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PARABOLIC FRACTIONAL INTEGRAL
OPERATORS WITH ROUGH KERNEL IN
PARABOLIC GENERALIZED MORREY SPACES

Abstract

Let Q € L,(S™ 1) with 1 < s < oo be a A; homogeneous of degree zero,
Ig;a be the parabolic fractional integral operators with rough kernel, where 0 <
a < v and v = trP is the homogeneous dimension on R™. We study the
continuity properties of I{;’a on the parabolic generalized Morrey spaces My, , p.
We find the conditions on the pair (¢, ,) which ensures the boundedness of
the operator Ig’a from one parabolic generalized Morrey space My, p(R™) to
another My ., p(R"), 1 <p < q < o0, 1/p—1/q = /v, and from the space
M, . p(R™) to the weak space WMy, p(R™), 1 <q<oo,1—-1/q=a/y.

1. Introduction

The theory of boundedness of classical operators of the real analysis, such as the
maximal operator, the fractional maximal operators, the fractional integral operators
and the singular integral operators etc, from one weighted Lebesgue space to another
one is well studied by now. These results have good applications in the theory of
partial differential equations. However, in the theory of partial differential equations,
along with Morrey spaces, generalized Morrey spaces also play an important role (see
[21, 22, 23, 25, 33, 34]).

For z € R™ and r > 0, we denote by B(z,r) the open ball centered at x of radius
r, and by CB(:E, ) denote its complement. Let |B(z,r)| be the Lebesgue measure of
the ball B(x,r).

Let P be a real n X n matrix, all of whose eigenvalues have a positive real part.
Let A, = t© (¢t > 0), and set v = trP. Then, there exists a quasi-distance p
associated with P such that

(a) p(Awx) =tp(x), t >0, forevery x € R"™;
(0) p(0)=0, p(z—y)=p(y—2x)=0
and  p(z —y) < k(p(x — 2) + p(y — 2));

(¢) dx = p' tdo(w)dp, where p=p(z),w=A,1x

p
and do(w) is a measure on the ellipsoid {w : p(w) = 1}.

Then, {R", p,dxz} becomes a space of homogeneous type in the sense of Coifman-
Weiss. Moreover, we always assume the following properties on p:
(d) For every =z,

e1fal® < p(x) < colal*? i p(x)

1
cale]* < p(z) < ealz|™ if p(x) <1

>
<
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and
p(0z) < p(x) for 0<6<1.

Here «; and ¢; (i = 1,...,4) are some positive constants. Similar properties
hold for p* which is associated with the matrix P*. Here P* is the adjoint matrix
of P.

There are some important examples for the above mentioned spaces:

1. Let (Px,z) > (x,z) (z € R™). In this case, p(z) is defined by the unique
solution of |A;-1z| = 1, and k = 1. This space is just the one studied by Calderon
and Torchinsky in [7].

2. Let P be a diagonal matrix with positive diagonal entries, and let t = p(z),
x € R™ be a unique solution of [A;—1z| = 1.

2,) If all diagonal entries are greater than or equal to 1, this space was studied
by E.B. Fabes and N.M. Riviere [12]. More precisely they studied the weak (1,1)
and LP estimates of the singular integral operators on this space in 1966.

2p) If there are diagonal entries smaller than 1, then p satisfies the above (a) — (d)
with & > 1.

Thus R", endowed with the metric p, defines a homogeneous metric space ([2,
12]). The balls with respect to p, centered at x of radius r, are just the ellip-
soids E(x,r) = {y € R" : p(x — y) < r}, with the Lebesgue measure |E(z,7)| = v,r7,
where vy, is the volume of the unit ellipsoid in R"™. Let also "¢ (z,r) =R"\E(z,r) be
the complement of £(z, 7). If P = I, then clearly p(z) = |z| and &r(x,r) = B(z,r).
Note that in the standard parabolic case Py = diag(1,...,1,2) we have

12 /14 2
P($):\/|x‘ VAL z = (2, x,).

2 )

Suppose that " is the unit sphere in R” (n > 2) equipped with the normalized
Lebesgue measure do. Let € L5(S"!) with 1 < s < 0o be A; homogeneous of
degree zero. Let f € Llloc(R”). The parabolic fractional integral with rough kernel
IS};,af, 0 < a < 7 is defined by

ot = | LGt N

E(z,t)

It is obvious that when Q = 1, Ig; o, is the parabolic Riesz potential I, P ItpP=1I,
then Ig, = If[l,a is the fractional integral operator with rough kernels. It is well
known that the fractional ntegral play an important role in harmonic analysis (see

[15], [32]).

Theorem A Suppose that Q € Ly(S™ '), 1 < s < oo, be a homogeneous of
degree zero. Let 0 < a <y, 1 <p< I, and%z% <. If s < porq<s, then
the operator I{;a is bounded from L,(R™) to Ly(R™) for p > 1. If ¢ < s, then the
operator Ig,a is bounded bounded from Li(R™) to W L4(R™) forp=1.

