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FURTHER GENERALIZATIONS OF GAMMA, BETA AND
RELATED FUNCTIONS

RECEP SAHIN, OGUZ YAGCI, M. BAKI YAGBASAN,
I. ONUR KIYMAZ*, AYSEGUL CETINKAYA

ABSTRACT. In this paper, we present further generalizations of gamma and
beta functions by adding extra parameters to their integral representations.
Then we introduce new generalizations of hypergeometric and confluent hy-
pergeometric functions by using new beta function. We also obtain many inter-
esting properties such as integral transforms, differentiation formulas, Mellin
transforms, transformation formulas, differential and difference relations and
a summation formula.

1. INTRODUCTION

Recently, many mathematicians obtained different generalizations of gamma and
beta functions by adding some extra parameters to their integral representations.
They also examined many properties of these functions. For further reading please
see [1L 2, 13, 4, (5, [6, [7, 8, 9, 10} [T} 12].

Here, we introduce new generalizations of gamma and beta functions by using
an exponential function with four parameter p, q, k, p as follows:

(s.12) ® o (-5-%)
Lyt (z) ::/0 t""re\ P dt (L.1)
(R (p) > 0,%(q) > 0,R(r) > 0,R (u) >0),
(K,p) ! z—1 y—1 <_£_ 1 #)
Byt (2, y) ::/0 A O I ) L AN R G L (1.2)

(R(p) > 0,R(q) > 0,R(x) > 0,R(u) > 0).

The special cases of (L.1) are I‘Sbl) () =T (2), 1"81;1) () =T, (z) and (L.2)
are Byg" (,9) = B(w,), By (#,9) = By (@,9), By5™ (29) = Bpom (,9),
B,(,,l,}l) (z,y) = Bp,q (z,y) where I' (z), B (z,y) are classical gamma and beta func-
tions (see, [13]), I, (z), By (z,y) are extended gamma and beta functions defined
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in [I], Bpm (x,y),Bpq (z,y) are the generalized beta functions given in [3], [3]
respectively.
Throughout this paper, we assume that min{9R(p), R(q), R(x), R(u)} > 0.
Using BZ(,'L’” ) (z,y), we obtain further generalizations of Gauss and confluent
hypergeometric functions

= B (B+n,y—B) 2"

Fzgz’u) (avﬂ;’y; Z) ::;(O‘)n p’qB(ﬁg}/ — ,6) H’ |Z‘ <1 (13)
o) .
S (Biviz) =) Bpd Btny-f)= (1.4)

BB,y-p)  nl

n=0

where R (y) > R (8) > 0.

2. INTEGRAL REPRESENTATIONS
Theorem 2.1. The integral representations of (1.3) and (1.4)) are

1
Fyii(a, Biys 2) = BGA=F)
1
% / =1 (1 — ) P! 6(*%71—%)“) (1 — 2t)"“dt, (2.1)
0
Ky, Bome o) = L
Fp,q (O[?B?,%z) - B(,B,’}/*/B)

o) 7M7 w1
x/?ﬁw1+urkﬂe( ) syt )
0

2
E{fra, Bsy; 2) = BB.r—5)

T . 26—1 2v—28—1
y /2 sin®” " 0 cos®? it 96(—pcs02" 6—qsec® ) g9 (2.3)
0 (1 — zsin? 9)

1 oo
Ei)a, B 2) = = / |:Sinh252 0 cosh?*~ 2772 ¢
- ( K ) B (ﬁ7 Y- B) 0

« e(—pcoth® 6—gcosh? ) (c03h2 § — zsinh? 9) -

9|, (2.4)

DB y; 2) = _ /;ﬁ—l (11— 7t (T gy (2.5)
P B (8,7 =8)Jo ’

U8 )= ( 5; —

Proof. The integral formulas (2.1) and (2.5 are easily obtained by replacing the

definition of generalized beta function ([1.2)) in (1.3]) and (1.4)). The integrals in (2.2]),

