International Mathematical Forum, Vol. 6, 2011, no. 1, 39 - 47

Solutions of Nonlinear PDE’s of Fractional Order
with Generalized Differential Transform Method

Aysegiil Cetinkaya®, Onur Kiymaz’, Jale Camh®

Ahi Evran Uni., Dept. of Mathematics, 40200 Kirsehir, Turkey
“acetinkaya@ahievran.edu.tr, Yiokiymaz@ahievran.edu.tr, ¢jalecamli@hotmail.com

Abstract

In this paper we use the generalized differential transform method
for determining the approximate analytic solutions of fractional KdV,
K(2,2) and mKdV equations.
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1 Introduction

Various phenomena in physics, like diffusion in a disordered or fractal medium,
or in image analysis, or in risk management have been modeled by means of
fractional partial differential equations. In general, there exists no method
that yields an exact solution for these equations.

However, in the past decades, both mathematicians and physicists have
devoted considerable effort to the study of explicit and numerical solutions to
nonlinear differential equations of fractional order.

S. Momani and Z. Odibat have written a series of papers solving linear and
nonlinear partial differential equations of fractional order (see [1-3]). Recently
they developed a semi-numerical method for solving linear partial differential
equations of fractional order [4]. This method is named as generalized dif-
ferential transform method (GDTM) [5] and is based on the two-dimensional
differential transform method (DTM) and generalized Taylors formula [6].

In the present paper we employ GDTM for solving some nonlinear partial
differential equations with fractional order which already solved with homotopy
analysis method (HAM) [7] and variational iteration method (VIM) for g =1
[8] before.
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2 Basic Definitions

In this section, we give some definitions and properties of the fractional calcu-
lus.

Definition 2.1 A real function f(t),t > 0, is said to be in the space C,,,
p € R, if there exists a real number p(> ), such that f(t) = t* f1(t), where
fi(t) € C(0,00), and it is said to be in the space C;, if and only if fm e
Cu,neN.

Definition 2.2 The Riemann-Liouville fractional integral operator (J*) of
order o > 0, of a function f € C,, p > —1, is defined as

JOE(E) = ﬁ/o(t—s)“‘lf(s)d& a0,

Iy = ().

Properties of the operator (J%) can be found in [9,10], we mention only the
following:
For feC,,p>—-1, o,B>0andy>—1:

L JeJof(t) = JUPf(t),
2. JeJPf(t) = JPJYf(t),

apy — PO+ o+t
3- J t’y —_— mt ’y.

The Riemann-Liouville derivative has certain disadvantages when trying to
model real-world phenomena with fractional differential equations. Therefore,
we shall introduce a modified fractional differential operator D® proposed by
M. Caputo in his work on the theory of viscoelasticity [11].

Definition 2.3 The fractional derivative of f(t) in the Caputo sense is
defined as

DA f(t) = oD f(t) = ;) / (t — sy 0 (5)ds,

I'n—-a«
forn—1<a<n neNt>0 felC".

Also, we need here two of its basic properties.
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Lemma 2.4 [fn—1<a<n,n€Nand f €C}, u>—1 then

(D*J) f(t) = f(t)
and

o Ty o k+
(JD*) f( Zf (0 k|, t>0.

Definition 2.5 For n to be the smallest integer that exceeds o, the Caputo
time-fractional derivative operator of order o > 0, is defined as

O"u(x,t

L [t — sy (x, s) ] ds,n — 1 < a < n,
Diu(x,t) = { F(n—a)) 004[: . s }

otn

For more information on the mathematical properties of fractional deriva-
tives and integrals one can consult [12].

3 Analysis of the Method

Consider a function of two variables u(z,t), and suppose that it can be rep-
resented as a product of two single-variable functions, i.e., u(z,t) = f(z)g(t).
Based on the properties of two-dimensional differential transform, the function
u(z,t) can be represented as

o0

u(z,t) = ZFa (x — xg kaZGg (t —to)"
k=0
= ang ]{? h x — .To)ka(t — to) (1)
k=0 h=0

where 0 < o, f < 1. If function u(z,t) is analytic and differentiated contin-
uously with respect to time ¢ in the domain of interest, then we define the
generalized two-dimensional differential transform of the function u(zx,t) as
follows:

1 a \k h
[(ak + 1)T(Bh + 1) [<Dro) (Dy) U(l’,t)] o) (2)

Uap(k,h) =

where (D2)F = D¢ D2 ...D%  k—times. Besides, equation (1) is also called as
the generalized inverse dlfferentlal transform of U, g(k, h). In case of a = g =
1, then generalized two-dimensional differential transform (2) reduces to the
classical two-dimensional differential transform.

Based on equations (1) and (2), we have the following properties [4].
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1. If u(z,t) = v(x,t) £ w(z,t), then
Uap(k,h) =V, p(k,h) £ Wos(k,h).
2. If u(z,t) = v(x,t), A € R, then
Uap(k,h) = AV, s(k, h).

3. If u(z,t) = v(x,t)w(x,t), then

ko h
Uap(k,h) =Y Vas(rh— s)Wop(k —1,5).
r=0 s=0
4. If u(z,t) = (x — 20)"*(t — to)™”, then
Uap(k,h)=06(k—n)d(h—m).
5. If u(z,t) = v(x, t)w(x,t)q(x,t), then

k
aﬁkhzz

r t

e
>

—r —s

h
DY Vas(r h— s —p)Waslt, )Qas(k —r —t,p).

s=0

I
o
3

I
o

6. Ifu(z,t) = f(x)g(t) and the function f(z) = z*h(z), where A > —1, h(x)
has the generalized Taylor series expansion h(z) = > 7 an(z — )~
and

(a) B <A+ 1 and « arbitrary or
(b) B > A+ 1, a arbitrary and a, = 0 for n = 0,1,...,m — 1, where
m—1<p<m.

