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PARABOLIC FRACTIONAL INTEGRAL OPERATOR IN
MODIFIED PARABOLIC MORREY SPACES

V. S. GULIYEV AND K. R. RAHIMOVA

ABSTRACT. We study the parabolic fractional maximal operator M[,
0 < a < « and the parabolic fractional integral operator 15, 0 <
a < 7 in the modified parabolic Morrey space M x p(R™), where
v = tr P is the homogeneous dimension on R™. The boundedness of
IZ from the parabolic Besov-modified Morrey spaces BM:e)\(Rn) to
- |

BM g9 A (R™).
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1. INTRODUCTION

The theory of boundedness of classical operators of the real analysis,
such as the maximal operator, fractional maximal operator, fractional in-
tegral operator and singular integral operators, etc., from one weighted
Lebesgue space to another one is well studied by now. These results have
good applications in the theory of partial differential equations. However,
in the theory of partial differential equations, along with Morrey spaces, the
modified Morrey spaces also play an important role (see [1, 20]).

For x € R™ and r > 0, let B(x,r) be the open ball centered at z, of
radius r, cB(x, r) ;= R™\ B(z,r) and |B(z,r)| is the Lebesgue measure of
the ball B(z, ).

Let P be a real n x n matrix, all of whose eigenvalues have a positive
real part. Let A; =t (¢t > 0), and set v = tr P. Then there exists a
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quasi-distance p associated with P such that
(a) p(Awx) =tp(z), t>0, forevery x€R"™;
(b) p(0) =0, plz—y)=ply—x)=0;
and  p(z —y) < k(p(z — 2) + p(y — 2));
(¢) dx=p" 'do(w)dp, where p=p(z),w=A4,
and do(w)is a C*measure on the ellipsoid {w : p(w) = 1}.

-1X

Then {R",p,dz} becomes a space of homogeneous type in the sense of
Coifman-Weiss. Moreover, we always assume the following properties on p:
(d) For every z,

erfal™ < p(@) < calel™® i pla) > 1
calz]™ < p(x) < eqlz|™if p(z) <1
and
p(0z) < p(x) for 0< 0 <1
Here, a; and ¢; (i = 1,...,4) are some positive constants. Similar

properties hold for p* which is associated with the matrix P*, where P* is
the adjoint (transpose) of P.

There are some important examples for the above-mentioned spaces:

1. Let (Pz,z) > (z,z) (z € R™). In this case, p(z) is defined by a
unique solution of |A;—1z| = 1, and k& = 1. This space is just studied by
Calderén and Torchinsky in [6].

2. Let P be a diagonal matrix with positive diagonal entries, and let p(x)
be a unique solution of [A4;-1z| = 1.

2,) If all diagonal entries are greater than or equal to 1, this space was
studied by E. B. Fabes and N. M. Riviére [10]. More precisely, they studied
the weak (1,1) and LP estimates of the singular integral operators on this
space in 1966.

2y,) If there are diagonal entries smaller than 1, then p satisfies the above
(a) — (d) with & > 1.

Thus, R", endowed with the metric p, defines a homogeneous metric
space ([3, 10]). The balls with respect to p, centered at x, of radius r,
are just the ellipsoids &(z,7) = {y € R™ : p(x — y) < r}, with the Lebesgue
measure |E(x,r)| = v,r?, where v, is the volume of the unit ellipsoid in R".
Let also CE(gc,r) = R" \ &(z,r) be the complement of E(x,r). If P =1,
then clearly p(z) = |z| and &;(x,r) = B(x,r). Note that in the standard
parabolic case Py = diag(1,...,1,2), we have
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Let f € LI°°(R™). The parabolic fractional maximal function MZ f and
the parabolic fractional integral I f are defined by

ME f(a) = sup e, )71+ / F@)ldy, 0<a<n,

E(z,t)

P fy)
Iaf(x)z/Wdy, 0<a<hn.
R

If @ = 0, then M¥ = ML is a parabolic maximal operator. If P = I,
then M, = M C’; is a fractional maximal operator, M = M({ is the Hardy-
Littlewood maximal operator and I, = I is the Riesz potential.

