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GENERALIZED M-SERIES AND ITS CERTAIN PROPERTIES

I. ONUR KIYMAZ, AYSEGUL CETINKAYA, RECEP SAHIN

ABSTRACT. In this paper, we introduce a generalization of M-series by using
the extended beta function. We also obtain its certain properties such as
integral representations, derivative formulas, fractional integral and derivative
formulas, Laplace, Mellin and Beta transforms.

1. INTRODUCTION

M-series defined by Sharma and Jain [T1] (see also [10]) in 2009, as

s Y P TS
oMy (ar,...,ap;c1,...,¢q; %) —kz:% (1) (cg) T(ak + B)
a,B
::p q (Z)

where (o) >0, a;,¢; #0,—1,-2,...(:1=1,2,...,p;5 =1,2,...,q). Here, (-); is
the Pochhammer Symbol which given by

(a)yzr(f,“(;:)”)7 a#0,—-1,-2,...,

where a, v € C. Note that (0), =1 and (1), = k!, for £ =0,1,2,....

M-series is convergent for all z if p < ¢, it is convergent for |z|] < § = a® if
p = q+ 1 and divergent, if p > ¢+ 1. When p = ¢+ 1 and |z| = J, the series can
converge on conditions depending on the parameters.
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M-series is the direct generalization of the following special functions
1,1
1My (115 2) = €7,
a,l
1My (1515 2) = Ea(2),
1,1
1My (a5e;2) = (a5 5 2)
o,
1My (1;152) = Eq p(2),
1,1

oM (a,d’;c;2) = F(d',a;¢;2)

o,
1My (05 1;2) = Eg 5(2),

1,1
oMy (2) = pFy(ar,...,ap;c1,...Cq;2).
Here ®(a’;¢;2), F(a,d’;¢; z) and , Fy(aq, .. ., ap; c1, .- - . ¢q; 2) are the confluent, Gauss

and generalized hypergeometric functions [I] which defined respectively as

@(a’-oz) :i (a/)k é

y &y — (C)k k|7
) — — (a)r(a)g 2*
F(a/aaa I )_kz:;) (C)k k”

k

= (a1)g - (ap)k 2
F (a1,...,ap;¢C1,...Cq;2) = —t
p Q( 1 ps €1 q ) I;(Cl)k"'(cq)k |

where ¢, c1, ..., ¢q are not zero or negative integers. Also Eq(2), Eqa,5(2) and Eg 5(2)
are the well-known Mittag-Leffler function and its generalizations [6] which defined
respectively as

oo
Zk

Bal®) =2 tan 1)

00
Zk:

Eop(z) = kZ:O Tak+8)’

k

oo~ (o 2
a,B(Z)_ZF(T_I;ﬁ)Ev

k=0

where R(a) > 0.

In 1994 Chaudhry and Zubair [2] and in 1997 Chaudhry et al. [3] extended the
domain of gamma and beta functions to the entire complex plane by inserting a
regularization factor:

Ty(z) = / Flet=ta () > 0,
0
1 —
Bb(:c,y):/ #771(1 — 1)y lemm dt, R(b) > 0. (1.1)
0

Note that |By(x,y)| < e **B(z,y) for R(z) > 0, R(y) > 0, R(b) > 0.
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In 2004 Chaudhry et al. [4] also used extended beta function to define following

extensions of confluent and Gauss hypergeometric functions where R(b) > 0 and
R(c) > R(a’) > 0:

By(a' +k,c—a') z*

WE

Oy (ad';c;2) = = 1.2
b(a e Z) B(a’, c— a/) k' ’ ( )
k=0
= By(a' + k,c—a') 2F
Fy(a,a’ic;2) =) () Blae a) M (1.3)
k=0 ’ ’

In 2014, Ozarslan and Yilmaz [9] defined another generalization of Mittag- Leffler
function by using extended beta function

o)y~ () Bulp+ko—p)t
ElS (Z’b>_zf(ak+ﬂ) Bl ) A (1.4)

where R(b) > 0, R(0) > R(p) > 0. Note that, when b = 0, all the above generalized
functions immediately return their original forms.
To define the generalized version of these functions, the authors used the equality

(@) Blatwny—a)
(’Y)V B(afy_a) ’

and change B(x,y) in the numerator with its generalization By(z,y).

k=0

R(v) > R(e) >0,

2. GENERALIZED M-SERIES AND THEIR PROPERTIES
Motivated by the above works, we introduce the generalized M-series

[0 . . .
pr(al,...7ap,cl,...,cq,z,b)

o0

=>. (a2) -~ (ap)k Bylar + kyer —ar) 2"
pors (c2)k - (cq)k  Blai,c1 —a1) T(ak+ )
=: quﬁ(z;b)
where a;,¢; #0,—-1,-2...(1=1,2,...,p;7 =1,2,...,q), ®() > 0, R(a) > 0, and
R(c1) > RN(ay) > 0. Generalized M-series is also convergent for all z if p < g, it is

convergent for |z| < 6 = a® if p = ¢+ 1 and divergent, if p > ¢+ 1. Whenp=¢q+1
and |z| = 0, the series can converge on conditions depending on the parameters.

