
Proceedings of A. Razmadze
Mathematical Institute
Vol. 163 (2013), 59–80

PARABOLIC FRACTIONAL INTEGRAL OPERATOR IN
MODIFIED PARABOLIC MORREY SPACES

V. S. GULIYEV AND K. R. RAHIMOVA

Abstract. We study the parabolic fractional maximal operator MP
α ,

0 ≤ α < γ and the parabolic fractional integral operator IP
α , 0 <

α < γ in the modified parabolic Morrey space M̃p,λ,P (Rn), where
γ = tr P is the homogeneous dimension on Rn. The boundedness of

IP
α from the parabolic Besov-modified Morrey spaces B̃M

s

pθ,λ(Rn) to

B̃M
s

qθ,λ(Rn).

îâäæñéâ. êŽöîëéöæ öâïûŽãèæèæŽ ìŽîŽĲëèñîæ éŽóïæéŽèñîæ òñ-
êóùæâĲæ áŽ ìŽîŽĲëèñîæ ûæèŽáñîæ æêðâàîŽèâĲæ éëáæòæùæîâĲñè
éëîæï ïæãîùââĲöæ. áŽáàâêæèæŽ Žàîâåãâ ûæèŽáñîæ æêðâàîŽèñ-
îæ ëìâîŽðëîæï öâéëïŽäôãîñèëĲŽ Ĳâïëã-éëáæòæùæîâĲñè éëîæï
ïæãîùââĲöæ.

1. Introduction

The theory of boundedness of classical operators of the real analysis,
such as the maximal operator, fractional maximal operator, fractional in-
tegral operator and singular integral operators, etc., from one weighted
Lebesgue space to another one is well studied by now. These results have
good applications in the theory of partial differential equations. However,
in the theory of partial differential equations, along with Morrey spaces, the
modified Morrey spaces also play an important role (see [1, 20]).

For x ∈ Rn and r > 0, let B(x, r) be the open ball centered at x, of
radius r,

{
B(x, r) := Rn \ B(x, r) and |B(x, r)| is the Lebesgue measure of

the ball B(x, r).
Let P be a real n × n matrix, all of whose eigenvalues have a positive

real part. Let At = tP (t > 0), and set γ = tr P . Then there exists a
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quasi-distance ρ associated with P such that

(a) ρ(Atx) = tρ(x), t > 0, for every x ∈ Rn;

(b) ρ(0) = 0, ρ(x− y) = ρ(y − x) ≥ 0;

and ρ(x− y) ≤ k(ρ(x− z) + ρ(y − z));

(c) dx = ργ−1dσ(w)dρ, where ρ = ρ(x), w = Aρ−1x

and dσ(w)is a C∞measure on the ellipsoid {w : ρ(w) = 1}.
Then {Rn, ρ, dx} becomes a space of homogeneous type in the sense of
Coifman-Weiss. Moreover, we always assume the following properties on ρ:

(d) For every x,

c1|x|α1 ≤ ρ(x) ≤ c2|x|α2 if ρ(x) ≥ 1,

c3|x|α3 ≤ ρ(x) ≤ c4|x|α4 if ρ(x) ≤ 1

and

ρ(θx) ≤ ρ(x) for 0 < θ < 1.

Here, αi and ci (i = 1, . . . , 4) are some positive constants. Similar
properties hold for ρ∗ which is associated with the matrix P ∗, where P ∗ is
the adjoint (transpose) of P .

There are some important examples for the above-mentioned spaces:
1. Let (Px, x) ≥ (x, x) (x ∈ Rn). In this case, ρ(x) is defined by a

unique solution of |At−1x| = 1, and k = 1. This space is just studied by
Calderón and Torchinsky in [6].

2. Let P be a diagonal matrix with positive diagonal entries, and let ρ(x)
be a unique solution of |At−1x| = 1.

2a) If all diagonal entries are greater than or equal to 1, this space was
studied by E. B. Fabes and N. M. Rivière [10]. More precisely, they studied
the weak (1, 1) and Lp estimates of the singular integral operators on this
space in 1966.

2b) If there are diagonal entries smaller than 1, then ρ satisfies the above
(a)− (d) with k ≥ 1.

Thus, Rn, endowed with the metric ρ, defines a homogeneous metric
space ([3, 10]). The balls with respect to ρ, centered at x, of radius r,
are just the ellipsoids E(x, r) = {y ∈ Rn : ρ(x− y) < r}, with the Lebesgue
measure |E(x, r)| = vnrγ , where vn is the volume of the unit ellipsoid in Rn.
Let also

{E(x, r) = Rn \ E(x, r) be the complement of E(x, r). If P = I,
then clearly ρ(x) = |x| and EI(x, r) = B(x, r). Note that in the standard
parabolic case P0 = diag(1, . . . , 1, 2), we have

ρ(x) =

√
|x′|2 +

√
|x′|4 + x2

n

2
, x = (x′, xn).
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Let f ∈ Lloc
1 (Rn). The parabolic fractional maximal function MP

α f and
the parabolic fractional integral IP

α f are defined by

MP
α f(x) = sup

t>0
|E(x, t)|−1+ α

γ

∫

E(x,t)

|f(y)|dy, 0 ≤ α < γ,

IP
α f(x) =

∫

Rn

f(y)
ρ(x− y)γ−α

dy, 0 < α < γ.

If α = 0, then MP ≡ MP
0 is a parabolic maximal operator. If P = I,

then Mα ≡ M I
α is a fractional maximal operator, M ≡ M I

0 is the Hardy-
Littlewood maximal operator and Iα ≡ II

α is the Riesz potential.
It is well known that the fractional maximal operator, fractional integral

operator and Calderón-Zygmund operators play an important role in har-
monic analysis (see [30, 31, 41, 42]). Fractional type operators within the
framework of metric measure spaces were studied in [7, 8, 16, 17, 21, 26, 28].