It is well known that the fractional maximal operator, fractional integral
operator and Calderén-Zygmund operators play an important role in har-
monic analysis (see [30, 31, 41, 42]). Fractional type operators within the
framework of metric measure spaces were studied in [7, 8, 16, 17, 21, 26, 28].

Definition 1. Let 1 <p < 00, 0 < XA <, [t]; = min{1,¢}. We denote by
M, p(R™) the parabolic Morrey space, and by M, x p(R™) the modified
parabolic Morrey space as the set of locally integrable functions f, with the

finite norms
\ 1/p
g = _swo (e [ 1wrar)

€R", t>0
E(z,t)
\ 1/p
= = su tly Pd ,
3, = o (1 [ wpay)
E(z,t)

respectively.

The Morrey and modified Morrey spaces defined on homogeneous Lie
groups were investigated in [14] (see also [15]). Anisotropic Morrey spaces
are known in the literature, see for instance [38] and [39]. Particularly,
parabolic Morrey spaces were considered in [43].

Note that

M,0,p(R") = My p(R") = Ly(R"),
M, 5 p(R™) Cs. M, xp(R") N L,(R") and
max {[| flln, 5 po 1f N, } < 1 F1l5

PP

(1.1)

and if A < 0 or A > 7, then M, » p(R") = M, » p(R") = O, where O is the
set of all functions equivalent to 0 on R™.

Definition 2 ([4, 5, 12, 13, 19]). Let 1 < p < 00,0 < A < . We denote
by WM, . p(R™) the weak parabolic Morrey space and by WM, » p(R™)
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the modified weak parabolic Morrey space as the set of locally integrable
functions f with finite norms

- 1/p
[ llwar, o =supr sup (87 [{y € E@,t) = [f(y)| >r}) ",
o r>0 zeR™,t>0

_ 1/
flwiz, ,, =swr sup ([0 Hy € E@,0): [fy)l >r}) ",
e r>0 zeR™,t>0

respectively.
Note that

WL,(R") = WM, p(R") = WM, p(R"),
Mpx,p(R") C WMy p(R") and || fllypy , o < 1 lla, 5 0

My x p(R") C WMy x p(R") and |[flly 5z, < Wfll5,
If P =1, then M, (R") = M, » (R") is the classical Morrey space [27]
and MP’A(R”) = MP,AJ(R”) is the modified Morrey space [20].

The anisotropic result due to Hardy-Littlewood-Sobolev states that if
1 < p < q < oo, then I is bounded from L,(R") to L,(R"™), if and only
if = fy(% — %) and for p = 1 < ¢ < oo, I is bounded from L;(R"™) to
W Lg(R™) if and only if a = (1 — %) Spanne (see [40]) and Adams [1]
studied boundedness of the Riesz potential I, for 0 < o < n in the Morrey
spaces M)y, . Later on, Chiarenza and Frasca [9] reproved the boundedness
of the Riesz potential I, in these spaces. By the more general results of
Guliyev [14] (see also [2, 15, 18]), one can obtain the following generalization
of the results in [1, 9, 40] to the anisotropic case.

Theorem A. Let 0 < a<yand 0 < A<~vy—a,1<p< %
HIfl<p< %, then the condition 1% — % = 7%\ is necessary and
sufficient for the operator IE to be bounded from M, x p(R™) to My x p(R™).

2) If p = 1, then the condition 1 — % = ﬁ is mecessary and sufficient

for the operator IY to be bounded from My \ p(R™) to WM, x p(R™).

TheoremB.Let0<a<’yand0§)\<’y,1§p<%and%f%:

— v

1) If 1 < p < I, then the operator IP is bounded from M, » p(R™) to
Mgy, p(R™). B

2) If p = 1, then the operator IY is bounded from M x p(R™) to

WMy p(R™).

