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GENERALIZED M-SERIES AND ITS CERTAIN PROPERTIES

İ. ONUR KIYMAZ, AYŞEGÜL ÇETİNKAYA, RECEP ŞAHİN

Abstract. In this paper, we introduce a generalization of M-series by using

the extended beta function. We also obtain its certain properties such as
integral representations, derivative formulas, fractional integral and derivative

formulas, Laplace, Mellin and Beta transforms.

1. Introduction

M-series defined by Sharma and Jain [11] (see also [10]) in 2009, as

α,β

pMq (a1, . . . , ap; c1, . . . , cq; z) =

∞∑
k=0

(a1)k · · · (ap)k
(c1)k · · · (cq)k

zk

Γ(αk + β)

=:
α,β

pMq (z)

where <(α) > 0, ai, cj 6= 0,−1,−2, . . . (i = 1, 2, . . . , p; j = 1, 2, . . . , q). Here, (·)k is
the Pochhammer Symbol which given by

(α)ν =
Γ(α+ ν)

Γ(α)
, α 6= 0,−1,−2, . . . ,

where α, ν ∈ C. Note that (0)ν = 1 and (1)k = k!, for k = 0, 1, 2, . . ..
M-series is convergent for all z if p ≤ q, it is convergent for |z| < δ = αα if

p = q + 1 and divergent, if p > q + 1. When p = q + 1 and |z| = δ, the series can
converge on conditions depending on the parameters.

2000 Mathematics Subject Classification. 33E20, 33E12, 33C05, 33C15, 33C20.
Key words and phrases. Extended beta function; M-series; Integral transforms; Fractional

integral formulas; Fractional derivative formulas.
c©2019 Ilirias Research Institute, Prishtinë, Kosovë.
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M-series is the direct generalization of the following special functions

1,1

1M1 (1; 1; z) = ez,

α,1

1M1 (1; 1; z) = Eα(z),

1,1

1M1 (a′; c; z) = Φ(a′; c; z)

α,β

1M1 (1; 1; z) = Eα,β(z),

1,1

2M1 (a, a′; c; z) = F (a′, a; c; z)

α,β

1M1 (σ; 1; z) = Eσα,β(z),

1,1

pMq (z) = pFq(a1, . . . , ap; c1, . . . cq; z).

Here Φ(a′; c; z), F (a, a′; c; z) and pFq(a1, . . . , ap; c1, . . . cq; z) are the confluent, Gauss
and generalized hypergeometric functions [1] which defined respectively as

Φ(a′; c; z) =

∞∑
k=0

(a′)k
(c)k

zk

k!
,

F (a, a′; c; z) =

∞∑
k=0

(a)k(a′)k
(c)k

zk

k!
,

pFq(a1, . . . , ap; c1, . . . cq; z) =

∞∑
k=0

(a1)k · · · (ap)k
(c1)k · · · (cq)k

zk

k!
,

where c, c1, . . . , cq are not zero or negative integers. Also Eα(z), Eα,β(z) and Eσα,β(z)

are the well-known Mittag-Leffler function and its generalizations [6] which defined
respectively as

Eα(z) =

∞∑
k=0

zk

Γ(αk + 1)
,

Eα,β(z) =

∞∑
k=0

zk

Γ(αk + β)
,

Eσα,β(z) =

∞∑
k=0

(σ)k
Γ(αk + β)

zk

k!
,

where <(α) > 0.
In 1994 Chaudhry and Zubair [2] and in 1997 Chaudhry et al. [3] extended the

domain of gamma and beta functions to the entire complex plane by inserting a
regularization factor:

Γb(z) =

∫ ∞
0

tz−1e−t−
b
t dt, <(b) > 0,

Bb(x, y) =

∫ 1

0

tx−1(1− t)y−1e
−b

t(1−t) dt, <(b) > 0. (1.1)

Note that |Bb(x, y)| ≤ e−4bB(x, y) for <(x) > 0, <(y) > 0, <(b) ≥ 0.
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In 2004 Chaudhry et al. [4] also used extended beta function to define following
extensions of confluent and Gauss hypergeometric functions where <(b) > 0 and
<(c) > <(a′) > 0:

