Fn+1 Fn!

2 Er(x) < 1 (n ¢
n+1,F n z : ( ) (xk+1 —Ek+1,F(x)) s
Fn+1 k=0 Fk+1 k F Fn'

Comparing the coefficients of t”/F,! on both sides of the above equations we arrive at the

desired result. O
Also,
Borls) 2<xn+1 _Em,;(x)) . i 1 (n) (1 Eop(0) 12
nF\X) = - =~ — Lk+1, .
d Fn+l =0 Fk+1 k F frLE

For example, if we take # = 2 in Proposition 1, we have

2
Byl = = Ear® 5 1 (2> (F1 = B ()
F
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Proposition 2 Let E, r be the nth Euler—Fibonacci number. Then we have

n

" (n 1 (n
B/(,F(x)En—k,F = ( ) En—k,F(x)' (13)
%), 25 W,

= Z( F: L (Z) Enk,F(x)) t_" (14')
+ F ne

n=0 n k=0
o0 n o0 t"
= ZEVIF_‘ ZBn,F(x)_‘
n=0 " p=0
o0 n 7 t”
= Z( < k) Bk,F(x)En-k,F) P (15)
n=0 \ k=0 F "

From (14) and (15), we get

n n

n 1 (n
Bir(X)E, i = E,_kr(x).
Z(k>F o F () Eyio ;Fm (,{)F (%) -

k=0

For example

> (2 1 N\ [, 1
Z Bir(X)Eyjr=—+@x+1)[—= )+ (&®+x+= |1
k=0 kJ 4 2 2

4 The Bernoulli-Fibonacci numbers and the Bernoulli-Fibonacci polynomials
In [20], the author defined the nth Bernoulli-Fibonacci numbers and the Bernoulli—
Fibonacci polynomials. For all nonnegative integers #, the nth Bernoulli—Fibonacci poly-
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nomials B (x) are given with the exponential generating function as follows:

o0

N
Y B = (16)
“— F! e +1

where BZ(0) = BE.

Let the nth Bernoulli-Fibonacci number be BE(0) = BZ, its exponential generating func-

tion is
oo
t" t
)Y A (17)
— F,! e +1

Proposition 3 ([20]) Let the nth Bernoulli-Fibonacci numbers be BE having defined BE = 1

and

B=-Y IGL% a8)

=0 Fn—k+1

The first few Bernoulli—-Fibonacci numbers are as follows:

F F F F F F F F

B B B BE Bf BE Bf BE
1 -1 L _1 3 _5 101 _33
2 3 10 8 39 21

Proposition 4 ([20]) The recurrence formula of the nth Bernoulli—Fibonacci polynomials
is
n

Bl =Y (Z) Ffo”‘k. (19)

k=0

The first few Bernoulli-Fibonacci polynomials are as follows:

Bi(x) =1,
Bfx)=x+1,
F 2 1
By(x)=x"—x+ X
F 3 2 1
B;(x) =x" — 2x +x—§,
F 4 3 2 3
By(x)=x"-3x"+3x" —x+ —,
10
15 3
Bg(x)=x5—5x4+—x3—5x2+—x——.
2 2 8

Now, we give the relationship of the first few Bernoulli F-polynomials B, r(x) and
Bernoulli-Fibonacci polynomials B/, (x) and the classical Bernoulli polynomials B, (x) with

graphics in Fig. 1.

Page 8 of 16
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10 100

Figure 1 Graphs of B, f(x), Bﬁ(x) and B, (x) forn=2,3,4,5

5 Fibo-Bernoulli matrices

In this section, we define an interesting Fibo—Bernoulli matrix by using the Bernoulli
F-polynomials. Then we obtain a factorization of the Fibo—Bernoulli matrix by using a
generalized Fibo—Pascal matrix. Moreover, we obtain the inverse of the Fibo—Bernoulli
matrix. We define the Fibo—Euler matrix, the Fibo—Euler polynomial matrix and their in-
verses. Also, we show a relationship of the Fibo—Bernoulli matrix, Fibo—Euler matrix and

Fibo—Euler polynomial matrix.