Definition 1. Let 1 ≤ p < ∞, 0 ≤ λ ≤ γ, [t]1 = min{1, t}. We denote by
Mp,λ,P (Rn) the parabolic Morrey space, and by M̃p,λ,P (Rn) the modified
parabolic Morrey space as the set of locally integrable functions f , with the
finite norms

‖f‖Mp,λ,P
= sup

x∈Rn, t>0

(
t−λ

∫

E(x,t)

|f(y)|pdy

)1/p

,

‖f‖
M̃p,λ,P

= sup
x∈Rn, t>0

(
[t]−λ

1

∫

E(x,t)

|f(y)|pdy

)1/p

,

respectively.

The Morrey and modified Morrey spaces defined on homogeneous Lie
groups were investigated in [14] (see also [15]). Anisotropic Morrey spaces
are known in the literature, see for instance [38] and [39]. Particularly,
parabolic Morrey spaces were considered in [43].

Note that

M̃p,0,P (Rn) = Mp,0,P (Rn) = Lp(Rn),

M̃p,λ,P (Rn) ⊂Â Mp,λ,P (Rn) ∩ Lp(Rn) and

max
{‖f‖Mp,λ,P

, ‖f‖Lp

} ≤ ‖f‖
M̃p,λ,P

(1.1)

and if λ < 0 or λ > γ, then Mp,λ,P (Rn) = M̃p,λ,P (Rn) = Θ, where Θ is the
set of all functions equivalent to 0 on Rn.

Definition 2 ([4, 5, 12, 13, 19]). Let 1 ≤ p < ∞,0 ≤ λ ≤ γ. We denote
by WMp,λ,P (Rn) the weak parabolic Morrey space and by WM̃p,λ,P (Rn)
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the modified weak parabolic Morrey space as the set of locally integrable
functions f with finite norms

‖f‖WMp,λ,P
= sup

r>0
r sup

x∈Rn, t>0

(
t−λ |{y ∈ E(x, t) : |f(y)| > r}|)1/p

,

‖f‖
WM̃p,λ,P

= sup
r>0

r sup
x∈Rn, t>0

(
[t]−λ

1 |{y ∈ E(x, t) : |f(y)| > r}|)1/p
,

respectively.

Note that

WLp(Rn) = WMp,0,P (Rn) = WM̃p,0,P (Rn),

Mp,λ,P (Rn) ⊂ WMp,λ,P (Rn) and ‖f‖WMp,λ,P
≤ ‖f‖Mp,λ,P

,

M̃p,λ,P (Rn) ⊂ WM̃p,λ,P (Rn) and ‖f‖
WM̃p,λ,P

≤ ‖f‖
M̃p,λ,P

.

If P = I, then Mp,λ(Rn) ≡ Mp,λ,I(Rn) is the classical Morrey space [27]
and M̃p,λ(Rn) ≡ M̃p,λ,I(Rn) is the modified Morrey space [20].

The anisotropic result due to Hardy-Littlewood-Sobolev states that if
1 < p < q < ∞, then IP

α is bounded from Lp(Rn) to Lq(Rn), if and only
if α = γ

(
1
p − 1

q

)
and for p = 1 < q < ∞, IP

α is bounded from L1(Rn) to
WLq(Rn) if and only if α = γ

(
1 − 1

q

)
. Spanne (see [40]) and Adams [1]

studied boundedness of the Riesz potential Iα for 0 < α < n in the Morrey
spaces Mp,λ. Later on, Chiarenza and Frasca [9] reproved the boundedness
of the Riesz potential Iα in these spaces. By the more general results of
Guliyev [14] (see also [2, 15, 18]), one can obtain the following generalization
of the results in [1, 9, 40] to the anisotropic case.

Theorem A. Let 0 < α < γ and 0 ≤ λ < γ − α, 1 ≤ p < γ−λ
α .

1) If 1 < p < γ−λ
α , then the condition 1

p − 1
q = α

γ−λ is necessary and
sufficient for the operator IP

α to be bounded from Mp,λ,P (Rn) to Mq,λ,P (Rn).
2) If p = 1, then the condition 1 − 1

q = α
γ−λ is necessary and sufficient

for the operator IP
α to be bounded from M1,λ,P (Rn) to WMq,λ,P (Rn).

Theorem B. Let 0 < α < γ and 0 ≤ λ < γ, 1 ≤ p < γ
α and 1

p − 1
q = α

γ .

1) If 1 < p < γ
α , then the operator IP

α is bounded from M̃p,λ,P (Rn) to
M̃q,λ,P (Rn).

2) If p = 1, then the operator IP
α is bounded from M̃1,λ,P (Rn) to

WM̃q,λ,P (Rn).

If α = γ
p − γ

q , then λ = 0, and the statement of Theorem A reduces to the
aforementioned result owing to the anisotropic version of Hardy-Littlewood-
Sobolev.
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Recall that for 0 < α < γ,

MP
α f(x) ≤ v

α
γ−1
n IP

α (|f |)(x), (1.2)

hence Theorem A also implies the boundedness of the fractional maximal
operator MP

α . It is known that the parabolic maximal operator MP is also
bounded on Mp,λ,P for all 1 < p < ∞ and 0 < λ < γ (see, for example [25]),
whose isotropic case was proved by F. Chiarenza and M. Frasca [9].