Φb(a
′; c; z) =

∞∑
k=0

Bb(a
′ + k, c− a′)

B(a′, c− a′)
zk

k!
, (1.2)

Fb(a, a
′; c; z) =

∞∑
k=0

(a)k
Bb(a

′ + k, c− a′)
B(a′, c− a′)

zk

k!
. (1.3)

In 2014, Özarslan and Yılmaz [9] defined another generalization of Mittag- Leffler
function by using extended beta function

E
(ρ,σ)
α,β (z; b) =

∞∑
k=0

(σ)k
Γ(αk + β)

Bb(ρ+ k, σ − ρ)

B(ρ, σ − ρ)

zk

k!
, (1.4)

where <(b) > 0, <(σ) > <(ρ) > 0. Note that, when b = 0, all the above generalized
functions immediately return their original forms.

To define the generalized version of these functions, the authors used the equality

(α)ν
(γ)ν

=
B(α+ ν, γ − α)

B(α, γ − α)
, <(γ) > <(α) > 0,

and change B(x, y) in the numerator with its generalization Bb(x, y).

2. Generalized M-Series and Their Properties

Motivated by the above works, we introduce the generalized M-series

α
pM

β
q (a1, . . . , ap; c1, . . . , cq; z; b)

=

∞∑
k=0

(a2)k · · · (ap)k
(c2)k · · · (cq)k

Bb(a1 + k, c1 − a1)

B(a1, c1 − a1)

zk

Γ(αk + β)
(2.1)

=: αpM
β
q (z; b)

where ai, cj 6= 0,−1,−2 . . . (i = 1, 2, . . . , p; j = 1, 2, . . . , q), <(b) > 0, <(α) > 0, and
<(c1) > <(a1) > 0. Generalized M-series is also convergent for all z if p ≤ q, it is
convergent for |z| < δ = αα if p = q+ 1 and divergent, if p > q+ 1. When p = q+ 1
and |z| = δ, the series can converge on conditions depending on the parameters.

Since taking b = 0 yields α
pM

β
q (z; 0) =

α,β

pMq (z), the other functions given above
are the special cases of the generalized M-series. Also, for b 6= 0 generalized con-
fluent (1.2), Gauss (1.3) and Mittag-Leffler (1.4) functions can be written as the
special cases of the generalized M-series

1
1M

1
1 (a′; c; z; b) = Φb(a

′; c; z)

1
2M

1
1 (a, a′; c; z; b) = Fb(a, a

′; c; z)

α
2M

β
2 (ρ, σ;σ, 1; z; b) = E

(ρ,σ)
α,β (z; b).

Throughout the paper we assume that p ≤ q + 1, <(b) > 0, <(α) > 0 and
<(c1) > <(a1) > 0.

We begin our investigation by obtaining some integral representations of the
generalized M-series.
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Theorem 2.1. The following integral representations of generalized M-series are
valid:

α
pM

β
q (z; b) =

1

B(a1, c1 − a1)

∫ 1

0

[
ta1−1(1− t)c1−a1−1e

−b
t(1−t) (2.2)

α,β

p−1Mq−1 (a2, . . . , ap; c2, . . . cq; zt)
]
dt,

=
1

B(a1, c1 − a1)

∫ ∞
0

[
ua1−1(1 + u)−c1e

−b(u+1)2

u)

α,β

p−1Mq−1 (a2, . . . , ap; c2, . . . cq;
zu

u+ 1
)
]
du,

=
2

B(a1, c1 − a1)

∫ π
2

0

[
(sin θ)2a1−1(cos θ)2c1−2a1−1

e
−b

sin2 θ cos2 θ

α,β

p−1Mq−1 (a2, . . . , ap; c2, . . . cq; z sin2 θ)
]
dθ.