Definition 4 ([5]) The generalized Fibo—Pascal matrix U, ,1[x] = (U,,1(x;1,/)) is defined
by

i il i
,)Fx/ ifi >},

un+1(x; lr]) S 4 (20)
0 otherwise.
Example 1 We have
(1 o0 0 0 0 0]
x 0 0 0 0
2
X X 1 0 0 O
Uglx] =
fl=ls 02 w1 0 o0
At 3% ex* 3x 1 0
| x° 5x* 15x% 15x% 5x 1|

Definition 5 ([5]) For n > 2, the inverse of the generalized Fibo—Pascal matrix V'(F) = (v;)

is defined by
bl‘_'+ l xi’/ ifi >j,
vy = 120 ! (21)
0 otherwise,

where b; =1 and b, = — Z: bk(l:l)F'
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Example 2 For n =5, the inverse of the generalized Fibo—Pascal matrix V(F) is as follows:

1 0 0 0 0 0]
—x 1 0 0 0 0
V(E) - (; —x 1 0 0 0
X 0 —-2x 1 0 0
-t 3x8 0 -3x 1 0
| -6x° —5x* 15x* 0 —5x 1]

Definition 6 Let B, r(x) be the nth Bernoulli’s F-polynomial. (r + 1) x (1 + 1); the Fibo—
Bernoulli matrix B(x, F) = [b;j(x, F)] is defined by

N Biir(x) ifi>],
by = | VP 2 (22)
0 otherwise,

where 0 <i,j <n.

For n = 3, the Fibo—Bernoulli matrix is as follows:

1 0 0 0
x+1 1 0 0
B(x,F) = 5 1
Xt+x+ 5 x+1 1 0
42t tx+3 2P +2+1 242 1

Now, we define a special matrix by using the Fibonomial coefficient. Then we obtain the

factorization Fibo—Bernoulli matrix by using the generalized Fibo—Pascal matrix.

Definition 7 Let the nth Fibonacci numbers be F,. For 1 <i,j < n + 1, the W(F) = [wy]
matrix is defined as follows:

(e i)

Wi = (23)
0 otherwise.
For n = 5, the W(F) matrix is
1 0 0 0 0 O]
1 1.0 0 0 O
1
=1 1 0 0 O
W(F)=|2
112 1 00
13 3 10
1 15
s 1 5 3 5 1]
Proposition 5 ([4]) We have
n
n 1
Bf =F,'8,0. 24
Z<k>1_~ n_ka+1 n+9n,0 ( )
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Theorem 5 Let BE be the nth Bernoulli-Fibonacci numbers. T(F) = (il (r+1) x (n+1)» LheE in-
verse of the W (F) matrix, is

0,85, iz

L= (25)
0 otherwise.
Proof We have
(TEYW(F)), Ztlkwk,
() ()
= ka—}+1 ]/ F
-2(),(7) s
Fk—1+1
N T 1
(0,200 o
i
= <’> F,»,j!(S,»,j,o.
F
Hence, (T(F)W(F)); = 1 for i =j and (T(F)W(F)); = 0 for i #}. O

For n =5, T(F) is as follows:

0 0 0 0 0
-1 1 0 0 0 0
1
1 1 1 0 0 0
T(F)=| 2
-1 21 0 o0
3
21 3 3 1 0
5 3 15
s 2 > 7 > 1]

Theorem 6 Let B(x, F) be the Fibo—Bernoulli matrix and U,,[x) be a generalized Fibo—
Pascal matrix, then

B(x, F) = U1 [x] W (F).

Proof We have

(Ulx- w(F)), Zu,ka,
F0 750
pr k F Fk—j+1 ] F

-0, 275
/ F i Frjoi \k=j/ F

Page 11 of 16
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O EAD
F oo Fk+1 k F
i
= </> Bi_jr(x)
F

= [B(, F)]

i

Example 3 For n =3, we have

1 0 0 0 1 0 0 O
X 1 0 0 11 0 0
Uy [x]W(F) = X
n+1[] () xz x 1 0 % 11 0
¥ 26 2 1 ;1 21
B 1 0 0 0
B x+1 1 0 0
- Ktxtl x+1 1 0
[P +2% +x+ 2 2% 42041 2x+2 1
= B(x, F).

Theorem 7 Let D(x,F) = [d] be the (n + 1) x (n + 1) matrix defined by

d“ _ (]l)F ;(_:10 (l;j)FBlF—j—kbk"'lxk #i Z j’
ij =

0 otherwise.
Then D(x, F) is the inverse of the Fibo—Bernoulli matrix. Thus,

B~ Y(x,F) = D(x,F).

