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PARABOLIC FRACTIONAL MAXIMAL OPERATOR
IN PARABOLIC GENERALIZED MORREY SPACES

Abstract

We study the parabolic fractional mazimal operator MY, 0 < a < 7 in the
parabolic generalized Morrey space M, , p(R™), where v = trP is the homo-
geneous dimension on R™. We find the conditions on the pair (pq,ps) which
ensures the boundedness of the operator MY from one generalized Morrey space
M, ,,.p(R™) to another My ,, p(R"), 1 <p <q<oo,1/p—1/q=a/y, and
from the space My, p(R™) to the weak space WM, ,, p(R"), 1 < q < oo,
1—1/q = a/y. Also find conditions on the ¢ which ensure the Adams type
boundedness of the MY from M 1 (R") to M 1 (R") forl<p<gqg< oo

p,pP,P q,p9,P
and from M , p(R™) to WMq o3 P(R”) forl < g < oo.

In the case b € BMOp(]RTi) and 1 < p < q < oo, find the sufficient con-
ditions on the pair (vq,@,) which ensures the boundedness of the commutator
operator lea from M, , p(R"™) to My ,, p(R") with 1/p —1/q = a/v. Also
find the sufficient conditions on the ¢ which ensures the boundedness of the
operator M, from M 1 P(R”) to M 1 P(R") forl<p<gq<oo.

As an application, we establish the boundedness of some Schridinger type
operators on parabolic generalized Morrey spaces related to certain nonnegative
potentials belonging to the reverse Hélder class.

1. Introduction

The theory of boundedness of classical operators of the real analysis, such as the
maximal operator, the fractional maximal operators, the fractional integral operators
and the singular integral operators etc, from one weighted Lebesgue space to another
one is well studied by now. These results have good applications in the theory of
partial differential equations. However, in the theory of partial differential equations,
along with Morrey spaces, generalized Morrey spaces also play an important role (see
[21, 24, 35, 36]).

For x € R™ and r > 0, we denote by B(x,r) the open ball centered at x of radius
r, and by CB(JJ, r) denote its complement. Let |B(z,r)| be the Lebesgue measure of
the ball B(x,r).

Let P be a real n x n matrix, all of whose eigenvalues have a positive real part.
Let Ay =t (t > 0), and set vy = trP. Then, there exists a quasi-distance p
associated with P such that

(a) p(Awx) =tp(x), t>0, forevery x € R™;
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(b) p(0) =0, plz—y)=ply—2)=0
and  p(z —y) < k(p(r —2) + py — 2));
(c) dx = p'~tdo(w)dp, where p=p(z),w=A

o1
and do(w)is a measure on the ellipsoid {w : p(w) = 1}.

Then, {R", p, dx} becomes a space of homogeneous type in the sense of Coifman-
Weiss. Moreover, we always assume the following properties on p:

(d) For every «,

iz < p(a) < eolz|® i p(z) > 1
c3lz|® < p(a) < gl if px) <1

and
p(0x) < p(x) for 0<6<1.

Here o; and ¢; (i = 1,...,4) are some positive constants. Similar properties
hold for p* which is associated with the matrix P*. Here P* is the adjoint matrix
of P.

There are some important examples for the above mentioned spaces:

1. Let (Px,z) > (z,z) (z € R"). In this case, p(x) is defined by the unique
solution of |A;-1z| = 1, and k = 1. This space is just the one studied by Calderon
and Torchinsky in [8].

2. Let P be a diagonal matrix with positive diagonal entries, and let t = p(z),
x € R™ be a unique solution of |4;-1z| = 1.

2,) If all diagonal entries are greater than or equal to 1, this space was studied
by E.B. Fabes and N.M. Riviere [10]. More precisely they studied the weak (1,1)
and LP estimates of the singular integral operators on this space in 1966.

2p) If there are diagonal entries smaller than 1, then p satisfies the above (a) —(d)
with k£ > 1.