(2.1)

a7

Since taking b = 0 yields Y M/ (2;0) =, M, (z), the other functions given above
are the special cases of the generalized M-series. Also, for b # 0 generalized con-
fluent , Gauss and Mittag-Leffler functions can be written as the
special cases of the generalized M-series

LM{ (a5 ¢;2:b) = @y
3M{ (a,d’;¢;2;b) = Fy(a,d’;¢; 2)
MY (p,050,152:0) = BV (230).

a’;c; 2)

P
a,B
Throughout the paper we assume that p < ¢+ 1, (b)) > 0, R(«) > 0 and
%(Cl) > §R(a1) > 0.
We begin our investigation by obtaining some integral representations of the
generalized M-series.
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Theorem 2.1. The following integral representations of generalized M-series are
valid:

8 1 ! 1 [ —
s M (20) =ﬁ/ (1711 = e temn (2.2)
) 0
a,f
p—1My_1 (az, ... ap;ca,...cq; zt)} dt,
1 > —but)?
Baror—an J, [ e
a,B U
p—qu—l (ag, sy, QpiC2, ... Cy; wt 1):| du,
2 % : 20,171 2c172a171
:m [(sm 0) (cos9)
) 0
—b a,B . 9
esinZocosZ6 1 Moy (ag,...,ap;Ca,. .. Cq; z8IN 9)}d9.

Proof. Using the right hand side of (1.1)) in (2.1) and interchanging the order of
integration and summation we get

1 ! —b
OMP(2;b) = 7/ [t‘“_l 1— ) temm=n
p q( ) B(al,cl 7(11) 0 ( )

o (a2)k - (ap)r  (2t)F
2 ol (oo Tk + )

which yields the first representation. For the second and third representations

simply apply the transformations ¢t = H_Lu and t = sin’ 0, respectively. O

We also have some equalities which given with the following theorems and corol-
laries.

Theorem 2.2. For the generalized M-series, the following recurrence relation holds
true

C1 — ay
qu’B(z;b) :T;Mf(al,ag, coapier+1,c9,..0cq525b)

a
+C—lg‘Mf(al—|—1,a2,...,ap;cl—|—1,02,...,cq;z;b).
1
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Proof. From ([2.2) we can write

anrB 1 ! a1—1 c1—ai—1 ]
SV ) =g [ [t e
a,B
p—1 M1 (ag,...7ap;02,...cq;zt)}dt
1 1 s
- - talfl 1—t¢ C1—a1 ,TA=1)
B(ay, 1 —(11){/0 [ ( ) ¢
a,B
p—1My_1 (az,...,ap;(zg,...cq;zt)}dt
1
+ [t“l (1— )~ a—lermn

0
o,

1My (az,...,ap;CQ,...cq;zt)}dt}.

bS]

o : 1 B(ay+1,
Multiplying the terms with Egi e Zi and BEEH = Zlg

result after some simplifications. O

respectively, we get the

Theorem 2.3. For the special case a =0, =1, we have the following equality:
(z b) = p+1M1(a1,...,ap,l;cl,...cq;z;b). (2.3)
Proof. Taking @ = 0,8 = 1 in definition , we get
qul(al, ey Api €Ly .., Cqi 23 D)
ko (ap)k By(ar + k,c1 —aq) 2k

az)
< (k- (cg)r  Blar,er —ar) T(1)
az)

_ ;O koo (ap)k(Dg Bylar + k,er —a1) =
_Z (c2)k - (cq)k B(ai,e1 —ay) T(k+1)’

which gives the result. (I

k

Theorem 2.4. For a = 1, we have the following transformation formula
;Mf(al, Ce o piCL, .., Cq 25 h)

r'(
- mpﬂM Pei(an, .. ap, 851, cq, B 25D). (2.4)

where R(§) >0, R(B) >0
Proof. Taking o = 1 in definition (2.1)), we get

LarB . o
oMY (ar, ... apier, ... cq;52;b)

\/

k

— S (a2)k -+ (ap)k Bo(ar + k,c1 — a1) z
B kZ:O (c2)k-- (gt  Blar,er —ar) T(k+B)