The classical Morrey spaces M, , were first introduced by Morrey in [26] to study

the local behavior of solutions to second order elliptic partial differential equations.
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For the boundedness of the Hardy-Littlewood maximal operator, the fractional inte-
gral operator and the Calderén-Zygmund singular integral operator on these spaces,
we refer the readers to [1], [9], [30]. For the properties and applications of classical
Morrey spaces, see [10], [11], [13], [14] and references therein.

We find it convenient to define the parabolic generalized Morrey spaces in the
form as follows. Note that the parabolic generalized Morrey spaces be defined as
follows (see, for example, [19], [29] and etc.)

Definition 1.1. Let p(xz,r) be a positive measurable function on R™ x (0, 00) and
1 <p < oo. We denote by My, p = My, p(R") the parabolic generalized Morrey
space, the space of all functions f € L;,OC(R”) with finite quasinorm

_1
1ty pp = sup @z, t) " |E@, )77 (| fll L, (e @e)-
z€R™ t>0

According to this definition, we recover the parabolic Morrey space M), y p and
A—
parabolic weak Morrey space WM, y p under the choice p(z,r) = o

Myyp =My, p A WM, s p=WM,,p As

p(z,r)=r P o(z,r)=r P

Inspired by this, we consider the boundedness of fractional integral operators
with rough kernel on generalized Morrey spaces.

In the paper, we prove the boundedness of the operators Ig} ., from one generalized
Morrey space My, p to Mgy, p, 1 <p<q<oo,1/p—1/q= a/y, and from the
space My, p to the weak space WMy, p, 1 <qg<o0,1—1/q=a/y.

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A &~ B and say that A and
B are equivalent.

2. Fractional integral operator with rough kernels in the spaces M, ,
In this section we are going to use the following statement on the boundedness
of the weighted Hardy operator

Hqg(t) = /g(s)w(s)ds, 0<t< oo,

where w is a fixed function non-negative and measurable on (0, o).

The following theorem in the case w = 1 was proved in [6].

Theorem 2.1. Let v1, vo and w be positive almost everywhere and measurable
functions on (0,00). The inequality

ess sup va(t)H,,g(t) < Cess supvi(t)g(t) (1)
t>0 >0
holds for some C > 0 for all non-negative and non-decreasing g on (0,00) if and
only if
B :=ess supUQ(t)/w(s)dS < 0. (2)

>0 ess sup v1(7)
t s<T<o0



50 Proceedings of IMM of NAS of Azerbaijan
[V.S.Guliyev,A.S.Balakishiyev]

Moreover, if C* is the minimal value of C in (1), then C* = B.
Remark 2.2. In (1) and (2) it is assumed that -~ = 0 and 0 - co = 0.
In [16] the following statements was proved by fractional integral operator with
rough kernels Ig; > containing the result in [27], [28].
Theorem 2.3. Suppose that Q € Ls(S"1), 1 < s < oo, be a homogeneous of
degree zero. Let0 < a <v,1<s <p< I, % = %—% and @(x,r) satisfy conditions
cro(z,r) < p(z,t) < cpla,r) (3)

whenever r <t < 2r, where ¢ (> 1) does not depend on t, r, x € R" and

o0

[ emetaty T < crrpary, @

r

where C' does not depend on x and r. Then the operator Ig’a is bounded from M, , p
to Mq#ﬂ,p.

The following statements, containing results obtained in [27], [28] was proved in
[17], [19] (see also [3]-[6], [18, 20].

Theorem 2.4. Let 0 <a <7, 1 <p< 2, % = % — 5 and (p1,y) satisfy the

condition
oo

/W1%@ﬁﬁSCwWM, (5)

r

where C' does not depend on x and r. Then the operator 1'5 is bounded from M, , p
to My ,,.p for p>1 and from My, p to WLMyg,, forp=1.
Lemma 2.5. Suppose ) € Ly(S" 1), 1 < s < oo, be a homogeneous of degree

zero. Let 0 < a <, 1<p<d, (md%:%—%. Then, forp > 1 and s’ < p or
q < s the inequality
oo
P < X -X-1
oo fllgE@ory ST [t N fllL,e@on))dt
2kr

holds for any ellipsoid E(xo,r) and for all f € L}?C(R“).
Moreover, for p=1 < q < s the inequality

o0
~

ol _X_
11y 0 F W Ly (8 (o)) S 70 /t T F Il e oty s (6)
2kr

holds for any ellipsoid &(zo,7) and for all f € LY¢(R™).
Proof. Let 0 < a < 7, 1§s’§p<%and%:%—%. Set & = E(xp,r) for the
parabolic ball (ellipsoid) centered at zp and of radius r. We represent f as

f=httf [@)=FWxue®):  fy)=FU)xegye ), >0, (7)

and have
1y 0 fllnye) < HE o fillnye) + G0 folln,e)-
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Since f1 € Ly(R"), I{;afl € Lg(R™) and from the boundedness of ISIZD,a from
L,(R™) to Ly(R™) it follows that:

11 o fillzye) < HE o filln ey < ClAlL @ = Clfl, @re),

where constant C' > 0 is independent of f.