Thus R", endowed with the metric p, defines a homogeneous metric space [4, 10].
The balls with respect to p, centered at x of radius r, are just the ellipsoids £(x,r) =
{y € R": p(x — y) < r}, with the Lebesgue measure |E(x,r)| = v,r?, where v, is the
volume of the unit ellipsoid in R™. Let also ‘s (z,r) = R"\E(z,7) be the complement
of E(z,r). If P =1, then clearly p(z) = |z| and &;(x,r) = B(z,r). Note that in the
standard parabolic case Py = diag(1,...,1,2) we have

/12 /14 2
P(@Z\/'x' VAL = (2, z,).

2 )

Let f € LI°(R™). The parabolic fractional maximal function M f, 0 < o <
and for a function b, the commutator of parabolic fractional maximal function M, f ot
0 < «a < 7y are defined by

MPf(z) = sup €z, )5 / Tl

>0 E(x,t)
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M, f(x) = sup |E(z, )] 75 / [b(x) = b(y)[ | f(y)ldy.
>0 E(x,t)

If « =0, then M? = M(f is the parabolic maximal operator. If P = I, then
M, = M! is the fractional maximal operator, and M = M({ is the Hardy-Littlewood
maximal operator. It is well known that the fractional maximal operator play an
important role in harmonic analysis (see [12, 29]).

In this work, we prove the boundedness of the parabolic fractional maximal
operator MY from one parabolic generalized Morrey space M, ., p(R™) to another
Mg p,p(R"), 1 <p < q<oo,1/p—1/q = a/y, and from the space My, p(R")
to the weak space WM, ., p(R"), 1 < ¢ < o0, 1 —1/q = a/y. We also prove the
Adams type boundedness of the operator MY from M 1 P(R”) to Mq oA P(R”)

PP, 9,
for 1 < p < ¢ < oo and from M, p(R") to WM 1 P(R”) for 1 < ¢ < co. In the
4,9,

case b € BMOp(R™) and 1 < p < q¢ < oo, we find the sufficient conditions on the

pair (o1, o) which ensures the boundedness of the commutator operator le ., from
My, p(R™) to My, p(R™) with 1/p—1/q = a/~. Also find the sufficient conditions

on the ¢ which ensures the boundedness of the operator le ., from Mp,w 1 7P(R”) to
Mq’lp 1 7P(R”) for 1 < p < g < oo. In all the cases the conditions for the boundedness
are given it terms of supremal-type inequalities on (¢;,¢,) and ¢, which do not
assume any assumption on monotonicity of (¢q,¢,) and ¢ in r.

As an applications, we establish the boundedness of some Schriodinger type opera-
tors on parabolic generalized Morrey spaces related to certain nonnegative potentials
belonging to the reverse Holder class.

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A ~ B and say that A and

B are equivalent.

2. Notations

In the study of local properties of solutions to of partial differential equations,
together with weighted Lebesgue spaces, Morrey spaces L;, x(R™) play an important
role, see [14]. They were introduced by Morrey in 1938 [25]. The parabolic Morrey
space is defined as follows: for 1 < p < o0, 0 < A <, a function f € M, p(R") if
f € Lp¢(R™) and

1/p
HfHMN,p = sup (t_’\ /g( )|f(y)|pdy> < 00.
x,t

z€R™,t>0

(If A =0, then M, 0 p(R") = Ly(R"); if X = ~, then M, 5 p(R") = Loo(R™); if A <0
or A > v, then M, p = ©, where O is the set of all functions equivalent to 0 on
R™)

We also denote by WM, y p(R™) the parabolic weak Morrey space of all functions
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loc(pn :
f € WLY(R") for which

2
1wz, p = xeﬂs{g,ptwr Pl fllwe, @) < oo

where WL, (E(x,r)) denotes the weak L,-space of measurable functions f for which
1wty ooy = supty € EG,r) : 1 w)] > 177

Note that
WL,(R") =WL,op(R"),

Mpxp(R") C WLy p(R") and |[fllyp, , . <1l -

If P =1, then M, (R") = M, » 1(R") is the classical Morrey spaces [25].

Note that the parabolic generalized Morrey spaces be defined as follows (see, for
example, [20, 26] and etc.)