Ifa= % — %, then A = 0, and the statement of Theorem A reduces to the

aforementioned result owing to the anisotropic version of Hardy-Littlewood-
Sobolev.
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Recall that for 0 < a < 7,

MEPf@) < vl IR(If) (@), (1.2)

hence Theorem A also implies the boundedness of the fractional maximal
operator ML . Tt is known that the parabolic maximal operator M ¥ is also
bounded on M, 5 p for all 1 < p < oo and 0 < X < 7 (see, for example [25]),
whose isotropic case was proved by F. Chiarenza and M. Frasca [9].

We define parabolic BMOp(R"™), the set of locally integrable functions
f with finite norms

1flp= sup  |E@r) / W) — Feomldy < oo,
r>0, zeR” g(“ )

where fé‘(w,r) = |(€($, T)|71 fg(x’r) f(y)dy

In this paper we study the parabolic fractional maximal integral ML f
and the parabolic fractional integral ML f in the modified parabolic Morrey
space ]/\\4/,))\,1:(]1%"). In the case p = 1 we prove that the operators M and
I are bounded from ML)\,p(R") to WMq,A’p(R”), if and only if a/y <
1-1/g < a/(y—A). In the case 1 < p < (v — A)/a, we prove that the
operators M2 and I are bounded from Mp a,r(R™) to Mq a,pP(R™), if and
only if a/y <1/p—1/q < a/(y — A). In the limiting case 7— <p< I we
prove that the operator M} is bounded from Mp)\’p(R") to Lo (R"), and
the modified fractional integral operator I is bounded from M% A, p(R™) to
BMOp(R"™).

By A < B we mean that A < CB with some positive constant C, in-
dependent of appropriate quantities. If A < B and B < A, then we write
A ~ B and say that A and B are equivalent.

2. MAIN RESULTS

The following parabolic version of the Hardy-Littlewood-Sobolev inequal-
ity in the modified parabolic Morrey spaces is valid.

Theorem 1. Let0<a<7,0<)\<7—a and1<p<7;—>‘.
Ifl<p<? )‘ , then the condztzon < 1 1< is mecessary and
g Y= A
sufﬁctent for the opemtor IP to be bounded from M ar(R™) to Mq’k’p(R”).
Ifp=1«< u, then the condition & < 1 — 1 < —2_ 45 neces-
a v q Y=A
sary and sufficient for the operator I to be bounded from MLA’IJ(R") to

WM, . p(R™).

DY
Corollary 1. Let0<a<v, 0<A<y—aand 1 <p< “’T
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=2 ition & 1_1 —a_ .

1) If 1 < p < ==, then the condition 5 < i < = s neces

sary and sufficient for the operator MY to be bounded from M,  p(R™) to
Mq,A,P(Rn)-

) Ifp=1«< %, then the condition % <1 f% < ﬁ is meces-

sary and sufficient for the operator MY to be bounded from ML)\’P(RW‘) to
WM, p(R™). -

3) If %)‘ < p < I, then the operator MPE is bounded from M, x p(R™)
to Loo(R™).

The examples show that the operator I is not defined for all functions
feMuyrxprR"),0<A<y—q,ifp> ?
We consider the modified fractional integral

@) = [ (b= 0" = )Xoy @) F ),

Rn

©.1) is the characteristic function of the set G5(0, 1) =R"\&(0,1).

Note that in the limiting case % < p < 2 statement 1) in Theorem B
does not hold. Moreover, there exists f € M, . p(R™) such that I f(z) =
oo for all x € R™. However, as it will be proved, statement 1) holds for the
modified fractional integral fff if the space Lo (R™) is replaced by a wider
space BMOp(R").

In the following theorem we obtain | the conditions ensuring that the op-
erator I¥ is bounded from the space Mpa.p(R™) to BMOp(R™).

where X o,

Theorem 2. Let 0 < a <7y, 0 <A< y—a, and"ya;’\ <p< L, then the
operator IY is bounded from ]/\\4;,7)\713(}1%”) to BMOp(R™). Moreover, if the
integral IT f exists almost everywhere for f € MP’AWP(R"), %)‘ <p< 2,
then IY f € BMOp(R™) and the inequality

V2E Fllr < Cllfly,
is valid. Here, C > 0 is independent of f.