We define parabolic BMOP (Rn), the set of locally integrable functions
f with finite norms

‖f‖∗,P = sup
r>0, x∈Rn

|E(x, r)|−1

∫

E(x,r)

|f(y)− fE(x,r)|dy < ∞,

where fE(x,r) = |E(x, r)|−1
∫
E(x,r)

f(y)dy.
In this paper we study the parabolic fractional maximal integral MP

α f
and the parabolic fractional integral MP

α f in the modified parabolic Morrey
space M̃p,λ,P (Rn). In the case p = 1 we prove that the operators MP

α and
IP
α are bounded from M̃1,λ,P (Rn) to WM̃q,λ,P (Rn), if and only if α/γ ≤

1 − 1/q ≤ α/(γ − λ). In the case 1 < p < (γ − λ)/α, we prove that the
operators MP

α and IP
α are bounded from M̃p,λ,P (Rn) to M̃q,λ,P (Rn), if and

only if α/γ ≤ 1/p− 1/q ≤ α/(γ − λ). In the limiting case γ−λ
α ≤ p ≤ γ

α , we
prove that the operator MP

α is bounded from M̃p,λ,P (Rn) to L∞(Rn), and
the modified fractional integral operator ĨP

α is bounded from M̃p,λ,P (Rn) to
BMOP (Rn).

By A . B we mean that A ≤ CB with some positive constant C, in-
dependent of appropriate quantities. If A . B and B . A, then we write
A ≈ B and say that A and B are equivalent.

2. Main Results

The following parabolic version of the Hardy-Littlewood-Sobolev inequal-
ity in the modified parabolic Morrey spaces is valid.

Theorem 1. Let 0 < α < γ, 0 ≤ λ < γ − α and 1 ≤ p < γ−λ
α .

1) If 1 < p < γ−λ
α , then the condition α

γ ≤ 1
p − 1

q ≤ α
γ−λ is necessary and

sufficient for the operator IP
α to be bounded from M̃p,λ,P (Rn) to M̃q,λ,P (Rn).

2) If p = 1 < γ−λ
α , then the condition α

γ ≤ 1 − 1
q ≤ α

γ−λ is neces-

sary and sufficient for the operator IP
α to be bounded from M̃1,λ,P (Rn) to

WM̃q,λ,P (Rn).

Corollary 1. Let 0 < α < γ, 0 ≤ λ < γ − α and 1 ≤ p ≤ γ−λ
α .
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1) If 1 < p < γ−λ
α , then the condition α

γ ≤ 1
p − 1

q ≤ α
γ−λ is neces-

sary and sufficient for the operator MP
α to be bounded from M̃p,λ,P (Rn) to

M̃q,λ,P (Rn).
2) If p = 1 < γ−λ

α , then the condition α
γ ≤ 1 − 1

q ≤ α
γ−λ is neces-

sary and sufficient for the operator MP
α to be bounded from M̃1,λ,P (Rn) to

WM̃q,λ,P (Rn).
3) If γ−λ

α ≤ p ≤ γ
α , then the operator MP

α is bounded from M̃p,λ,P (Rn)
to L∞(Rn).

The examples show that the operator IP
α is not defined for all functions

f ∈ M̃p,λ,P (Rn), 0 ≤ λ < γ − α, if p ≥ γ−λ
α .

We consider the modified fractional integral

ĨP
α f(x) =

∫

Rn

(
ρ(x− y)α−γ − ρ(y)α−γχ {E(0,1)

(y)
)

f(y)dy,

where χ {E(0,1)
is the characteristic function of the set

{E(0, 1) = Rn\E(0, 1).

Note that in the limiting case γ−λ
α ≤ p ≤ γ

α statement 1) in Theorem B
does not hold. Moreover, there exists f ∈ M̃p,λ,P (Rn) such that IP

α f(x) =
∞ for all x ∈ Rn. However, as it will be proved, statement 1) holds for the
modified fractional integral ĨP

α if the space L∞(Rn) is replaced by a wider
space BMOP (Rn).

In the following theorem we obtain the conditions ensuring that the op-
erator ĨP

α is bounded from the space M̃p,λ,P (Rn) to BMOP (Rn).

Theorem 2. Let 0 < α < γ, 0 ≤ λ < γ − α, and γ−λ
α ≤ p ≤ γ

α , then the
operator ĨP

α is bounded from M̃p,λ,P (Rn) to BMOP (Rn). Moreover, if the
integral IP

α f exists almost everywhere for f ∈ M̃p,λ,P (Rn), γ−λ
α ≤ p ≤ γ

α ,
then IP

α f ∈ BMOP (Rn) and the inequality

‖IP
α f‖∗,P ≤ C‖f‖

M̃p,λ,P

is valid. Here, C > 0 is independent of f .

The Besov-Morrey (and Triebel-Lizorkin-Morrey) spaces attracted some
attention in the last years. Kozono and Yamazaki [23] and Mazzucato [24]
have used these spaces in the theory of Navier-Stokes equations. Some
properties of the spaces, including the wavelet characterizations, were de-
scribed in their papers by Sawano [32, 33], Sawano and Tanaka [34, 35],
Tang and Xu [36]. The most systematic and general approach can certainly
be found in the very recent book [37] of Yuan et al., we also recommend
this monograph for further up-to-date references on this subject.
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In the following theorem we prove the boundedness of IP
α in the parabolic

Besov-modified Morrey spaces on Rn,

B̃M
s

pθ,λ,P (Rn) =

{
f : ‖f‖

B̃M
s

pθ,λ,P
= ‖f‖

M̃p,λ,P
+

+

( ∫

Rn

‖f(x + ·)− f(·)‖θ
M̃p,λ,P

ρ(x)γ+sθ
dx

) 1
θ

< ∞
}

,

where 1 ≤ p, θ ≤ ∞ and 0 < s < 1.

Theorem 3. Let 0 < α < γ, 0 ≤ λ < γ − α and 1 < p < γ−λ
α . If

α
Q ≤ 1

p − 1
q ≤ α

Q−λ , 1 ≤ θ ≤ ∞ and 0 < s < 1, then the operator IP
α is

bounded from the spaces B̃M
s

pθ,λ,P (Rn) to B̃M
s

qθ,λ,P (Rn). More precisely,
there is a constant C > 0 such that

‖IP
α f‖

B̃M
s

qθ,λ,P
≤ C‖f‖

B̃M
s

pθ,λ,P

holds for all f ∈ B̃M
s

pθ,λ,P (Rn).