Proof. Using the right hand side of (1.1) in (2.1) and interchanging the order of
integration and summation we get

α
pM

β
q (z; b) =

1

B(a1, c1 − a1)

∫ 1

0

[
ta1−1(1− t)c1−a1−1e

−b
t(1−t)

∞∑
k=0

(a2)k · · · (ap)k
(c2)k · · · (cq)k

(zt)k

Γ(αk + β)

]
dt

which yields the first representation. For the second and third representations
simply apply the transformations t = u

1+u and t = sin2 θ, respectively. �

We also have some equalities which given with the following theorems and corol-
laries.

Theorem 2.2. For the generalized M-series, the following recurrence relation holds
true

α
pM

β
q (z; b) =

c1 − a1

c1
α
pM

β
q (a1, a2, . . . , ap; c1 + 1, c2, . . . cq; z; b)

+
a1

c1
α
pM

β
q (a1 + 1, a2, . . . , ap; c1 + 1, c2, . . . , cq; z; b).
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Proof. From (2.2) we can write

α
pM

β
q (z; b) =

1

B(a1, c1 − a1)

∫ 1

0

[
ta1−1(1− t)c1−a1−1(1− t+ t)e

−b
t(1−t)

α,β

p−1Mq−1 (a2, . . . , ap; c2, . . . cq; zt)
]
dt

=
1

B(a1, c1 − a1)

{∫ 1

0

[
ta1−1(1− t)c1−a1e

−b
t(1−t)

α,β

p−1Mq−1 (a2, . . . , ap; c2, . . . cq; zt)
]
dt

+

∫ 1

0

[
ta1(1− t)c1−a1−1e

−b
t(1−t)

α,β

p−1Mq−1 (a2, . . . , ap; c2, . . . cq; zt)
]
dt

}
.

Multiplying the terms with B(a1,c1+1−a1)
B(a1,c1+1−a1) and B(a1+1,c1−a1)

B(a1+1,c1−a1) respectively, we get the

result after some simplifications. �

Theorem 2.3. For the special case α = 0, β = 1, we have the following equality:

0
pM

1
q (z; b) = 1

p+1M
1
q (a1, . . . , ap, 1; c1, . . . cq; z; b). (2.3)

Proof. Taking α = 0, β = 1 in definition (2.1), we get

0
pM

1
q (a1, . . . , ap; c1, . . . , cq; z; b)

=

∞∑
k=0

(a2)k · · · (ap)k
(c2)k · · · (cq)k

Bb(a1 + k, c1 − a1)

B(a1, c1 − a1)

zk

Γ(1)

=

∞∑
k=0

(a2)k · · · (ap)k(1)k
(c2)k · · · (cq)k

Bb(a1 + k, c1 − a1)

B(a1, c1 − a1)

zk

Γ(k + 1)
,

which gives the result. �

Theorem 2.4. For α = 1, we have the following transformation formula

1
pM

β
q (a1, . . . , ap;c1, . . . , cq; z; b)

=
Γ(δ)

Γ(β)
1

p+1M
δ
q+1(a1, . . . , ap, δ; c1, . . . , cq, β; z; b). (2.4)

where <(δ) > 0, <(β) > 0.

Proof. Taking α = 1 in definition (2.1), we get

1
pM

β
q (a1, . . . , ap;c1, . . . , cq; z; b)

=

∞∑
k=0

(a2)k · · · (ap)k
(c2)k · · · (cq)k

Bb(a1 + k, c1 − a1)

B(a1, c1 − a1)

zk

Γ(k + β)
.

Multiplying the right hand side with Γ(β)
Γ(β)

Γ(k+δ)
Γ(k+δ)

Γ(δ)
Γ(δ) and making some simplification

gives the result. �

Now we investigate the derivative formulas of the generalized M-series.
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Theorem 2.5. The following derivative formulas of generalized M-series are valid:

dn

dzn

{
α
pM

β
q (z; b)

}
= n!