The Besov-Morrey (and Triebel-Lizorkin-Morrey) spaces attracted some
attention in the last years. Kozono and Yamazaki [23] and Mazzucato [24]
have used these spaces in the theory of Navier-Stokes equations. Some
properties of the spaces, including the wavelet characterizations, were de-
scribed in their papers by Sawano [32, 33|, Sawano and Tanaka [34, 35],
Tang and Xu [36]. The most systematic and general approach can certainly
be found in the very recent book [37] of Yuan et al., we also recommend
this monograph for further up-to-date references on this subject.
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In the following theorem we prove the boundedness of I in the parabolic
Besov-modified Morrey spaces on R™,

Bl p(R") = {f Mgxe, =5, +

1

14— FO1 N\
" </ T d) <°O}’
]Rn

where 1 < p,fd <occand 0 < s < 1.

-2
Theorem 3. Let 0 < a <7, 0 < A<~vy—aandl <p< 1= If

11 P
%gg—ng)\,1§9§ooandO<s<l, then the operator I is

bounded from the spaces B\J\/i:e’A’P(R") to B\]\QZG’A,P(R”). More precisely,
there is a constant C' > 0 such that

P
1 fl gz, o < CllF g, ,
holds for all f € BM g 5 p(R™).

Remark 1. Note that Theorem 1 in the case P = I was proved in [20],

in the case P = I and % — L= _2_ip [1] and in the case P = Py and

1_1__a [22] ! !
> T 7= mi2—x 0 .

3. SoME EMBEDDING
Lemma 1. Let 1 <p<oo, 0 <A< ~v. Then
My, p(R") = My p(R™) N Ly(R™)

and

o= max {1l 0L, )

Proof. Let f € ]T/[/p,,\p(R"). Then from (1.1) we have that f € M, » p(R™)N

Ly(R") and max { ||fllyy, , - [Ifll., } < Ifll5, , -
Let now f € M, » p(R™) N L,(R™). Then

1113z

P,

15, . = sup <[th—A / If(y)l‘”dy)l/p

EER”,t>O
E(x,t)
p
“max{  sup (w / If(y)lpdy> . sup ( [ 116 |pdy) <
zER 0<t<1 zERM t>1
E(x,t) E(x,t)

< wax {1l 11, }
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Therefore, f € M, p(R") and the embedding M, » p(R™) N L,(R") C,
Mp’)\’p(Rn) is valid.

Thus, My, p(R") = M, p(R") N L,(R™) and max{||f||M

PP

1A} = 175, o 0

The following statement can be proved analogously.
Lemma 2. Let 1 <p<oo, 0 <A< ~v. Then
WM, . p(R") = WM, » p(R") N WL,(R") and
Wiz, = mex {1 Fllwa, o o Iflws, -
Lemma 3. Let0<a <y and 0 <A<~ —a«a. Then

Mw;xy)\’P(Rn) Cye M177,a)p(R7l) and

1- 85
st op €007 Wllarys

Proof. Let 0 <a <, 0 <A<y —a, f € Maa p(R™). By the Hélder’s

inequality, we have

/ If(y)dy§< / |f<y>|”2*dy)”ak( / dy)l”a*s

E(z,t) E(x,t) E(z,t)

Moreover,

e | |f<y>dy§vi‘*f*t—f*x( / |f<y>|ady)”s
£

—_a_ - =X A 1-22x
<ol >\<t A / |f(y)|wa dy> <wv, " Hf“MV,
E(z,t)