Remark 1. Note that Theorem 1 in the case P = I was proved in [20],
in the case P = I and 1

p − 1
q = α

n−λ in [1] and in the case P = P0 and
1
p − 1

q = α
n+2−λ in [22].

3. Some Embedding

Lemma 1. Let 1 ≤ p < ∞, 0 ≤ λ ≤ γ. Then

M̃p,λ,P (Rn) = Mp,λ,P (Rn) ∩ Lp(Rn)

and
‖f‖

M̃p,λ,P
= max

{
‖f‖Mp,λ,P

, ‖f‖Lp

}
.

Proof. Let f ∈ M̃p,λ,P (Rn). Then from (1.1) we have that f ∈ Mp,λ,P (Rn)∩
Lp(Rn) and max

{ ‖f‖Mp,λ,P
, ‖f‖Lp

} ≤ ‖f‖
M̃p,λ,P

.
Let now f ∈ Mp,λ,P (Rn) ∩ Lp(Rn). Then

‖f‖
M̃p,λ,P

= sup
x∈Rn,t>0

(
[t]−λ

1

∫

E(x,t)

|f(y)|pdy

)1/p

=

=max

{
sup

x∈Rn,0<t≤1

(
!t−λ

∫

E(x,t)

|f(y)|pdy

)1/p

, sup
x∈Rn,t>1

( ∫

E(x,t)

|f(y)|pdy

)1/p
}
≤

≤ max
{
‖f‖Mp,λ,P

, ‖f‖Lp

}
.
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Therefore, f ∈ M̃p,λ,P (Rn) and the embedding Mp,λ,P (Rn) ∩ Lp(Rn) ⊂Â
M̃p,λ,P (Rn) is valid.

Thus, M̃p,λ,P (Rn) = Mp,λ,P (Rn) ∩ Lp(Rn) and max
{‖f‖Mp,λ,P

,

‖f‖Lp

}
= ‖f‖

M̃p,λ,P
. ¤

The following statement can be proved analogously.

Lemma 2. Let 1 ≤ p < ∞, 0 ≤ λ ≤ γ. Then

WM̃p,λ,P (Rn) = WMp,λ,P (Rn) ∩WLp(Rn) and

‖f‖
WM̃p,λ,P

= max
{ ‖f‖WMp,λ,P

, ‖f‖WLp

}
.

Lemma 3. Let 0 < α < γ and 0 ≤ λ ≤ γ − α. Then

M γ−λ
α ,λ,P (Rn) ⊂Â M1,γ−α,P (Rn) and

‖f‖M1,γ−α,P
≤ v

1− α
γ−λ

n ‖f‖M γ−λ
α

,λ,P

.

Proof. Let 0 < α < γ, 0 ≤ λ ≤ γ − α, f ∈ M γ−λ
α ,λ,P (Rn). By the Hölder’s

inequality, we have
∫

E(x,t)

|f(y)|dy ≤
( ∫

E(x,t)

|f(y)| γ−λ
α dy

) α
γ−λ

( ∫

E(x,t)

dy

)1− α
γ−λ

≤

≤ (vntγ)1−
α

γ−λ

( ∫

E(x,t)

|f(y)| γ−λ
α dy

) α
γ−λ

.

Moreover,

tα−γ

∫

E(x,t)

|f(y)|dy ≤ v
1− α

γ−λ
n t−

αλ
γ−λ

( ∫

E(x,t)

|f(y)| γ−λ
α dy

) α
γ−λ

≤

≤ v
1− α

γ−λ
n

(
t−λ

∫

E(x,t)

|f(y)| γ−λ
α dy

) α
γ−λ

≤ v
1− α

γ−λ
n ‖f‖M γ−λ

α
,λ,P

.

Therefore, f ∈ M1,γ−α,P (Rn) and

‖f‖M1,γ−α,P
≤ v

1− α
γ−λ

n ‖f‖M γ−λ
α

,λ,P

. ¤

Lemma 4. Let 0 < α < γ, 0 ≤ λ ≤ γ − α. Then for γ−λ
α ≤ p ≤ γ

α

M̃p,λ,P (Rn) ⊂Â M1,γ−α,P (Rn) and ‖f‖M1,γ−α,P
≤ v1/p′

n ‖f‖
M̃p,λ,P

.
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Proof. Let 0 < α < γ, 0 ≤ λ ≤ γ − α, f ∈ M̃p,λ,P (Rn) and γ−λ
α ≤ p ≤ γ

α .
By the Hölder’s inequality, we have

‖f‖M1,γ−α,P
= sup

x∈Rn, t>0
tα−γ

∫

E(x,t)

|f(y)|dy ≤

≤ v1/p′
n sup

x∈Rn, t>0
tα−

γ
p [t]

λ
p

1

(
[t]−λ

1

∫

E(x,t)

|f(y)|pdy

)1/p

≤

≤ v1/p′
n ‖f‖

M̃p,λ,P
sup
t>0

tα−
γ
p [t]

λ
p

1 =

= v1/p′
n ‖f‖

M̃p,λ,P
max

{
sup

0<t≤1
tα−

γ−λ
p , sup

t>1
tα−

γ
p

}
=

= v1/p′
n ‖f‖

M̃p,λ,P
.

Therefore, f ∈ M1,γ−α,P (Rn) and

‖f‖M1,γ−α,P
≤ v1/p′

n ‖f‖
M̃p,λ,P

. ¤

4. T̃ heMp,λ,P -Boundedness of the Parabolic Maximal Operator

In this section we study the M̃p,λ,P -boundedness of the maximal operator
MP .

Lemma 5. For all r > 0 and x, y ∈ Rn,

k−γ

(
r

ρ(x− y) + r

)γ

≤ MP χE(x,r)(y) ≤ 4γ

(
r

ρ(x− y) + r

)γ

. (4.1)

Proof.