Multiplying the right hand side with % }:Eiigg %

gives the result. ([

and making some simplification

Now we investigate the derivative formulas of the generalized M-series.
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Theorem 2.5. The following derivative formulas of generalized M-series are valid:
d’ﬂ

dz{aMﬁ@bﬁc:mﬁﬂhiégﬁﬁ (2.5)

(Cl)n T (Cq)n
p+01‘ij1a”(a1+n,...,ap+n,n+1;cl+n,...cq+n,1;z;b),
P GO SV

e . . .
pr(al—n,ag,...,ap,cl—2n,02,...,cq,z,b).

d’I’L
daon

B(a; —n,c1 —a; —n)

B(ai,c1 —aq)

Proof. For the first formula, changing the order of the n'" derivative with summa-
tion and using the following formula

ar rox+1 .,
pEACR A e

in (2.1) yields

d" [ ons = (ap)r Bplar + k,c1 — ay)
dz" { Mg (= b) } 1;1[ cj)k B(ai,c1 —aq)
(k‘+ ) zk—n
r(kn+1)r(ak+5)]'

After taking k — k + n and using the relation (a)gtn, = (a)n(a + n)i we have

d" (o8 (a2)n -+ (ap)n o= [ (a2 + 1)k - - (ap + 0y
{ MP(2 b)} k O[

dz" (c2)n - (cg)n (c2+n)e---(cqg +n)k
Bylai +k+mn,c1 —a) T(k+n+1) P }
B(a1,c1 —aq) I'k+1) T(ak+B+an)]|

I'(n+1)B(ai1+n,c1—a1)
T'(n+1)B(ai+n,c1—a1)

(@) (ap)n - [(az + )k (ap + 1) (n+ D
Penn (o (ot mn)i---(cqg+n)i (i

By(ay +n+k,c1 —aq) 2k }
B(ai +n,c1 —a1) T(ak+B8+an)]|’

Multiplying with and after some simplification we obtain

d’n
dzm

{aMﬁ(z b)}

For the second formula, simply use the same procedure by using the equality
ar "
T B y)} = (1) By(a —n,y —n)

which given in [3]. After multiplying with % the result is clear. O

Corollary 2.6. The following formula for the special case a = =1

e} = G,

191 ) .
oMy(ar+n,...,ap +n5c1+n,...,¢0 +n5250).

s valid.
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Proof. From ([2.5) we have

P11} o T )
dzn \P7 (c)n - (eg)n T(1)

p+11Mqul”(a1+n7...,ap+n7n+1;cl +n,...cq+n,1;2;b),
and from (2.4)) we have the result. O

Theorem 2.7. The following derivative formula holds true:
dn —la « —n—l1loa —n (07
e A L PE D) S T PEL))

Proof. Using a similar procedure with the above proof we get

d—n{zﬁ_lng(Az“;b)} = i [(“2”@ - (ap)k Bylar +k,e1 — a1)

dz" P (c2)r -+ (cg)  Blar,c1 —an)
D(ak +B) Negak+f-n-1
I'(ak+B—n) Tlak+p8) |
which yields the result. O

The Beta [12], Mellin and Laplace transforms [0] of a function are defined re-
spectively as

B{f(2): B,w} = / PN = 2 f (2)de,
ML f(2): 5} = / T (2,
L{f(2);s} = /000 e %% f(2)dz, R(s) > 0.

The following theorems are about the integral transforms of the generalized M-
series. We also use the following equalities in our proofs:

B{z";8,w} =B(A+B,w),  RA+S) >0, Rw) >0, (2.6)
22N s} =s~ MDA+ 1), R(A) >0, R(s) > 0.
DY By(x,y); s} =T'(s)B(x + 5,y + 5),
R(s) >0, R(x+s) >0, R(y+s)>0.
Theorem 2.8. The Beta transform of generalized M-series is
B{p M (22%:b): B,w} = T(w)y My (2;b)
where R(B) > 0, R(w) > 0.

Proof. After changing the order of the integration with summation and using the
equality (2.6) one can get the result with direct calculations. O

Theorem 2.9. The Laplace transform of generalized M-series is
2{;‘Mqﬂ(:€z; b);s} = 571p+’1lM[§3(a1, conap, Lier, .o eqs 23b)
where R(s) > 0.

Proof. To reach the result, similar procedure with the above proof can be applied
by using the equality (2.7)). a
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Because the procedure of proof is similar and easy, we omit the proof of the
following theorem.

Theorem 2.10. The following equality holds true
B—=1laysB AN _ o BO0agl/ x .
L7 M (2275 )8} = 877 )M (553 D),
where R(s) >0, R(B) >0
Not that from (2.3), the above equality can be written as
Q{ZB*I;‘;M(]B(;UZO‘; b); s}fsfgﬁM (a1,...,ap,15¢1,...,¢q; 723 b).