Definition 2.1. Let p(z,r) be a positive measurable function on R™ x (0, 00) and
1 <p < oo. We denote by My, p = M,, p(R") the parabolic generalized Morrey
space, the space of all functions f € L}DOC(R”) with finite quasinorm

_1
1fllsypp = sup (@, )" E@, 7% || fllL,(E@)-
ZER™ >0

According to this definition, we recover the space L, p(R") under the choice
A—
o(z,r) = roe
My p(R") = My o p(R")

- p7907

A=y ’
plar)=r 7

In [26, 27] the following condition was imposed on ¢(z,7):

¢ lo(a,r) < pa,t) < co(w,r) (1)
whenever r <t < 2r, where ¢(> 1) does not depend on ¢,r and x € R™, jointly with
the condition:

[ statrs < cotmrp. )

for the maximal or singular operators and the condition

/ to‘pgo(x,t)p% < CrPo(z,r)P. (3)

for potential and fractional maximal operators, where C(> 0) does not depend on r
and z € R".

In [27] the following statements were proved.

1 1
Theorem 2.1. Let 1 < p < 00,0 < a < l, 2= 2% and o(z,t) satisfy

p g p 7
conditions (1) and (3). Then for p > 1 the operator ML is bounded from M, , p(R™)

to My, p(R™) and for p=1 ML is bounded from M , p(R") to WM, , p(R™).
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The following statements, containing results obtained in [27] was proved in [18]
(see also [19, 20]).

1
Theorem 2.2. Let 1 < p < o0, 0<a<1, a
p

1
—=—— — and (py,¥,) satisfy the
. q9 P 7

condition

o dt
[ ean <coen, @

where C does not depend on x and r. Then the operator ML is bounded from
Mp’%’p(Rn) to Mq7@27p(R”) for p > 1 and from Ml’@l’p(]R") to WMq,%,p(]R”) for
p=1.

3. Boundedness of the parabolic fractional maximal operator in the
spaces M, , p(R")

3.1. Spanne type result
We denote by L (0, 00) the space of all functions ¢(t), ¢ > 0 with finite norm

191l Los o (0,00) = €8 sup v(t)g(t)
t>0
and Lo (0,00) = Loo 1(0,00). Let M(0,00) be the set of all Lebesgue-measurable
functions on (0, 00) and M (0, c0) its subset consisting of all nonnegative functions
on (0,00). We denote by (0, 00;1) the cone of all functions in 97 (0, 00) which
are non-decreasing on (0,00) and

A= {go € MH(0,00; 1) : tgl(])aJrcp(t) = 0} .

Let u be a continuous and non-negative function on (0, 00). We define the supremal
operator S, on g € M(0, 00) by

(5ug)(t) = lu gl Lo(to0), t € (0,00).

The following theorem was proved in [7].

Theorem 3.1.Let vy, va be non-negative measurable functions satisfying 0 <
V11| Lo (t,00) < 00 for any t > 0 and let u be a continuous non-negative function on
(0,00).

Then the operator S,, is bounded from Loo v, (0,00) t0 Lo, (0,00) on the cone

A if and only if
I -1
oS (a2 )] oy <2 9
Sufficient conditions on ¢ for the boundedness of M and M} in generalized

Morrey spaces M, , p(R™) have been obtained in [3, 7, 20, 27].

The following lemma is true.
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1 1
Lemma 3.1. Let 1 <p< oo, 0 < a< 1, LS Then for p > 1 and any
P q p
ball € = E(x,r) in R™ the inequality
X —~v4a
IME @y S Nz, e anm) + 77 Sup N f L et (6)
holds for all f € L;,OC(]R").
Moreover for p =1 the inequality
X —~v4a
IME fllwr, ) S Nl Earmy) + 7 JSup TN FllLy e (7)

holds for all f € LI°¢(R™).
1 1
Proof. Let 1 < p < ¢ < oo and ;) — 5 = %. For arbitrary parabolic ball
&= g(.%',?”) let f = fl + f27 where fl = fXg(.I,Qk‘T) and f2 = ch(S(kar)).