(2.3) and (2.4) can be found by making transformations ¢t = 45, t = sin®6, t =

tanh?  in (2.1)), respectively. The integral formula (2.6) is also obtained by changing
t with 1 —¢ in (2.5)). O

1 S A
/ pp-t (1Pt (T ) g (26)
0
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3. DIFFERENTIATION FORMULAS

Theorem 3.1. The differentiation formulas of (1.3) and (1.4) are

o
WF]%# (0 fi:2) = )(T;)( )angw)( tn By tnz),  (3.1)
" i B gt
T (57:2) =R (B i i),

Proof. Differentiation formulas can be found by taking the derivatives of ([L.3)) and
(1.4), using the identities

Bley-2)= 2B+ 1ly-u),
(V)n+1 = y(y+ 1)71

which given in [I] and induction. O

4. MELLIN TRANSFORMS

Theorem 4.1. The following double Mellin transformation of generalized beta
function is

m B;(fd”) (z,y);r,s| =T (s)T(r) B(z + ks, y + pur)

(R(s) >0, R(r) >0, R(B+7r) >0, R(y+s) >0).

Proof. Double Mellin transform of generalized beta function is
m {B(“ ) (2, y) 57, s / / r=lps 1B(“’“) (z,y) dpdq.
Considering ([1.2]) in above equality and making necessary calculations we have

e o
m I:BZ(:q’u) (.TJ, y) 3Ty Si| :/0 /O q'f—lpb_l

i ()
X /tmfl (1—t)Y e\ = (=) dt] dpdq
/o

1
:/ (=)t
0

y '/OO q7-_1e(_(1qt)u)dq/oops—le(_ﬁ)dp} dt
LJO 0

=I'(s)T(r) /01 trtRs=Ll(] — t)yJ”"*1 dt

=I'(s)T'(r) B(x + ks,y + ur).
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Theorem 4.2. For 1 > 0,29 > 0, the following Mellin-Barnes contour integrals

hold true:
’H) 1 x1+1i00 a:2+zoo|:
( 5 7’ ) (271—2) (ﬂa 0 ﬁ) /El 100 /wz 700 (T)

X B (B + ks, + ks + ur)

F(a,B+ ks;y+ ks + pur; z) q’“p‘”d’rds] , (4.1)

( ) x1+1i00 xro+1i00
O (Byy:2) = / { I'(r)
P (27”) 5 v = B) Jai—icc Ja
X B(B+ ks,y + ks + ur)

2—100

X O (B4 ks;y+ ks + pr; 2) q"“p“”drds} . (4.2)

Proof. The double Mellin transform of generalized beta function is

m[FZgZ,H) (OZ, ﬁ7 v; Z) 3Ty S:| = / / ps—qu—lFZSZaN) (av ﬂ? v Z) dpdq
o Jo
1 1 B-1 B-1
S Pl -1 — )
BEa—g ), |70

(o) o q oo D
X / qr_le( (1_t)“)dq/ ps_le(ft") dp|dt.
0 0
Using (2.1) in above equality and making necessary calculations we obtain

M [F) (@, B37:2); 7,5

(T) () B4+rs—1 Y= B+pr—1 _ —«
=BG -0) ﬂ)/ ot (1—1) (1—2t)"“dt

L(r)I'(s)B ((ﬁﬁ:’/ﬁj,;)—&- KS + MT)F(Q,B + RSy + ks + pr; z). (4.3)

Using inverse Mellin transforms of (4.3) we have (4.1). We can also prove (4.2)
with similar calculations. g

Theorem 4.3. Difference formula of generalized Gauss hypergeometric function is

(B=1)B(B =1,y =B+ 1) F (.8~ 1:7:2)
=(y=B-1)B(B,y—B—1)F"" (a, B;v — 1;2)
—azB (B, = B) B (a+ 1,57 2)
—/—@pB(,B—/@'—l,W—B)FpSZ’“) (,B—Kk—=1;7v—Kk—1;2)
+uqB B,y = B—pn—1)Fi (a, By — p—1;2) .
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Proof. We have
d