Then (2) becomes

1
k(D) Yeu(, t)

Uyglk, h) = .
”B( ) F(Oék + 1)F(/Bh + 1) o ($O7t0)

7. Ifu(z,t) = DY v(z,t),m —1 <y <mand v(z,t) = f(x)g(t) then

['(ak+~v+1)

o k7h:
Uaus(k; h) [(ok + 1)

Vaﬂ(k + ’7/0&, h)

8. If u(z,t) = D} v(x,t),m —1 <y <mand v(x,t) = f(x)g(t) then

I'(Bh+~v+1)
I'(Bh+1)

Uas(k,h) = Vas(k,h+/B).
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4 Test Problems

In this section, we present three examples in [7] to illustrate the applicability
of GDTM to solve nonlinear fractional partial differential equations.

Example 4.1 Consider the fractional KdV equation where 0 < g <1
DJu — 3(u?)y 4 ey = 0, (3)

with initial conditions u(x,0) = 6x, [7].
Taking the two-dimensional transform of (3) by using the related properties,
we have

F(ﬁ(h+1)+1) B k+1 h
rE T UkhtD) = 3(kr+1);;U(r,h—s)U(k’—r+l,s)
—(k+1)(k+2)(k+3)U(k+3,h). (4

The generalized two-dimensional transform of the initial condition can be ob-
tained as follows:

Uk,0) = 0,k=0,2,3,...
U(1,0) = 6 (5)
By applying (5) into (4) we can obtain some value of U(k,h) as follows:
Uk,1) = 0,k=0,2,3,...

63
Ul,1) = ———
(1,1) I'(B+1)
U(k2) = 0,k=0,23,...
2.6°
U(l,2) = —0
L2 = tes+D
U(k3) = 0,k=0,23,...
4.67 T (28 + 1
U(13) = — oT2+1)

rasg+1) I2@E+1)rEg+1)

Consequently substituting all U(k,h) into (1) and we obtain the series form
solutions of (3) as

u(z,t) = 6z+ & wt? + 2.6 wt?’
T r(B+1) r28+1)
4.67 T
0 + 6T @25+1) ot +
EES A EICES )N ESY
For the special case =1 is [§]
6z

u(z,t) = 6z (1+ 36t + 36*t* + 36°t° 4 ...) = T
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Example 4.2 Consider the following fractional K(2, 2) equation where 0 <
g<1
D;SBU + (U?)e + (U*) 220 = 0, (6)
with initial conditions u(x,0) = x, [7]. Taking the two-dimensional transform
of (6) by using the related properties, we have

L(B(h+1)+1) - B+l h
T(Bh+ 1) lﬁhh+n—“*k+U§%§;Umh—@Uw—r+L@
029 S S U 0 5.9) o

The generalized two-dimensional transform of the initial condition can be ob-
tained as follows:

Uk,0) = 0,k=0,2,3,...
U(1,0) = 1 (8)

By applying (8) into (7) we can obtain some value of U(k,h) as follows:

Uk,1) = 0,k=0,2,3,...

—2
U(,1) = —=
LD = 5y
Uk,2) = 0,k=0,2,3,...

23
Uul.2) = ———
12 = a7 7
Uk,3) = 0,k=0,2,3,...

5 3

L3 = 2 21 (26 + 1)

"I(38+1) T2(B+1)T(33+1)

Consequently substituting all U(k,h) into (1) and we obtain the series form
solutions of (6) as

u(z,t) =z — F(B1D)  T25+1) \T(3B+l) (A 1LBALL)

For the special case =1 1is [8]

2xtP 231428 25 231 (2+1
v x ( (5+) )xtw—l—...

T

t) =x — 2ot + dat® — 8xt> 4+ ... = .
u(z,t) = x — 2zt + 4z xt” + o
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Example 4.3 Consider the modified fractional KdV (mKdV) equation where
0<p<1

1

with initial conditions u(x,0) = x, [7]. Taking the two-dimensional transform
of (9) by using the related properties, we have

k+1 h

F@(h+1)+1) 1
rEnn O EBATD = kD2 3 UG h-sUk-r 1)
+(k+1)(k+2)U(k+2,h) (10)

The generalized two-dimensional transform of the initial condition can be ob-
tained as follows:

Uk,0) = 0,k=0,2,3,...
U(1,0) = 1 (11)

By applying (11) into (10) we can obtain some value of U(k,h) as follows:

Uk, 1) = 0,k=0,2,3,...
-1
Uui,1) = ———
R N CESY
Uk,2) = 0,k=0,2,3,...
2
U(1,2) = — =
(1,2) L28+1)
Uk,3) = 0,k=0,2,3,...
o 4 (26 + 1)

"T(38+1) T2(B+1)T(33+1)

Consequently substituting all U(k,h) into (1) and we obtain the series form
solutions of (9) as

xt? n 20t _< 4 ['(26+1) )t35+
(B+1)  T(28+1) \I(B+1) T2(B+)TBA+1))" T

For the special case 5 =1 is [8]

)=z —
u(wt) =

HD=ax—at+at? —at® +... = .
u(z,t) =x —at+x xt” + 57

5 Conclusion

For illustration purposes, we considered three examples. Results obtained us-
ing the scheme presented here agree well with the numerical results presented
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elsewhere. Results also show that the numerical scheme is very effective and
convenient for solving nonlinear partial differential equations of fractional or-
der. Numerical computations associated with the three examples discussed
above were performed by using the Computer Algebra System MAPLE.
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