IME Fllz,e) < IME fillr,e) + IIME fall,e)-

By the continuity of the operator ML : L,(R™ — L,(R") (see, for example, [12]) we
have

IME fillny, &) S WL @ 2nr)-

Let y be an arbitrary point from &. If E(y,t) N E(5(3:, 2kr)) # (), then ¢t > r. Indeed,
if z € E(y,t) N C(E(x,ri)), then t > p(y — 2) > 1p(x —2) —plz —y) > 2r —r =r.
On the other hand, £(y,t) N E(S(:U, 2kr)) C &(x,2kt). Indeed, z € E(y,t) N

C(é’(w, 2kr)), then we get p(x — 2) < kp(y — 2) + kp(x — y) < k(t +r) < 2kt.

Hence
M) =swp e | F()ldz <
>0 [E(W, )17 Je(y.0n e (@,26r))
1
< (2k)7% su / 2)|dz =
(2F) t>17? |E (2, 2kt) 1= Jg (2,2t )
1
= (2k)"7% su / z)|dz.
(2#) o |E (@, )07 g@;,t)'f( )
Therefore, for all y € B we have
1

MP f2(y) < (2k)7% su / 2)|dz. 8

f?(y) ( ) t>2£)r |5(:L‘,7f)‘1_0‘/7 g(g;’t) ’f( )| ( )

Thus

1 1
MP < 2k T |E]9 sup/ 2)|dz | .
1Mo, fllz,e) S L, E@2rry) + €] (t>2m E@ O e |f(2)]
Let p = 1. It is obvious that for any parabolic ball £ = &(z, )

P P P
Mo fllwerge) < 1Mo fillwer,e) + 1M fallwr,e)-
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By the continuity of the operator MY : Li(R™) — W L,(R") we have

IME Allwe,e) S WLy 2nm))-

Then by (8) we get the inequality (7).

1 1
Lemma 3.2. Let 1 <p< oo, 0<a< l, o Then for p > 1 and any
p g p 7
ball € = E(x,r) in R™, the inequality
X _x
IME fllz, @y ST sup t o || flln, ) 9)
t>2kr
holds for all f € L;OC(R”).
Moreover for p =1 the inequality
k1 _a
IME fllwry @y ST sup t || fllp, @) (10)
t>2kr
holds for all f € LY¢(R™).
¥y 1 1 «
Proof. Let 1l <p<oo,0 << —, — =— — —. Denote
p g p 7

1 1
My :=|€Ela | su / z)|dz |,
v= (»JZT € O Jeuy T )

Ma = || fllL, & @,2k))-
Applying Holder’s inequality, we get

1

1 1 p
M S ‘5’; sup —— </ |f(z)\pdz>
t>2kr |5($7t)‘5 E(z,t)

On the other hand,

Bl sup11</ If(Z)\”dZ> >
t>2kr |5(x7t)|5 E(z,t)

AL

1 1
2 €]« (SUP 1> £l (8 2 ,20r)) = Mo
t>2kr |E(x,t)|a

Since by Lemma, 3.1
IME fllz,e) < M1+ My,

we arrive at (9).
Let p = 1. The inequality (10) directly follows from (7).

1 1
Theorem 3.2. Let 1 <p < o0, 0 < a < 1, -=-- g, and (pq,py) satisfies
p q p 7
the condition
_a 3
sup t*7 7 essinf o (x,8)s? < Cpy(x,7), (11)
r<t<oo t<s<oo
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where C does not depend on x and r. Then for p > 1, ML is bounded from
My, p(R") to My, p(R™) and for p = 1, MP is bounded from My, p(R™) to
WM(L@Q»P(R”)'