Therefore, f € M y—q,p(R™) and

1-225
||f||M1,,Yfa,P <o ’ HfHMM,)\,P ) -

a

Lemma 4. Let0<a<v,0< A<y —a. Thenfor%gpgg

Myap(R") Cr Mipoap(®Y) and [flly, ., <ol Ifl5

pAP
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Proof. Let 0 < a < v, 0 < A<y —q, fEMpA,p(R") and % <p< L
By the Holder’s inequality, we have
£y o= s 7 [ 17wy <
e TER™, >0
E(z,t)
1 5 A N 1/p
<o sw e (W [ sra) <
zER™, >0
E(x,t)
1/p’ a—2 1%
<ot M5, , p supt™ 7 (7 =
_,1/p N { a—1=2 a—l} _
=0 max< sup t »  supt” P =
" ”f”Mp***P 0<t21 ’t>F1)
— 1/ _
= ol I fl5y -
Therefore, f € M; y—o,p(R™) and
1 /
1ty < 0" WSl - O

4. TheMp7)\7p—BOUNDEDNESS OF THE PARABOLIC MAXIMAL OPERATOR

In this section we study the Mp’ A, p-boundedness of the maximal operator
MP.
Lemma 5. For allr >0 and xz,y € R",

(o) M e =4 () )

Proof.

MPXE(w,T) (y) = igg ‘g(yat”_l / XE(z,r) (Z)dZ =

E(y,t)
€y, t) N E(x, )|
=su =sup G(z,y,r,t).
t>%)) ‘g(y7t)| t>13 ( Y )

Obviously, for all r > 0 and z,y € R" E(z,r) C E(y, kp(x —y) + kr).
Hence,
€z, 7))
MPXe(or > G(x,y,r kplx —y) + kr) = =

Y
= I{_’Y—.
(p(xz —y)+71)
Note that

MPXE(m,T) (if) = max{ sup G(x,yvrv t)» sup G(xvyarv t)}
t>kp(z—y)+kr t<kp(z—y)+kr
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Then, taking into account that £(z,r) C £(y,t) for t > kp(x —y) + kr,
we have

|E(z,r)| 7
sup G(z,y,rt) = sup =k
t>kp(e—y)+kr t>kp(a—y)+kr €Y 1)] (p(x —y) +1)7
If p(x —y) < 3r, then
E(y,t v
sup G(z,y,r,t) < sup . 1)l =1<47 !

t<kp(z—y)+kr t<kp(z—y)+kr ‘5(3/’ t)' N (p(SL’ - y) + r)’Y .

Moreover, if p(z—y) > 3r, then for t < 3 (p(z—y)+r), E(y, t)NE(z,r) =0
and therefore

sup G(z,y,r,t) = sup G(z,y,r,t) <
t<kp(z—y)+r L (p(z—y)+r)<t<kp(z—y)+kr
.
L (pla—y)+r)<t<kp(e—y)+kr 1€ W T)] (p(x —y)+r)

Theorem 4. 1. If f € ML)\’P(RH), 0 < X < v, then MPf €
WM x p(R™) and

1M Pz, o < Conrllf g, oo

where Cy x,p depends only on A and n.
2. If f € Mp7)\7p(Rn), 1<p<oo,0< A<y, then MPf S Mp)\,p(Rn)
and

127 £l 57

AP

< Cparlflis,, o
where Cy, » p depends only on p, A\, P and n.
Proof. By the parabolic Fefferman-Stein inequality
[ 1) sy < [15par iy
Rn ]:R’Vl
valid for all non-negative functions g € L{¢(R™) (see [6]), we get
(MPf(y)" dy = / (M"F )" Xe @ (v)dy <
E(x,t) R

<o / F @) PMPxeqon (4)dy.
R"L

Therefore, from Lemma 5 we have the following inequalities:

(MP f(y)’ dy <
E(x,t)
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£ £ ()7 dy ) _

s( [ e+ o)

E(zt) T=0¢ (2,20 H1)\E (2,29 1)
x i+141A
PN P (277713
< (BRI, WS ) 5
J:

[IOgQQ%] .
A ST 2 iy
J=0

(o]
S IFIE [ty + + Y 27, 0<t<li |S
Mp,x.P i=llogy &]+1 2

oo .