Page 12 of 16

(26)

Proof Let U,.1[x] be a generalized Fibo—Pascal matrix. Using the factorization of B(x, F)

in Theorem 6
B (x,F) = W (F)U,}, [x] = T(F)V(F)

and the inverse of the generalized Fibo—Pascal matrix in (21), we obtain

[T(F)V(F>]i,=2(,i) Bh(f) bijax”
F F

k=j

. i PR
l 11— .
= (,) Z( ]'> B jbijnx"”
F k=j k_] F

; =,
k -
F k=0 F

- [P, P)]..

g
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Example 4 For n =4, D(x, F) is as follows:

[1 0 0o 0 o0 1 0 0 0 ©
-1 1 0 0 0 -« 1 0 0 0
DxF=|31 -1 1 0 0fx -« 1 0 0
-+ 1 -2 1 0 0 2x 1 0
|5 -1 3 -3 1 —-x* 3x* 0 -3x 1

' 1 0 0 0o 0

—x—1 1 0 0 0

= X+ 3 —x-1 0 0

X -x-3 22+1  -2x-2 1 0

| 2" -3 +x+ 3 3x°-3x-1 6x+3 -3x-3 1

Definition 8 Let E, r be the Euler—Fibonacci number. For 1 <i,j < n + 1, then the Fibo-

Euler matrix Er = (ef); is defined as follows:

(ll) FEi—/‘,F ifi>},

otherwise.

(er)y = (27)

Example 5 For n = 3, the Fibo—Euler matrix is

—_
- O
(=}

Er=

|
NN I
|

= o
= O O O

|
|
—

ST
N N

Definition 9 ([5]) The Fibo—Pascal matrix U, 1,r = [#i;](s+1)x(s+1) is defined by

i ep . "
>
Mij: (])F lfl_]’
0 otherwise.

Proposition 6 ([16]) Let E, r be the Euler—Fibonacci number

" n
D\ ) Bnkr + Enp =280 (28)
o N E

Theorem 8 Let U, = [u;;] be the (n + 1) x (n + 1) the Fibo—Pascal matrix, 1,,.1 be the

identity matrix, and Er be the Fibo—Euler matrix, then we get

1
E(Urﬁl,lf + In+1) = EEI

Page 13 0of 16
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Proof We have
1 1
Ep—(Upirp +1ni1) | = z(Erlyirr + Ep)jy
2 ;2
L/ 1(k i
=Z Ewr=|.) +|.) Ejr
pa k) g 2\j/F F
30,262,700+ () 2
=3 . i-kFt\ . i—j,F
2 F
i—j . .
(l [ < ) imjk,F +Ei—j,F:|
Fl k=0

([ 28011
()
F

Thus, for i =}, () 80,i-j = 1 and for i #j () 80,i-j = 0. Hence,

l\Jl’—‘

)2
)
)

l\JlP—‘

1
E(UH+I,F +1n+1) :E;1~ g

Definition 10 Let E, r be the Euler—Fibonacci number. For 1 <i,j < n+ 1, then the Fibo-

Euler polynomial matrix Er(x) = [(¢r);] is defined as follows:

N Eipxid ifi>],
(er)ij = (]) 7 =/ (29)

otherwise.

Example 6 5 x 5 For n = 4, the Fibo—Euler polynomial matrix is as follows:

1 0 0 0 0
= 1 0 0 0

Ep(x)= |- = 0 0
= 2 x 1 0
st s 32 _am
8 4 2 2

Theorem 9 Let Hr(x) = [(hF);] be the inverse of the Fibo—Euler polynomial matrix, then

we have

1
HF(x) = 5 (un+l[x] + In+l): (30)

where Uy ,1r is (n + 1) x (n+ 1) Fibo—Pascal matrix and I,,,, is the identity matrix.
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Proof

L[ o (k (i iy
(Ep(x)(un+1 [x] + In+1))ij = Z (k) Ei—k,Fxl_k (]) xk_] + </> Ei*f:Fxl_]
F F F
S (i i, (1 -
Z ) Eickrx™ + | ) Eigjrx™
Fio k=j) F

i,
. i—
a7 |: ( p ]) Eijkr+ Eij,Fj|
F o \ KX /F
i iy
= 2</> x’"’So,i_,'
F

fori=j (;)in‘fSO,i_,» =1andfori#j (;:)in‘780,i_j = 0. Thus the proof is completed. O

Now, we obtain the Fibo—Bernoulli matrix factorization by using the inverse of the Fibo—
Euler polynomial matrix.
Theorem 10 Let B(x,F) be (n + 1) x (n + 1) the Fibo—Bernoulli matrix, then we have

B, F) = [2He(x) ~ L W (E). (31)

Proof We have

and
([2HE(x) - 8] W(F))ij =0

for i =j =k and i<k <j. Thus the proof is completed. O

Page 150f 16
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