Proof. By Theorem 3.1 and Lemma 3.2 we get

_ _
IME Flstyyp S sup oz, )" supt™ @ || fllL, (o) S
zeR™,r>0 t>r

_ _
S osup (e r) TR | fllny @y = 1116, e
zeR™,r>0

if p € (1,00) and

_ _
1M Fllwntyyp S 5UD o)~ supt™ o || fll Ly @y S
z€R™ r>0 t>r

S osup o ()T T f ey = I Ian,, o
zER™,r>0
if p=1.
In the case a = 0 and p = ¢ from Theorem 3.2 we get the following corollary,
which proven in [3] on R".
Corollary 3.1. Let 1 < p < oo and (¢1,py) satisfies the condition
sup 7% ess inf 01 (z, s) sv < C oy(z,T), (12)
r<t<oo t<s<o0o
where C' does not depend on x andr. Then forp > 1, M is bounded from M, , p(R™)
to My, o, p(R™) and for p =1, M is bounded from My , p(R") to WM ,, p(R").
Corollary 3.2. Let p € [1,00) and let ¢ : (0,00) — (0,00) be an decreasing
function. Assume that the mapping r — (1) r7 is almost increasing (there ezists

a constant ¢ such that for s < r we have ¢(s) 57 < cp(r) r%) Then there ezists a
constant C > 0 such that

IMfllagy . p < CllflIM,ppr o P>1,

and
M fllwatpp < CllflIa g p-

3.2. Adams type result

The following is a result of Adams type for the fractional maximal operator (see
[1]).
Theorem 3.3. Let 1 < p < qg< o0, 0 < a< % and let p(x,t) satisfy the
condition

sup t 7 essinfp(z,s)s” < Cp(z,r) (13)
r<t<oo t<s<oo
and
1 ap
sup t%p(x,t)r < Cr a»p, (14)

r<t<oo
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where C' does not depend on x € R™ and r > 0.
Then the operator ML is bounded from M 1 (R™) to M 1 (R™) forp > 1
PP, P a9, P
and from My, p(R") to WM 1 P(R”).
q74p

Proof. Let 1 < p < ¢ < oo, O<a< % and f € M 1 P(Rn). Write f = f1+ fa,
p7g0 b
where € = E(x,7), fi = fXe(z2nr) and f2 = fx S (z,2kr))"

For MZE f(y) for all y € £ from (8) we have

1
MP < (2K su / 2)|dz <
(f2)(y) < (2k) SU et i o) | f(2)]
ol
< supt ¢ 28))- 15
S sup £l 2, &) (15)

Then from conditions (14) and (15) we get

a—2
M f(y) S MP f(y) +osup £ 1fllL, @) <
>2Kr

1
<r*MPf(y)+|fllm . sup t%p(x,t)r S

p,pP P t>2kr

_ap
SrOMPf(y)+rmar | fllw
P,

Sl

pP,P

Hence ch (Hf‘Mw“”P)qaqp f £, we h
ence choose r = | ———22—— or every y € £, we have
MP f(y)

M F(y) < (MPF@) s 1y

s

D=

,P

Hence the statement of the theorem follows in view of the boundedness of the max-

imal operator M in M 1 P(R”) provided by Corollary 3.1 in virtue of condition

p7<)0 b
(13).

_1._a
1M flle = sup (e, )9t 7| MS fll Ly e @) S
q,09,P z€R™, t>0
p
q

1= 1 P
S sup  p(z,t) "9t || MPf|¢ _
H HMIW)%,P z€R™, >0 ( ) ” HLP(£(£¢))

Qs

17% _1 v P
= [Ifllys ", sup  p(z,t) Pt P ([M" fllr, @) | =

p,oP P \TER™, >0
1-2 P P

= flla MUl S Il s

p,pP P p,pP P pP P

ifl<p<qg<ooand
_1
IME fllwar . = sup @@, t) at™ e || ME fllwr, e S
a9 9,P z€R™, t>0

1-1 _1 _x P L
S g, meﬂzgpbosdx,t) it [|MUflGyr ) =
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1-1 L a
= Hf“lez%P ( sup ()7t V||MPfHWLl(s(a:,t))> =

zeR™, t>0

1-1 1
Ml M F s o S vt

if 1 < q<o0.
In the case p(x,7) = r*77, 0 < A < v from Theorem 3.3 we get the following

Adams type result [1] for the fractional maximal operator.