MP χE(x,r)(y) = sup
t>0

|E(y, t)|−1
∫

E(y,t)

χE(x,r)(z)dz =

= sup
t>0

|E(y, t) ∩ E(x, r)|
|E(y, t)| = sup

t>0
G(x, y, r, t).

Obviously, for all r > 0 and x, y ∈ Rn E(x, r) ⊂ E(y, kρ(x − y) + kr).
Hence,

MP χE(x,r)(y) ≥ G(x, y, r, kρ(x− y) + kr) =
|E(x, r)|

|E(y, kρ(x− y) + kr)| =

= k−γ rγ

(ρ(x− y) + r)γ
.

Note that

MP χE(x,r)(x) = max
{

sup
t≥kρ(x−y)+kr

G(x, y, r, t), sup
t<kρ(x−y)+kr

G(x, y, r, t)
}

.
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Then, taking into account that E(x, r) ⊂ E(y, t) for t ≥ kρ(x − y) + kr,
we have

sup
t≥kρ(x−y)+kr

G(x, y, r, t) = sup
t≥kρ(x−y)+kr

|E(x, r)|
|E(y, t)| = k−γ rγ

(ρ(x− y) + r)γ
.

If ρ(x− y) ≤ 3r, then

sup
t<kρ(x−y)+kr

G(x, y, r, t) ≤ sup
t<kρ(x−y)+kr

|E(y, t)|
|E(y, t)| = 1 ≤ 4γ rγ

(ρ(x− y) + r)γ
.

Moreover, if ρ(x−y) > 3r, then for t < 1
2 (ρ(x−y)+r), E(y, t)∩E(x, r) = ∅

and therefore

sup
t<kρ(x−y)+r

G(x, y, r, t) = sup
1
2 (ρ(x−y)+r)<t<kρ(x−y)+kr

G(x, y, r, t) ≤

≤ sup
1
2 (ρ(x−y)+r)<t<kρ(x−y)+kr

|E(x, r)|
|E(y, t)| = 2γ rγ

(ρ(x− y) + r)γ
. ¤

Theorem 4. 1. If f ∈ M̃1,λ,P (Rn), 0 ≤ λ < γ, then MP f ∈
WM̃1,λ,P (Rn) and

‖MP f‖
WM̃1,λ,P

≤ C1,λ,P ‖f‖M̃1,λ,P
,

where C1,λ,P depends only on λ and n.
2. If f ∈ M̃p,λ,P (Rn), 1 < p < ∞,0 ≤ λ < γ, then MP f ∈ M̃p,λ,P (Rn)

and
‖MP f‖

M̃p,λ,P
≤ Cp,λ,P ‖f‖M̃p,λ,P

,

where Cp,λ,P depends only on p, λ, P and n.

Proof. By the parabolic Fefferman-Stein inequality
∫

Rn

(
MP f(y)

)p
g(y)dy ≤ C1

∫

Rn

|f(y)|pMP g(y)dy

valid for all non-negative functions g ∈ Lloc
1 (Rn) (see [6]), we get

∫

E(x,t)

(
MP f(y)

)p
dy =

∫

Rn

(
MP f(y)

)p
χE(x,t)(y)dy ≤

≤ C1

∫

Rn

|f(y)|pMP χE(x,t)(y)dy.

Therefore, from Lemma 5 we have the following inequalities:
∫

E(x,t)

(
MP f(y)

)p
dy .
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.
( ∫

E(x,t)

|f(y)|pdy +
∞∑

j=0

∫

E(x,2j+1t)\E(x,2jt)

tγ |f(y)|pdy

(ρ(x− y) + t)γ

)
.

.
(

[t]λ1 ‖f‖p

M̃p,λ,P
+ ‖f‖p

M̃p,λ,P

∞∑

j=0

[2j+1t]λ1
(2j + 1)γ

)
.

. ‖f‖p

M̃p,λ,P




[t]λ1 +





2λ tλ
[log2

1
2t ]∑

j=0

2(λ−γ)j+

+
∞∑

j=[log2
1
2t ]+1

2−γj , 0 < t < 1
2 ,

∞∑
j=0

2−γj , t ≥ 1
2




.

. ‖f‖p

M̃p,λ,P

(
[t]λ1 +

{
tλ + tγ , 0 < t < 1

2 ,
1, t ≥ 1

2

)
.

. [t]λ1 ‖f‖p

M̃p,λ,P
. ¤

Lemma 6. Let 0 < α < γ. Then for 2kρ(x) ≤ ρ(y), x, y ∈ Rn, the
inequality

∣∣ρ(x− y)α−γ − ρ(y)α−γ
∣∣ ≤ (2k)γ−α+1

(
k − 1

2

)
ρ(y)α−γ−1ρ(x) (4.2)

is valid.

Proof. From the mean-value theorem, we get
∣∣ρ(x− y)α−γ − ρ(y)α−γ

∣∣ ≤ |ρ(x− y)− ρ(y)| · ξα−γ−1,

where min {ρ(x− y), ρ(y)} ≤ ξ ≤ max {ρ(x− y), ρ(y)}.
We note that 1

2kρ(y) ≤ ρ(x− y) ≤ (
k + 1

2

)
ρ(y), and |ρ(x− y)− ρ(y)| ≤(

k − 1
2

)
ρ(x). Thus, the proof of the lemma is completed. ¤

5. Proof of the Main Results

Proof of Theorem 1.
1) Sufficiency. Let 0 < α < γ, 0 < λ < γ − α, f ∈ M̃p,λ,P (Rn) and

1 < p < γ−λ
α . Then

IP
α f(x) =

( ∫

E(x,t)

+
∫

{E(x,t)

)
f(y)ρ(x− y)α−γdy ≡ A(x, t) + C(x, t).