) C . .
It’s clear that © € £, y € (2k€) implies 5zp(wo — y) < plz —y) < 3 p(z0 — ).
We get
_ Qz —y)|
IPaf T Sz’y @ / ‘f(y)H d
ol =200 [ e
Coke)
By Fubini’s theorem we have
LOTLCE P ? at
dy =~ Q(x — —dy =
| PRy [ wlee -l [ s
C(ake) C2ke) p(zo—y)
r i _ [ dt
~[ [ e s [ e - vl
2kr 2kr<p(zo—y)<t 2kr E(zo0,t)
Applying Holder’s inequality, we get
/ £ W) —_y)ldy <
p(zo —y)1 =
Coke)
< yi 1_1_1 dt <
S Ao 1926 = Wl Lo @or)) 1E@o, )7 Pl—a ~
2kr
r dt
< [ W lsynmn 555 0
2kr
Moreover, for all p € [1,00) the inequality
o dt
o follie) S 75 [ 1 leyonin 5 Q
2kr
is valid. Thus
ol dt
0N S Wity + 77 [ IS lpieteon 57
2kr
On the other hand,
b1 7 dt b 7 dt
I lzyerer = 71y | e / lieon S (10
q q

2kr 2kr
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Thus

ol
11 o flln,e) S 7o HfHL,, E(xot) T
q

2kr

When 1 < ¢ < s, by Fubini’s theorem and the Minkowski inequality, we get

dt |o\g
1 o 2l 6) < /‘/ / I = y)ldy =3 a‘ )q =

2kr E(xo,t)
T dt
< [f ()] 12— Z/)HLq(e)dyW <
2kr E(x0,t)
y_x dt
ri / | wloe - ileeds 5o <
2kr E(xo,t)
2 dt x dt
T ||f||L1(8 (@ot) i S T Hf”Lp(S(:JcQ, D) T (11)
t'y+ +
2kr 2kr

Let p=1< ¢ < s < oco. From the weak (1,q) boundedness of Iglia and (10) it
follows that:

1 o fillwrye) < My afillwr,@ny S Il @) =
x T dt

= fllz ey S / HfHLl(g(a:O,t))tlﬁ- (12)

q

Then from (9) and (12) we get the inequality (6)).

Theorem 2.6. Suppose that Q) € L (S”fl), 1 < s < o0, be a homogeneous of
degree zero. Let 0 < a <y, 1<p< 2 g :%—%, and s' < p or q < s. Let also,
the pair (1, py) satisfy the condition

dt < C py(z, 1), (13)

°ess inf »
ess in o (z, 7')7'
tat!

r

where C' does not depend on x and r. Then the operator Iga is bounded from My . p
to My, p for p>1 and from My, p to WMy, p for p=1. Moreover, for p >1

P
||IQ,af||Mq o, P ~ HfHMp $1,P

and forp=1
16 o f Wty gy p S Il oy -
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Proof. Bwy Lemma 2.5 agd Theorem 2.1 with va(r) = @q(x0,7)7 L, vi(r) =
©1(x0,7)"Ir» and w(r) = r~ ¢ we have for p > 1

dt
Ity S 50D 230, / I lsteteon 57 S

_ X
S sup ¢y (z0,7) LT 1l e @y = 1 gy,
T

and for p=1
Il S S0P 2a(a0. / Il 0557

< S sup @1(x0, ") " Y Fll Ly @ony) = I ars o
>

Corollary 2.7. Suppose that Q € Lg(S™"1),
degree zero. Let0 < a <y, 1<p< I l: -

the pair (@1, py) satisfy the condition

1 < s < o0, be a homogeneous of
% £, and s < porq<s. Let also,

t<T<00
5
tq+1

ess inf ¢, (x,7)T? »
/ 0t < C gy (a,7),

r

where C' does not depend on x andr. Then the operator Ig’a is bounded from My, . p
to My, p for p>1 and from My, p to WMy, p for p=1. Moreover, forp > 1

P
HIQ,O{fHMq po,P ~ HfHMp w1,P?

and forp=1
P
o0 Wy oy p S 1 Fllar g, o

Corollary 2.8. Let 1 <p < o0, 0 < a < 5, % = ;1) —% and (1, pq) satisfy
condition (13). Then the operator 1,.p is bounded from M, , p to M, 09, P forp>1
and from My, p to WMy, p forp=1.

Remark 2.9. Note that, in the case s = 0o Corollary 2.7 was proved in [20]. The

condition (I13)) in Theorem 2.6 is weaker than condition (5) in Theorem 2.4 (see [20]).

p;¥1,
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