(a1)n · · · (ap)n
(c1)n · · · (cq)n

(2.5)

α
p+1M

β+αn
q+1 (a1 + n, . . . , ap + n, n+ 1; c1 + n, . . . cq + n, 1; z; b),

dn

dbn

{
α
pM

β
q (z; b)

}
= (−1)n

B(a1 − n, c1 − a1 − n)

B(a1, c1 − a1)
α
pM

β
q (a1 − n, a2, . . . , ap; c1 − 2n, c2, . . . , cq; z; b).

Proof. For the first formula, changing the order of the nth derivative with summa-
tion and using the following formula

dn

dzn
(zλ) =

Γ(λ+ 1)

Γ(λ− n+ 1)
zλ−n

in (2.1) yields

dn

dzn

{
α
pM

β
q (z; b)

}
=

∞∑
k=n

[
(a2)k · · · (ap)k
(c2)k · · · (cq)k

Bb(a1 + k, c1 − a1)

B(a1, c1 − a1)

Γ(k + 1)

Γ(k − n+ 1)

zk−n

Γ(αk + β)

]
.

After taking k → k + n and using the relation (a)k+n = (a)n(a+ n)k we have

dn

dzn

{
α
pM

β
q (z; b)

}
=

(a2)n · · · (ap)n
(c2)n · · · (cq)n

∞∑
k=0

[
(a2 + n)k · · · (ap + n)k
(c2 + n)k · · · (cq + n)k

Bb(a1 + k + n, c1 − a1)

B(a1, c1 − a1)

Γ(k + n+ 1)

Γ(k + 1)

zk

Γ(αk + β + αn)

]
.

Multiplying with Γ(n+1)B(a1+n,c1−a1)
Γ(n+1)B(a1+n,c1−a1) and after some simplification we obtain

dn

dzn

{
α
pM

β
q (z; b)

}
=n!

(a1)n · · · (ap)n
(c1)n · · · (cq)n

∞∑
k=0

[
(a2 + n)k · · · (ap + n)k
(c2 + n)k · · · (cq + n)k

(n+ 1)k
(1)k

Bb(a1 + n+ k, c1 − a1)

B(a1 + n, c1 − a1)

zk

Γ(αk + β + αn)

]
.

For the second formula, simply use the same procedure by using the equality

dn

dbn

{
Bb(x, y)

}
= (−1)nBb(x− n, y − n)

which given in [3]. After multiplying with B(a1−n,c1−a1−n)
B(a1−n,c1−a1−n) the result is clear. �

Corollary 2.6. The following formula for the special case α = β = 1

dn

dzn

{
1
pM

1
q (z; b)

}
=

(a1)n · · · (ap)n
(c1)n · · · (cq)n

1
pM

1
q (a1 + n, . . . , ap + n; c1 + n, . . . , cq + n; z; b).

is valid.
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Proof. From (2.5) we have

dn

dzn

{
1
pM

1
q (z; b)

}
=

(a1)n · · · (ap)n
(c1)n · · · (cq)n

Γ(n+ 1)

Γ(1)
1

p+1M
1+n
q+1 (a1 + n, . . . , ap + n, n+ 1; c1 + n, . . . cq + n, 1; z; b),

and from (2.4) we have the result. �

Theorem 2.7. The following derivative formula holds true:

dn

dzn

{
zβ−1α

pM
β
q (λzα; b)

}
= zβ−n−1α

pM
β−n
q (λzα; b).

Proof. Using a similar procedure with the above proof we get

dn

dzn

{
zβ−1α

pM
β
q (λzα; b)

}
=

∞∑
k=0

[
(a2)k · · · (ap)k
(c2)k · · · (cq)k

Bb(a1 + k, c1 − a1)

B(a1, c1 − a1)

Γ(αk + β)

Γ(αk + β − n)

λkzαk+β−n−1

Γ(αk + β)

]
,

which yields the result. �

The Beta [12], Mellin and Laplace transforms [5] of a function are defined re-
spectively as

B{f(z);β, ω} =

∫ 1

0

zβ−1(1− z)ω−1f(z)dz,

M{f(z); s} =

∫ ∞
0

zs−1f(z)dz,

L{f(z); s} =

∫ ∞
0

e−szf(z)dz, <(s) > 0.