For A(x, t), we have

|A(x, t)| ≤
∫

E(x,t)

|f(y)|ρ(x− y)α−γdy ≤
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≤
∞∑

j=1

(
2−jt

)α−γ
∫

E(x,2−j+1t)\E(x,2−jt)

|f(y)|dy.

Hence

|A(x, t)| . tαMP f(x). (5.1)

In the second integral, by the Hölder’s inequality, we have

|C(x, t)| ≤
( ∫

{E(x,t)

ρ(x− y)−β |f(y)|pdy

)1/p

×

×
( ∫

{E(x,t)

ρ(x− y)(
β
p +α−γ)p′dy

)1/p′

= J1 · J2.

Let λ < β < γ − αp. For J1, we get

J1 =
( ∞∑

j=0

∫

E(x,2j+1t)\E(x,2jt)

|f(y)|pρ(x− y)−βdy

)1/p

≤

≤ t−
β
p ‖f‖

M̃p,λ,P

( ∞∑

j=0

2−βj [2j+1t]λ1

)1/p

=

= t−
β
p ‖f‖

M̃p,λ,P





(
2λ tλ

[log2
1
2t ]∑

j=0

2(λ−β)j+

+
∞∑

j=[log2
1
2t ]+1

2−βj
)1/p

, 0 < t <
1
2
,

( ∞∑
j=0

2−βj

)1/p

, t ≥ 1
2

≈

≈ t−
β
p ‖f‖

M̃p,λ,P





(
tλ + tβ

)1/p

, 0 < t <
1
2
,

1, t ≥ 1
2

≈

≈ ‖f‖
M̃p,λ,P





t
λ−β

p , 0 < t <
1
2
,

t−
β
p , t ≥ 1

2

≈ [2t]
λ
p

1 t−
β
p ‖f‖

M̃p,λ,P
. (5.2)

For J2, we obtain

J2 =
( ∫

Sn−1

dξ

∞∫

t

rγ−1+( β
p +α−γ)p′dr

) 1
p′
≈ t

β
p +α− γ

p . (5.3)
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From (5.2) and (5.3), we have

|C(x, t)| . [t]
λ
p

1 tα−
γ
p ‖f‖

M̃p,λ,P
. (5.4)

Thus,
∣∣IP

α f(x)
∣∣ . tαMP f(x) + [t]

λ
p

1 tα−
γ
p ‖f‖

M̃p,λ,P
.

. min
{

tαMP f(x) + tα−
γ
p ‖f‖

M̃p,λ,P
, tαMP f(x)+

+ tα−
γ−λ

p ‖f‖
M̃p,λ,P

}
, t > 0.

Minimizing with respect to t, for

t =
[(

MP f(x)
)−1 ‖f‖

M̃p,λ,P

]p/(γ−λ)

and

t =
[(

MP f(x)
)−1 ‖f‖

M̃p,λ,P

]p/n

,

we have
∣∣IP

α f(x)
∣∣ . min

{(
MP f(x)
‖f‖

M̃p,λ,P

)1− pα
γ−λ

,

(
MP f(x)
‖f‖

M̃p,λ,P

)1− pα
γ

}
‖f‖

M̃p,λ,P
.

Then ∣∣IP
α f(x)

∣∣ .
(
MP f(x)

)p/q ‖f‖1−p/q

M̃p,λ,P
.

Hence, by Theorem 4, we have∫

E(x,t)

∣∣IP
α f(y)

∣∣q dy . ‖f‖q−p

M̃p,λ,P

∫

E(x,t)

(
MP f(y)

)p
dy .

. [t]λ1 ‖f‖q

M̃p,λ,P
,

which implies that IP
α is bounded from M̃p,λ,P (Rn) to M̃q,λ,P (Rn).

Necessity. Let 1 < p < γ−λ
α , f ∈ M̃p,λ,P (Rn) and IP

α be bounded from
M̃p,λ,P (Rn) to M̃q,λ,P (Rn).

Define ft(x) =: f(tx), [t]1,+ = max{1, t}. Then

‖ft‖M̃p,λ,P
= sup

r>0, x∈Rn

(
[r]−λ

1

∫

E(x,r)

|ft(y)|p dy

)1/p

=

= t−
γ
p sup

x∈Rn, r>0

(
[r]−λ

1

∫

E(x,tr)

|f(y)|pdy

)1/p

=

= t−
γ
p sup

r>0

(
[tr]1
[r]1

)λ/p

sup
r>0, x∈Rn

(
[tr]−λ

1

∫

E(x,tr)

|f(y)|p dy

)1/p

=
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= t−
γ
p [t]

λ
p

1,+ ‖f‖M̃p,λ,P
,

and

IP
α ft(x) = t−αIP

α f(tx),

∥∥IP
α ft

∥∥
M̃q,λ,P

= t−α sup
x∈Rn, r>0

(
[r]−λ

1

∫

E(x,r)

∣∣IP
α f(ty)

∣∣q dy

)1/q

=

= t−α− γ
q sup

r>0

(
[tr]1
[r]1

)λ/q

×

× sup
r>0, x∈Rn

(
[tr]−λ

1

∫

E(tx,tr)

∣∣IP
α f(y)

∣∣q dy

)1/q

=

= t−α− γ
q [t]

λ
q

1,+

∥∥IP
α f

∥∥
M̃q,λ,P

.

By the boundedness of IP
α from M̃p,λ,P (Rn) to M̃q,λ,P (Rn),

∥∥IP
α f

∥∥
M̃q,λ,P

= tα+ γ
q [t]

−λ
q

1,+

∥∥IP
α ft

∥∥
M̃q,λ,P

≤

≤ tα+ γ
q [t]

−λ
q

1,+ ‖ft‖M̃p,λ,P
. tα+ γ

q− γ
p [t]

λ
p−λ

q

1,+ ‖f‖
M̃p,λ,P

.