Theorem 2.11. The Mellin transform of the generalized M-series is
B(ay + s,¢1 — a1 + 5)

B(ai, e —aq)

M{ M, (2;b); s} =T'(s)
o,
oMy (a1 +s,a9,...,ap;01+25,¢2,...,¢4; 2)
where R(s) >0

Proof. After changing the order of the integration with summation and using the

equality (2.8 , we have
.- )k Blai +s+k,c1 —ai +s) P
S ML (2:b); s} =T(s .
M = kz:;) q)k B(ay,c1 —a) T'(ak + B8)

(2.9)

After multiplying with %7

tions. 0

one can get the result with direct calcula-

Corollary 2.12. The Mellin transform of the generalized M-series is also given
P(c1) -+ Tley)
[(a1)---T(ap)
(a1 +s,1),...,(ap, 1) '
PVt { (c1+28,1),...,(cq, 1), (B, ) 2
in terms of Wright function [13]

M{ M, (230); s} =L (s)(c1 — ar)s

(al,bl),...,(ap,bp) az—l-bn) n
L4 2.1
pa (Cladl)a-“v(cquq) Z cz+djn) 'I’L!’ ( 0)

where N(s) > 0

Proof. After reaching (2.9)) in the previous proof, if we use the gamma function
notation instead of beta function and Pochhammer symbols, we get the result
easily. O

Now, we shall discuss about classical and extended Riemann-Liouville fractional
integrals and derivatives of generalized M-series.

The Riemann-Liouville fractional integral and derivative [7] of order v are defined
respectively as

O A (O O

DY f(2) :(Z—mm{I;Hf(z)}, m—1<R@w)<m, meN,
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and it is easily seen that

) = 211)
DY {*} —_Vi)l) A—v (2.12)

where R(A) > —1. )
In 2010, Ozarslan and Ozergin [§] introduced the extended Riemann-Liouville
fractional integral and derivative of order v

0 f(2) :ﬁ /0 C(s— e f)dt, R() > 0,

dm
DYbf(z) :dz—m{lg%”’bf(z)}, m—1<Rw)<m, meN.
So, we have
) = )\+>1 V)Z/\+I/’ (2.13)

FA4+m—v+1)ByA+1,m—v) ,_
v,b A A—v
Dt = TA—v+1) T(m—v)

(2.14)

where R(A) > —1.
Theorem 2.13. The Riemann-Liouville fractional integral and derivative of gen-
eralized M-series can be found as

ZV

r'l+v)

«
pHMqH(ah...,ap,l;cl,...,cq,l—|—V;z;b),

1L {oMP (b)) =

-V

TT(1-v)

aqrB . ..
i Mypi(ar, .. ap, Lier, . cq, 1 —v523b).

DYy M} ()}

Proof. For both cases, change the order of the integration with summation. For

fractional integral use the equality (2.11]) and multiply with Egizg For fractional
derivative use (2.12) and multiply with ?E}:Z; O

Theorem 2.14. The following equalities
I; {zﬁflg‘Mf(Aza;b)} = ZBJ“V*lgMé””()\zo‘;b),
DY {271 ME (A2 b) } = 2P O ME T (A2 b)
are true, where ®(a) >0, R(B) >0

Proof. For both cases, after changing the order of the integration with summation
direct calculations yields the results. (I
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Theorem 2.15. The generalized Riemann-Liouville fractional integral and deriv-
ative of original M-series can be found as

v a,B ZV
b {qu (z)} = mp+fo+l(l,a1,...,ap;l—l—y,cl,...,cq;z;b),

v,b b 27"
Dprbd N S
z {P q(z)} 1—\(1_1/)
p+g §+2(1,a1,...,ap,l—i—m—y;l—l—m—y,cl,...,cml—y;z;b).

Proof. For both cases, change the order of the integration with summation. For

extended fractional integral use the equality (2.13) and multiply with ggzg For

extended fractional derivative use ([2.14) and multiply with %. O

Theorem 2.16. We also have the following formulas for original M-series:

D {Zﬁ_l Poﬁq (Z)} - [F F(ﬁ)*z[“”_l

(B+v)
p+‘11 fﬂ(b’,al,...,ap;ﬁ—i-l/,cl,...,cq;z;b),
A I'(8)
DZ’b {zﬁ_l M, (z } :[ ZBv-1
p q() F(ﬂ—y)
erg (1B+2(ﬂ7a17"'aapaﬂ+m7V;ﬂ"’m*Vacla"'acmﬂfy;z;b) )

where R(B) > 0.
Proof. Use the similar procedure with the previous proof. O
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