The following theorems are about the integral transforms of the generalized M-
series. We also use the following equalities in our proofs:

B{zλ;β, ω} =B(λ+ β, ω), <(λ+ β) > 0, <(ω) > 0, (2.6)

L{zλ; s} =s−(λ+1)Γ(λ+ 1), <(λ) ≥ 0, <(s) > 0. (2.7)

M{Bb(x, y); s} =Γ(s)B(x+ s, y + s), (2.8)

<(s) > 0, <(x+ s) > 0, <(y + s) > 0.

Theorem 2.8. The Beta transform of generalized M-series is

B{αpMβ
q (xzα; b);β, ω} = Γ(ω)αpM

β+ω
q (x; b)

where <(β) > 0, <(ω) > 0.

Proof. After changing the order of the integration with summation and using the
equality (2.6) one can get the result with direct calculations. �

Theorem 2.9. The Laplace transform of generalized M-series is

L{αpMβ
q (xz; b); s} = s−1 α

p+1M
β
q (a1, . . . , ap, 1; c1, . . . , cq;

x
s ; b)

where <(s) > 0.

Proof. To reach the result, similar procedure with the above proof can be applied
by using the equality (2.7). �
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Because the procedure of proof is similar and easy, we omit the proof of the
following theorem.

Theorem 2.10. The following equality holds true

L{zβ−1α
pM

β
q (xzα; b); s} = s−β0

pM
1
q ( xsα ; b),

where <(s) > 0, <(β) > 0.

Not that from (2.3), the above equality can be written as

L{zβ−1α
pM

β
q (xzα; b); s}=s−β 1

p+1M
1
q (a1, . . . , ap, 1; c1, . . . , cq;

x
sα ; b).

Theorem 2.11. The Mellin transform of the generalized M-series is

M{αpMβ
q (z; b); s} =Γ(s)

B(a1 + s, c1 − a1 + s)

B(a1, c1 − a1)
α,β

pMq (a1 + s, a2, . . . , ap; c1 + 2s, c2, . . . , cq; z)

where <(s) > 0.

Proof. After changing the order of the integration with summation and using the
equality (2.8), we have

M{αpMβ
q (z; b); s} = Γ(s)

∞∑
k=0

(a2)k · · · (ap)k
(c2)k · · · (cq)k

B(a1 + s+ k, c1 − a1 + s)

B(a1, c1 − a1)

zk

Γ(αk + β)
.

(2.9)

After multiplying with B(a1+s,c1−a1+s)
B(a1+s,c1−a1+s) , one can get the result with direct calcula-

tions. �

Corollary 2.12. The Mellin transform of the generalized M-series is also given

M{αpMβ
q (z; b); s} =Γ(s)(c1 − a1)s

Γ(c1) · · ·Γ(cq)

Γ(a1) · · ·Γ(ap)

pΨq+1

[
(a1 + s, 1), . . . , (ap, 1)
(c1 + 2s, 1), . . . , (cq, 1), (β, α)

; z

]
in terms of Wright function [13]

pΨq

[
(a1, b1), . . . , (ap, bp)
(c1, d1), . . . , (cq, dq)

; z

]
=

∞∑
n=0

∏p
i=0 Γ(ai + bin)∏q
j=0 Γ(ci + djn)

zn

n!
, (2.10)

where <(s) > 0.

Proof. After reaching (2.9) in the previous proof, if we use the gamma function
notation instead of beta function and Pochhammer symbols, we get the result
easily. �

Now, we shall discuss about classical and extended Riemann-Liouville fractional
integrals and derivatives of generalized M-series.

The Riemann-Liouville fractional integral and derivative [7] of order ν are defined
respectively as

Iνz f(z) =
1

Γ(ν)

∫ z

0

(z − t)ν−1f(t)dt, <(ν) > 0,

Dν
zf(z) =

dm

dzm
{Im−νz f(z)}, m− 1 ≤ <(ν) < m, m ∈ N,
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and it is easily seen that

Iνz
{
zλ
}

=
Γ(λ+ 1)

Γ(λ+ ν + 1)
zλ+ν , (2.11)

Dν
z

{
zλ
}

=
Γ(λ+ 1)

Γ(λ− ν + 1)
zλ−ν (2.12)

where <(λ) > −1.