If 1
p < 1

q + α
γ , then in the case t → 0, we have

∥∥IP
α f

∥∥
M̃q,λ,P

= 0 for all

f ∈ M̃p,λ,P (Rn).
As well as, if 1

p > 1
q + α

γ−λ , then as t → ∞, we obtain
∥∥IP

α f
∥∥

M̃q,λ,P
= 0

for all f ∈ M̃p,λ,P (Rn).
Therefore α

γ ≤ 1
p − 1

q ≤ α
γ−λ .

2) Sufficiency. Let f ∈ M̃1,λ,P (Rn). We have

∣∣{y ∈ E(x, t) : |IP
α f(y)| > 2β

}∣∣ ≤
≤

∣∣{y ∈ E(x, t) : |A(y, t)| > β
}∣∣ +

∣∣{y ∈ E(x, t) : |C(y, t)| > β
}∣∣.

Then

C(y, t) =
∞∑

j=0

∫

E(y,2j+1t)\E(y,2jt)

|f(z)|ρ(y − z)α−γdz ≤

≤ tα−γ ‖f‖
M̃1,λ,P

∞∑

j=0

2−(γ−α)j [2j+1t]λ1 =
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= tα−γ ‖f‖
M̃1,λ,P





2λ tλ
[log2

1
2t ]∑

j=0

2(λ−γ+α)j+

+
∞∑

j=[log2
1
2t ]+1

2−(γ−α)j , 0 < t <
1
2
,

∞∑
j=0

2−(γ−α)j , t ≥ 1
2

≈

≈ tα−γ ‖f‖
M̃1,λ,P





tλ + tγ−α, 0 < t <
1
2
,

1, t ≥ 1
2

≈

≈ ‖f‖
M̃1,λ,P





tλ+α−γ , 0 < t <
1
2
,

tα−γ , t ≥ 1
2

≈ [2t]λ1 tα−γ ‖f‖
M̃1,λ,P

.

Taking into account inequality (5.1) and Theorem 4, we have

∣∣{y ∈ E(x, t) : |A(y, t)| > β
}∣∣ ≤

∣∣∣
{

y ∈ E(x, t) : MP f(y) >
β

C1tα

}∣∣∣ ≤

≤ C2t
α

β
· [t]λ1 ‖f‖M̃1,λ,P

,

where C2 = C1 · C1,λ,P and, thus, if C2[2t]λ1 tα−γ ‖f‖
M̃1,λ,P

= β, then
|C(y, t)| ≤ β and, consequently, | {y ∈ E(x, t) : |C(y, t)| > β} | = 0.

Then
∣∣{y ∈ E(x, t) : |IP

α f(y)| > 2β
}∣∣ . 1

β
[t]λ1 tα ‖f‖

M̃1,λ,P
.

. [t]λ1

(‖f‖
M̃1,λ,P

β

) γ−λ
γ−λ−α

, if 2t < 1

and
∣∣{y ∈ E(x, t) : |IP

α f(y)| > 2β
}∣∣ . 1

β
[t]λ1 tα ‖f‖

M̃1,λ,P
.

. [t]λ1

(‖f‖
M̃1,λ,P

β

) γ
γ−α

, if 2t ≥ 1.

Finally, we have
∣∣{y ∈ E(x, t) : |IP

α f(y)| > 2β
}∣∣ .

. [t]λ1 min

{(‖f‖
M̃1,λ,P

β

) γ−λ
γ−λ−α

,

(‖f‖
M̃1,λ,P

β

) γ
γ−α

}
.
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. [t]λ1

(
1
β
‖f‖

M̃1,λ,P

)q

.

Necessity. Let IP
α be bounded from M̃1,λ,P (Rn) to WM̃q,λ,P (Rn). We

have

∥∥IP
α ft

∥∥
WM̃q,λ,P

= sup
r>0

r sup
x∈Rn, τ>0

(
[τ ]−λ

1

∫

{y∈E(x,τ) : |IP
α ft(y)|>r}

dy

)1/q

=

= sup
r>0

r sup
x∈Rn, τ>0

(
[τ ]−λ

1

∫

{y∈E(tx,τ) : |IP
α f(ty)|>rtα}

dy

)1/q

=

= t−α− γ
q sup

τ>0

(
[tτ ]1
[τ ]1

)λ/q

sup
r>0

rtα×

× sup
x∈Rn, τ>0

(
[tτ ]−λ

1

∫

{y∈E(x,tτ) : |IP
α f(y)|>rtα}

dy

)1/q

=

= t−α− γ
q [t]

λ
q

1,+

∥∥IP
α f

∥∥
WM̃q,λ,P

.

By the boundedness of IP
α from M̃1,λ,P (Rn) to WM̃q,λ,P (Rn),

∥∥IP
α f

∥∥
WM̃q,λ,P

≤ C1,q,λtα+ γ
q −n[t]

λ−λ
q

1,+ ‖f‖
M̃1,λ,P

,

where C1,q,λ depends only on q,λ and n.
If 1 < 1

q + α
γ , then in the case t → 0, we have

∥∥IP
α f

∥∥
WM̃q,λ,P

= 0 for all

f ∈ M̃1,λ,P (Rn).
Similarly, if 1 > 1

q + α
γ−λ , then as t →∞, we obtain

∥∥IP
α f

∥∥
WM̃q,λ,P

= 0

for all f ∈ M̃1,λ,P (Rn).
Therefore α

γ ≤ 1− 1
q ≤ α

γ−λ . Thus Theorem 1 is proved. ¤

Proof of Corollary 1.
The Sufficiency of Corollary 1 follows from Theorem 1 and inequality

(1.2).
Necessity. (1) Let MP

α be bounded from M̃p,λ,P (Rn) to M̃q,λ,P (Rn) for
1 < p < γ−λ

α . Then we have

MP
α ft(x) = t−αMP

α f(tx),

and
∥∥MP

α ft

∥∥
M̃q,λ,P

= t−α− γ
q [t]

λ
q

1,+

∥∥MP
α f

∥∥
M̃q,λ,P

.