2. 277, t>3

§=0

T, 0<t< 3
s, (e 17 055 ) s
< Ee 5

Lemma 6. Let 0 < a < 7. Then for 2kp(z) < p(y), x,y € R™, the
inequality

[ple — )" = pl)* 7] < @R (k= ) ) ole)  (42)

is valid.
Proof. From the mean-value theorem, we get
oz =)™ = p(y)* 7| < lplz —y) — p(y)] - €777,
where min {p(z *1@/), p(y)} < € < max{p(z - ) p(y)}
We note that 5zp(y) < p(z —y) < (k+ 3)p(y), and |p(z —y) — p(y)| <
(k — %)p(x) Thus, the proof of the lemma is completed. a
5. PROOF OF THE MAIN RESULTS

Proof of Theorem 1. -
1) Sufficiency. Let 0 < a <7, 0 < A< ~v—a, f € M, p(R") and
1<p< 22, Then

Lff(x)( [+ )f@)p(xy)awyA(z,t>+0<x,t>.
E@t)  CBg(pr)
For A(x,t), we have
Az, 1)] < / F@)lp(a — ) dy <

E(x,t)
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=1 E(@,2- it D\E(2,2-9t)

Hence

|A(z, )] S t“M" f(z).

In the second integral, by the Holder’s inequality, we have

Cla ) < < / p(zy>ﬁ|f<y>pdy)1/px

Gg(x,t)

(2-+a)p 1/p'
X / plx —y)\ v TP dy =Jy - Jo.

CS(m,t)

Let A < 8 <~ — ap. For J;, we get

Ji

(X [ vwrse-n ) "

T=0¢ (2,291 )\ (,291)

e 1/p
s i
<t 1 fllz, ., (ZQ ﬁz[21+1t]§> -
=0

[log, 217] .
(20 5 20y
=0
) N 1/p 1
_B -8 i
=t | flw, , + X2 a) L 0<t<g,
. j=llog, 3]+1
0 ) 1/p 1
( > 2“”) , t> -
=0 2
1/p 1
2l (Pr+e7) ", 0<t< )
~t P ~ ~
M.
o 1, 1>
e, 0<t<g, I
ol PR S 12 om0 Iy,
. t 7, t> ) o

For Js, we obtain

Ty = < / df/”_1+(§+“‘”)p'dr>p ~th et
t

Sn—1

<> @) / £ (9)ldy.

(5.2)

(5.3)



PARABOLIC FRACTIONAL INTEGRAL OPERATOR 71

From (5.2) and (5.3), we have

Cla, )| STHF 77 flly

AP

Thus,

1P f(@)| StoMPF()+ ] °7F (flg . <

p,x P

S min (¢ M7 f(@) + 1575 || fllg s oM (@) +

1l }o t>0.

A

+t077%
Minimizing with respect to ¢, for

) /-2)
=00 s) " s,

and

o= [0 r@) " 1l L)

we have

P 1—2Pes P 1-2=
|17 f(z)| < min (W) , (Mf“”)) 1l -
TEw TE o

Then ,
P < P r/q 1-p/q
12 £@)] < (M 5@ 7157
Hence, by Theorem 4, we have

[ mswl ay sy [ (e rw) s
E(z,t) E(zt)
SRR
which implies that IZ is bounded from M, x p(R™) to My p(R™).
Necessity. Let 1 < p < %, f € M, p(R™) and IZ be bounded from

Mp’)\yp(Rn) to Mq’)\yp(Rn).
Define fi(z) =: f(tz), [t} + = max{1,t}. Then

1/p
Il = s (1 [ Rwr ) -

r>0, xR
E(z,r)
5 \ 1/p
=t » sup ([T]l_ / |f(y)|pdy> =
z€R™ r>0
E(x,tr)
Mp 1/p
_ tr —
=177 sup <[h> sup ([tTh)\ / |f(y)|pdy> =
r>0 [r]l r>0, z€R™

E(z,tr)
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A
— - P
—F A7 g
and
15 fi(x) = 70 f(ta),

1/q

—« - q _

1Al = s (60 [ e a) -
E(xz,r)

A4
= t_a_%sup ([tr]l) X
r>0 [T]l

1/q
X sup <[tr]1’\ / ‘Ipf |dy) =

r>0, zeR™
E(tz,tr)

g A
=

By the boundedness of I from Mp)\,p(R") to Mq)\,p(]R"),

_a
12l =% W (Al <
_a A
<tta th i fills,, . S il + ||f||Mp NS

Ifé < % + 2, then in the case t — 0, we have ||I§f||]\7[qu = 0 for all
€ MypR™).