Z|HA=01- 7P (1= ) e(g;(l_qt)u)}

—« y—p—1 (’Y_ﬁ_l)
—(l—2t) Y1 =t)" H(l—t)lé(l—t)—k(l_t)

- kP 1q St g
—az(l—zt) - <t“+1 (1t)”+1>]e( tr~ (1-1) )

Taking Mellin transform of both sides and using the following equalities

Mf();r] = —(r = DM [f(t);r 1]

and

zmljt (H(l (1= (1 — ) e(—fi—(l’ﬂ)u))ﬁ]

=B (8,7 - B) F5™ (a, B;7; 2)
n [13], we get the desired result. O

The next theorem can be proved with similar calculations of the above theorem.
That’s why we omit its proof.

Theorem 4.4. Difference formula of generalized confluent hypergeometric function
18

(B=1B(B—1,v-B+1) 0L (B—1;7:2) = —zB (B, — B) 245" (B:7: 2)
+(y=B-1)B(B,y—B—-1)0\" (87 —1;2)
—spB (B —r—1y=B) O (B—r—1iy—r—12)
+ugB (B — B —pn—1) B (Biy — pn—1;2).
5. TRANSFORMATION FORMULAS

Theorem 5.1. The transformation formulas of (1.3) and are
K —« K z
Ffm) (o, Byy; 2) = (1 — 2) " F ) (a,v hE —1_Z> (5.1)
(larg(l — 2)| <7, R(7) >R (B) > 0),

Fii (o Byl = 1) = 22 Fgy™ (a0 y = Bivi 1 = 2) (52)
(larg(1 = 2)| <7, R(y) > R(B) > 0),

(n 1) < B3 P 1> =(1+ z)an(f;;H) (a,y — B;7v;—2) (5.3)

(larg(1 = 2)[ <7, R(7) >R(B) > 0),

O (B5752) = @YY (v = B —2) (5-4)
R (y) > R(B) >0).
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Proof. By using the equality

[1—z(1—u)]_a=(1—z)_a( 1izu>_a

in (2.1) and taking 1 — u in stead of ¢, we find

Fif™) (o B57:2) = 5 k)M /Ol[u’*“ )’
(-

BB,y —B)
ukt 1u))( T ) du:|
z

1
This proves (5.1). For (5.2) and (5.3) one can replace z by 1 — — and
z z
(5.1), respectively. Finally, equation (5.4) can be easily obtained from (2.5) and
29).

X e

in

O

6. DIFFERENTIAL AND DIFFERENCE RELATIONS

Theorem 6.1. The differential and difference relations of (1.3) and (1.4]) are

bz
A (o Biy52) =~ Fg (a+ 1,8+ Ly +152), (6.1)
d% 1) (e, B3 2) gAaF(“’“) (o, B;7;2) (6.2)
BADYH (B;y + 15 2) +yA, @4 (B 75 2) = 0, (6.3)
d K ﬂ K K
4 gm0 (5:7:2) =;<I>§,,¢;“> (Biy+ Li2) = A, 805 (Biviz),  (6.4)

where A, is the well-known difference operator
Anfla,..)=f(a+1,.)—f(a,...).
Proof. In , if we write a+1, S+ 1, and v+ 1 in stead of «, 8, and v and using
AGFEM (o, By 2) = FM (o + 1, By 2) — B (, By ;. 2)

we obtain (6.1). To prove (6.2)) we can use in (6.1). By making similar

calculations we can prove (6.3]) and (6.4)). O

7. SUMMATION FORMULA

We also give a summation formula for the special case of generalized Gauss
hypergeometric function when z = 1.

Theorem 7.1. The summation formula of (1.3] B is

(fv H)
(#,12) e 1) — By (B, —a— )
Fp,q (0657'771) (ﬁ,v—ﬁ)

R(y-B—a)>0).
Proof. The result can obtained easily from (2.1]) by taking z = 1 and using (1.2)). O
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