By the same argument in Theorem 1, we obtain α
γ ≤ 1

p − 1
q ≤ α

γ−λ .
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(2) Let MP
α be bounded from M̃1,λ,P (Rn) to WM̃q,λ,P (Rn). Then we

have
MP

α ft(x) = t−αMP
α f(tx),

and
∥∥MP

α ft

∥∥
WM̃q,λ,P

= t−α− γ
q [t]

λ
q

1,+

∥∥MP
α f

∥∥
WM̃q,λ,P

.

Hence we obtain α
γ ≤ 1− 1

q ≤ α
γ−λ .

Thus Corollary 1 is proved. ¤

Proof of Theorem 2.
Let 0 < α < γ, 0 ≤ λ < γ − α, γ−λ

α ≤ p ≤ γ
α and f ∈ M̃p,λ,P (Rn). For

the given t > 0, we denote

f1(x) = f(x)χE(0,2t)(x), f2(x) = f(x)− f1(x). (5.5)

Then
ĨP
α f(x) = ĨP

α f1(x) + ĨP
α f2(x) = F1(x) + F2(x),

where

F1(x) =
∫

E(0,2t)

(
ρ(x− y)α−γ − ρ(y)α−γχ {E(0,1)

(y)
)

dy,

F2(x) =
∫

{E(0,2t)

(
ρ(x− y)α−γ − ρ(y)α−γχ {E(0,1)

(y)
)

dy.

Note that the function f1 has a compact (bounded) support and thus,

a1 = −
∫

E(0,2t)\E(0,min{1,2t})

ρ(y)α−γdy

is finite.
Note also that

F1(x)−a1 =
∫

E(0,2t)

ρ(x− y)α−γf(y)dy−
∫

E(0,2t)\E(0,min{1,2t})

ρ(y)α−γf(y)dy+

+
∫

E(0,2t)\E(0,min{1,2t})

ρ(y)α−γf(y)dy =
∫

Rn

ρ(x− y)α−γf1(y)dy = IP
α f1(x).

Therefore

|F1(x)− a1| ≤
∫

Rn

ρ(y)α−γ |f1(x− y)| dy =
∫

E(x,2t)

ρ(y)α−γ |f(x− y)| dy.
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Then

|E(0, t)|−1

∫

E(0,t)

|F1(x− z)− a1| dz .

. t−γ

∫

E(0,t)

( ∫

E(0,2t)

ρ(y)α−γ |f(x− y − z)|dy

)
dz .

. t−γ

∫

E(0,2t)

( ∫

E(0,t)

|f(x− y − z)|dz

)
ρ(y)α−γdy =

= t−γ

∫

E(0,2t)

( ∫

E(x,t)

|f(y + z)|dz

)
ρ(y)α−γdy .

. t−γtγ−α ‖f‖
M̃1,γ−α,P

∫

E(0,2t)

ρ(y)α−γdy ≈ ‖f‖
M̃1,γ−α,P

. (5.6)

Denote

a2 =
∫

E(0,max{1,2t})\E(0,2t)

ρ(y)α−γf(y)dy

and estimate |F2(x)− a2| for x ∈ E(0, t):

|F2(x)− a2| ≤
∫

{E(0,2t)

|f(y)|
∣∣ρ(x− y)α−γ − ρ(y)α−γ

∣∣ dy.

Applying Lemma 6, we have

|F2(x)− a2| ≤ 2γ−α+1ρ(x)
∫

{E(0,2t)

|f(y)|ρ(y)α−γ−1dy =

= 2γ−α+1ρ(x)
∞∑

j=1

∫

E(0,2j+1t)\E(0,2jt)

|f(y)|ρ(y)α−γ−1dy .

. ρ(x)
∞∑

j=1

(
2jt

)α−γ−1(2j+1t
)γ−α ‖f‖M1,γ−α,P

≈

≈ ρ(x) t−1 ‖f‖M1,γ−α,P
. (5.7)

Denote

af = a1 + a2 =
∫

E(0,max{1,2t})

ρ(y)α−γdy.
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Finally, from (5.6) and (5.7), we have

sup
x,t

1
|E(0, t)|

∫

E(0,t)

∣∣∣ĨP
α f(x− y)− af

∣∣∣ dy . ‖f‖M1,γ−α,P
. (5.8)

Finally, for γ−λ
α ≤ p ≤ γ

α and f ∈ M̃p,λ,P (Rn), from (5.8) and Lemma 4,
we get

∥∥∥ĨP
α f

∥∥∥
∗,P

≤ 2 sup
x,t

1
|E(0, t)|

∫

E(0,t)

∣∣∣Ĩαf(x− y)− af

∣∣∣ dy . ‖f‖
M̃p,λ,P

.

Thus Theorem 2 is proved. ¤

Proof of Theorem 3.
By the definition of the parabolic Besov-modified Morrey spaces on Rn

it suffices to show that
∥∥τyIP

α f − IP
α f

∥∥
M̃q,λ,P

≤ C
∥∥τyf − f

∥∥
M̃p,λ,P

,

where τyf(x) = f(x + y).
It is easy to see that τyf commutes with IP

α , i.e., τyIP
α f = IP

α (τyf).
Hence we obtain

∣∣τyIP
α f − IP

α f
∣∣ =

∣∣IP
α (τyf)− IP

α f
∣∣ ≤ IP

α

(|τyf − f |).
Taking the M̃p,λ,P -norm on both sides of the last inequality, we obtain
the desired result by using the boundedness of IP

α from M̃p,λ,P (Rn) to
M̃q,λ,P (Rn). Thus the proof of Theorem 3 is completed. ¤
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