1 1
Corollary 3.3. Let0<a<vy,1<p< 1, O<A<~vy—apand — — - = e
a p g v—A
Then for p > 1, the operator ML is bounded from M, p(R") to M, p(R™) and

forp=1, ML is bounded from M x p(R™) to WM, p(R™).

4. Parabolic Schrodinger type operators
VI(Z -A+V) " and VIV2(Z - A+ V)’
In this section we consider the parabolic Schrodinger operator

0
a—A—l—V on R,

where V' = V(z,t) is a nonnegative potential which belongs to the parabolic reverse

Holder class B, (R™*+1). Examples of such potentials are all positive polynomials but
2
also singular functions like max{|z|, t%}a for oo > —i. We prove the parabolic

generalized Morrey M, p,(R"™') — M, , p,(R™"1) estimates for the operators
V”(% — A+ V)_/B and V”VZ(% - A+ V)_ﬁ, where Py = (1,...,1,2).

The investigation of Schrodinger operators on the Euclidean space R™ with non-
negative potentials which belong to the reverse Holder class has attracted attention
of a number of authors (cf. [11, 32, 37]). Shen [32] studied the Schrédinger operator
—A 4V, assuming the nonnegative potential V' belongs to the reverse Holder class
B,(R™) for ¢ > n/2 and he proved the L, boundedness of the operators (—A + V)%,
V2(-A+V)™H V(-A+ V)_% and V(—A + V)~ Kurata and Sugano generalized
Shens results to uniformly elliptic operators in [33]. Sugano [34] also extended some
results of Shen to the operator VV(—A+V)#, 0<y < B <1land VIV(-A+V)P,
0<~y< % <pg<land g—7v > % Following Shen’s approach, W. Gao and Y.
Jiang extend the results to the parabolic case. In [13], they consider the parabolic
operator % —A+V where V € B,(R"!) is a nonnegative potential depending only
on the space variables and, under the assumptions n > 3 and p > (n + 2)/2, they
proved the boundedness of V(% — A+ V) lin L,R™1).

The main purpose of this section is investigate the parabolic generalized Morrey

My, 2 (R™) = M, 5, p,(R™1) boundedness of the operators
0 -8
ﬂ:Vﬂa—A+V),O§v§ﬂ§L

E:VW%Q—A+VYﬁ0§7§

<p<l1 -y >

N
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Note that the operator V2(% - A+ V)_l in [13] is the special case of 7.

It is worth pointing out that we need to establish pointwise estimates for 71,
T2 and their adjoint operators by using the estimates of fundamental solution for
the Schrodinger operator on R™*! in [13]. And we prove the parabolic generalized
Morrey estimates by using M, p,(R"™) = M, p,(R™™) boundedness of the
parabolic fractional maximal operators.

Definition 4.2. 1) A nonnegative locally L, integrable function V on R+ s
said to belong to the parabolic reverse Hélder class By(R™) (1 < g < o0) if there
exists C' > 0 such that the reverse Holder inequality

1 / q C
— Vy,quydT) S/ V(y, 7)dydr
(g [ v ] ST

holds for every parabolic cylinder
K = K((z,t),r) = {(y,T) c R |z —ys| <t —7] < P20 = 1,...,n}

of center (x,t) and radius r in R,
2) Let V =V (x,t) > 0. We say V € Boo(R" 1), if there exists a constant C > 0
such that

C
WVl < i [ Vw7
KT i

holds for every parabolic cylinder K = K((z,t),r) in R**1,

Clearly, Bo(R"1) C B,(R"!) for 1 < ¢ < oo. But it is important that the
By(R™™1) class has a property of ”self-improvement”; that is, if V € B,(R"*1), then
V € Byte(R™1) for some € > 0 (see [22]).

By the functional calculus, we may write, for all 0 < 8 < 1,

0 Boq [ 0 !

Let f € C°(R™11). From

-1
(a —A+V+ A) flz,t) = / Dz, ty, 73 M) f(y, 7)dydr,
at Rn+1
it follows that

ﬂf((lf,t) = K1($7ta y,T)V(y,T),Yf(y,T)dydT,

Rn+1
where

%fooo)‘_ﬁr(%tyﬂ';)\)d)\ for 0<p<1

Ki(z, ty,7) =
1z, ty,7) {F(w,t;y,T;O) for 8 =1.