As well as, if 1 > = + ﬁa then as t — oo, we obtain ||Ipf||J\N/[q,A,p =
for all f € Mp A, P(Rn)

Therefore < 1_1l<

1
7S 7x
2) Suﬂiczency. Let ; 1\7417,\,1:(]1%"). We have
{y€&a,t) « [I7f@) > 26} <
< [{y e &(x,t) : |A(y,t)| > B} + [{y € E(x,t) = |Cy. 1) > B}

Then

Con=> [ G- s
I=0¢ (y, 251 10)\&(y,21)
Oo . .
< g S0 2O

Jj=0
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log, i] .
2)\ tA Z 2()\7’Y+a)]_~_
=0
_ Ras Ry 1
=t fl5,, , +oX 20l o<t<g, &
j=llogy 5z]+1
x . 1
E 2—(’7—01)1, t> =
j=0 2
N B 1
o P 0<t <,
Tl 1° =
o 1, t> 3

1
e 0<t < 3 -
o 1 R
’ -2

~ | fll57, , »

Taking into account inequality (5.1) and Theorem 4, we have

g
{yee@n « 1Al > 8} < |{ye @t « M) > F )] <
1
< Cot
s
where Cy = Oy - Cyap and, thus, if Co[26]} =7 |[f|l5, = A, then

|C(y,t)| < B and, consequently, |{y € E(x,t) : |C(y,t)| > B8}|=0.
Then

TR s,

1
|{y € g(a:,t) : |I§‘f(y)‘ > 2/6}| Sf E [t]i\ta H'f”Ml,)\,P ’S

Y=
11152 A
<R (Ml*P L if 2t <1

B

and

1
{y e - 12> 28)] < R Il S

Iz 7o
<[ (”é“’ ,if 2t > 1.

Finally, we have

{ye&la,t) « 1I7f(y)| > 28}] S

RS = i A
sinpmin{ (e ) T (Ml ) T <
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1 q
St (50l ) -

Necessity. Let IF be bounded from M17A7p(Rn) to WMQ7A7P(R”). We
have

1/q
P _ A —
I [ ow) -
{ye&(a,r) : I fe(y)|>r}

1/q
=supr sup ([Th)\ / dy) =
r>0 xR, 7>0
{ye&(ta,) : |IF f(ty)|>rt>}

A aq
t
=t 77 sup <[ T]1> sup rt*x
>0 [T}l r>0

1/a
X sup <[t7]1_)‘ / dy) =
TER™, 7>0
{ye€&(z,tr) : |IL f(y)|>rt>}
LA
=t 1 s,
By the boundedness of I from J’\\JJL,\VP(R”) to W]\A/[/q’)\,p(R”),

R
||IOIéDf||WJ\N/Iq,>\,P < Clqukta—i_q n[t]lﬂrq ”f”J\N/h,,\,P’

where C 4,» depends only on ¢,A and n.
1 a . P _
Ifl1< it 5 then in the case t — 0, we have ||Ia fHWMq,A,p =0 for all

f € My p(R™).