In 2010, Özarslan and Özergin [8] introduced the extended Riemann-Liouville
fractional integral and derivative of order ν

Iν,bz f(z) =
1

Γ(ν)

∫ z

0

(z − t)ν−1e
−bz2
t(z−t) f(t)dt, <(ν) > 0,

Dν,b
z f(z) =

dm

dzm
{Im−ν,bz f(z)}, m− 1 < <(ν) < m, m ∈ N.

So, we have

Iν,bz
{
zλ
}

=
Bb(λ+ 1, ν)

Γ(ν)
zλ+ν , (2.13)

Dν,b
z

{
zλ
}

=
Γ(λ+m− ν + 1)

Γ(λ− ν + 1)

Bb(λ+ 1,m− ν)

Γ(m− ν)
zλ−ν (2.14)

where <(λ) > −1.

Theorem 2.13. The Riemann-Liouville fractional integral and derivative of gen-
eralized M-series can be found as

Iνz
{
α
pM

β
q (z; b)

}
=

zν

Γ(1 + ν)
α

p+1M
β
q+1(a1, . . . , ap, 1; c1, . . . , cq, 1 + ν; z; b),

Dν
z

{
α
pM

β
q (z; b)

}
=

z−ν

Γ(1− ν)
α

p+1M
β
q+1(a1, . . . , ap, 1; c1, . . . , cq, 1− ν; z; b).

Proof. For both cases, change the order of the integration with summation. For

fractional integral use the equality (2.11) and multiply with Γ(1+ν)
Γ(1+ν) . For fractional

derivative use (2.12) and multiply with Γ(1−ν)
Γ(1−ν) . �

Theorem 2.14. The following equalities

Iνz
{
zβ−1α

pM
β
q (λzα; b)

}
= zβ+ν−1α

pM
β+ν
q (λzα; b),

Dν
z

{
zβ−1α

pM
β
q (λzα; b)

}
= zβ−ν−1α

pM
β−ν
q (λzα; b)

are true, where <(α) > 0, <(β) > 0.

Proof. For both cases, after changing the order of the integration with summation
direct calculations yields the results. �
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Theorem 2.15. The generalized Riemann-Liouville fractional integral and deriv-
ative of original M-series can be found as

Iν,bz

{
α,β

pMq (z)

}
=

zν

Γ(1 + ν)
α

p+1M
β
q+1(1, a1, . . . , ap; 1 + ν, c1, . . . , cq; z; b),

Dν,b
z

{
α,β

pMq (z)

}
=

z−ν

Γ(1− ν)
α

p+2M
β
q+2(1, a1, . . . , ap, 1 +m− ν; 1 +m− ν, c1, . . . , cq, 1− ν; z; b).

Proof. For both cases, change the order of the integration with summation. For

extended fractional integral use the equality (2.13) and multiply with B(1,ν)
B(1,ν) . For

extended fractional derivative use (2.14) and multiply with B(1,m−ν)Γ(1−ν)
B(1,m−ν)Γ(1−ν) . �

Theorem 2.16. We also have the following formulas for original M-series:

Iν,bz

{
zβ−1

α,β

pMq (z)

}
=

[
Γ(β)

Γ(β + ν)
zβ+ν−1

α
p+1M

β
q+1(β, a1, . . . , ap;β + ν, c1, . . . , cq; z; b)

]
,

Dν,b
z

{
zβ−1

α,β

pMq (z)

}
=

[
Γ(β)

Γ(β − ν)
zβ−ν−1

α
p+2M

β
q+2(β, a1, . . . , ap, β +m− ν;β +m− ν, c1, . . . , cq, β − ν; z; b)

]
,

where <(β) > 0.

Proof. Use the similar procedure with the previous proof. �
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