The following two pointwise estimates for 77 and 72 which proven in [37], Lemma
3.2 with the potential V € By (R™T1).
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Theorem A. Suppose V. € Boo(R") and 0 < v < 8 < 1. Then, for any
[ € Cge ()
[ Tof (2, )| S Ma,p f(,1),
where o = 2(8 — 7).
Theorem B. Suppose V € Boo(R™1), 0 < v <
Then, for any f € C°(R™T1)

\’Ef(a:,t)] g Ma,Pof(xat)v

where o = 2(f — ) — 1.
Note that the similar estimates for the adjoint operators T} and 73 with the

2
nr also valid (see [23]).

potential V' € By, for some ¢q; >
2
Theorem C. Suppose V € By, (R"™1) for some q1 > %, 0<y<pB<1and

1
let —=1-— l. Then there exists a constant C > 0 such that

42 a1
T3 f (@) < C (Magur, (112) (2, 0)) %2, f € CRR™H,

where o = 2(8 — 7).
1 n 4+ 2 1
Theorem D. Suppose V' € By, (R"™1) for some ¢1 > — 0<~< B <p<1

1
and —y > 3 And let
1- Lifq>n+2,
a1

q2 1 1 2
[t S S
q n+2 2

<q1 <n+2.

Then there exists a constant C > 0 such that
1
T3 f(2,)] < C (Magy,r, (|f12) (2, t)) 72, f€CEERM,

where o = 2(f — ) — 1.
The above theorems will yield the parabolic generalized Morrey estimates for 7;
and 7s.

Corollary 4.4. Assume that V € BOO(R"‘H), and 0 < v < B < 1. Let1 <
1

1
p<qg<oo,2p—7)=(n+2) ( - > and the condition (11) be satisfied for
P q
a=2(8—7).
Then, for any f € C§o(R™1)

Hﬂf”Mq,gpz,PO S HfHMp,«pl,P07 fOT p > ]'

and
(T fllwny oy p, S W fllaty g, py, for p=1



Proceedings of IMM of NAS of Azerbaijan 63
[Parabolic fractional maximal operator]

1 1
Corollary 4.5. Assume that V € Boo(R"™1), 0 <~ < 3 <B<1landB—v> 3

1 1
Let 1 <p<qg<o0,2(—7)—1=(n+2) (p - q) and the condition (11) be
satisfied for o = 2(f — ) — 1.
Then, for any f € CS°(R™H1)

1T ntypyy S Ity sy e for p> 1

and
1 T2 fllwWtg oy S Fflntyyy p,  for p=1

n-+ 2

Corollary 4.6. Assume thatV € By, (R"*1) for q1 >
1 1 1 «a 1

;and) <y < p <1

i . .
Letl<p< ———, ——— = ——, — = 1—— and the condition (11) be satisfied
=7 LTHamr @ nt2 g Q 1 4
for a=2(8—1).
Then, for any f € C°(R™1)
H7~1f||Mq,<p2,PO S HfHMp,cpl,PO7 fOT p > 1
and
[T fllwWsy oy S Sl m,  for p=1
n+1 n+2
Corollary 4.7. Assume that V € By, (R"*) for ¢1 > 5 and
1 .
0<7§§§5§1, if @ >n+2,
1 2
0<y<5<B<L i "L i <n+2
1 1 1 1 1
LetB—v 2>, 1<p<5—F%—-—-= L, S and the condition
2 atae P4 nt2 @ q1
(11) be satisfied for a = 2(8 — ) — 1, where
l, if 1 >n+2,
1 q1
P y+1 1 ,fn+2< .
— 0 n+ 2.
o = 5 ¢
Then, for any f € C§°(R™1)
HEfHMq,gaQ,PO SJ HfHMp,Lpl,PO7 for p > 1

and

T2 fllwntg g S W Fllntyyy p,  for p=1
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