Similarly/,vif 1> % + ﬁ, then as t — oo, we obtain HIngWMq,/\,P =0
for all f € Ml,)\7p(Rn).
Therefore % <1- é < ﬁ—)\ Thus Theorem 1 is proved. U

Proof of Corollary 1.
The Sufficiency of Corollary 1 follows from Theorem 1 and inequality

(1.2).
Necessity. (1) Let M be bounded from M,  p(R™) to M, \ p(R™) for
1<p< % Then we have
M fi(w) =t M f(tz),
and

5 2
IME Rl = o, MO f

’ axP

By the same argument in Theorem 1, we obtain % < 1% —
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(2) Let MY be bounded from M17A7p(Rn) to WM%XP(]R"). Then we
have

My, fi(w) =t~ M f(tz),

and

A
=t ]y

I il e = O M

Hence we obtain % <1- % < Vii/\
Thus Corollary 1 is proved. O

Proof of Theorem 2. -
Let 0<a<vy,0< A<y —aq, % <p<Zand fe MpypR"). For

the given ¢ > 0, we denote

N(@) = f(@)xeo.2n(@),  falr) = f(x) = fi(2). (5:5)

Then
IPf(2) = IF fi(z) + I fo(z) = Fi(z) + Fa(z),

where
() = / (p(x -y - p(y)“‘”xcg(o,l)(y)) dy,

£(0,2t)
o) = [ (ol =)™ = )" Xy @)

Ce(0,2¢)
Note that the function f; has a compact (bounded) support and thus,

ap = — py)* dy
£(0,2t)\&(0,min{1,2¢})
is finite.

Note also that

Fi(x)—ay= / plr —y)* 7 fy)dy— / p(v)* 7 f(y)dy+

£(0,26) £(0,20\(0,min{1,2¢})

+ p)" F )y = [ ol =) i)y = I (o)
£(0,20\(0,min{1,2t}) Rr
Therefore
|F1(z) — a1] < /p(y)a_” |fi(z —y)ldy = / p(y)* 7 | f(z —y)| dy.

Rn £(xz,2t)
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Then
£(0.6) ! / Fi( — 2) — ay] dz <
£(0,6)
s [ (] p(y)awf(xyz»dy)dzs
£(0,) £(0,2t)
s [ ( / f(x—y—zndz)p(y)a-wy:
£(0,2¢) £(0,1)
~ ( / |f<y+z>|dz)p<y>a—7dys
£(0,20) E(x,t)
SOl [ e Tl =l L, (659
£(0,2¢)
Denote
as = / p(y)* " f(y)dy

£(0,max{1,2t})\&(0,2¢t)

and estimate |Fy(x) — az| for 2 € £(0,1):

|Fy(e) — az] < / F @) ol — )2 = p(y)*~| dy.
Ce(0,2¢)

Applying Lemma 6, we have

Fy() — as) < 27~ p(a) / F@)lpl)> " dy =

Ce(0,2t)

— et Y / F@)lo)> 1y <
7=1g(0,20+1£)\€(0,291)

oo

i yoa—y—1 i —a
< p() Z (270)" 7 (27T (PAIPYA
j=1
~ @)t Nl o (5.7)
Denote
af =a1 +ay = / p(y)* " dy.

£(0,max{1,2t})
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Finally, from (5.6) and (5.7), we have

1 ~
s | [E@ =y —ag|dy 5 . 5.8
" (/) i) - a|dy S e 6
£(0,t

Finally, for % <p<ZTandfe MP,A7P(R"), from (5.8) and Lemma 4,
we get

Thus Theorem 2 is proved. O

Ity

1 ~
< 25Up = Tnflx—y)— ‘d< o
S AET(X] / o=y =asfdy < Wl . r

£(0,t)

Proof of Theorem 3.
By the definition of the parabolic Besov-modified Morrey spaces on R"™
it suffices to show that

HTyIclyjf - I(ffH]\m/[ < OHTyf - fHMp,)\,P’

q,\, P
where 7, f(z) = f(z +y).
It is easy to see that 7,f commutes with I, ie., 7, ILf = IP(7,f).
Hence we obtain

|l £ = 13 f| = |13 (ry ) = L f| < I (1o f = 1)
Taking the Mp»\, p-norm on both sides of the last inequality, we obtain

the desired result by using the boundedness of IF from MP’AVP(R") to
My »,p(R™). Thus the proof of Theorem 3 is completed. |
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