
Proceedings of the Institute of Mathematics and Mechanics,
National Academy of Sciences of Azerbaijan
Volume 40, Special Issue, 2014, Pages 178–202

FUNCTION SPACES AND INTEGRAL OPERATORS

ASSOCIATED WITH SCHRÖDINGER OPERATORS: AN

OVERVIEW

VAGIF S. GULIYEV

In memory of M. G. Gasymov on his 75th birthday

Abstract. In this paper we overview known and recently obtained re-
sults on function spaces and integral operators associated with Schrödin-
ger operators with respect to the properties of the spaces themselves,
that is, we touch the study of operators in these spaces. In particular,
we overview equivalent definitions of various versions of the spaces and
the boundedness of some Schrödinger type operators on these spaces re-
lated to certain nonnegative potentials belonging to the reverse Hölder
class.

1. Introduction

We started our studies of various Schrödinger type operators in spaces related
to certain nonnegative potentials belonging to the reverse Holder class.

In this paper, we consider the Schrödinger differential operator

L = −∆ + V (x) on Rn, n ≥ 3,

where V (x) is a nonnegative potential belonging to the reverse Hölder class Bq
for q ≥ n/2.

A nonnegative locally Lq integrable function V (x) on Rn is said to belong to
Bq (1 < q ≤ ∞) if there exists C > 0 such that the reverse Hölder inequality(

1

|B(x, r)|

∫
B(x,r)

V q(y)dy

)1/q

≤

(
C

|B(x, r)|

∫
B(x,r)

V (y)dy

)
(1.1)

holds for every x ∈ Rn and 0 < r < ∞, where B(x, r) denotes the ball centered
at x with radius r. In particular, if V is a nonnegative polynomial, then V ∈ B∞.
It is worth pointing out that the Bq class is such that, if V ∈ Bq for some q > 1,
then there exists an ε > 0, which depends only n and the constant C in (1.1), such
that V ∈ Bq+ε. Throughout this paper, we always assume that 0 6= V ∈ Bn/2.
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For x ∈ Rn, the function ρ(x) is defined by

ρ(x) :=
1

mV (x)
= sup

r>0

{
r :

1

rn−2

∫
B(x,r)

V (y)dy ≤ 1

}
.

Obviously, 0 < mV (x) < ∞ if V 6= 0. In particular, mV (x) = 1 with V = 1 and
mV (x) ∼ 1 + |x| with V (x) = |x|2.

Lemma 1.1. [53] There exists k0 > 0 and C0 > 1 such that

1

C0

(
1 +
|x− y|
ρ(x)

)−k0
≤ ρ(y)

ρ(x)
≤ C0

(
1 +
|x− y|
ρ(x)

)k0/(k0+1)

.

In particular, ρ(x) ∼ ρ(y) if |x− y| < Cρ(x).

In this paper, we write Ψθ(B) = (1 + r/ρ(x0))θ, where θ > 0, x0 and r denotes
the center and radius of B respectively.

1.1. Operators under consideration.
The maximal operator MV ≡ M θ

V associated with Schrödinger operators (L–
maximal operator) is defined by

MV f(x) ≡M θ
V f(x) = sup

t>0

(
1 +
|x− y|
ρ(x)

)−θ
|B(x, t)|−1

∫
B(x,t)

|f(y)|dy.

When V = 0 and θ = 0, we denote M0f(x) by Mf(x) (the standard Hardy-
Littlewood maximal function). It is easy to see that |f(x)| ≤ M θ

V f(x) ≤ Mf(x)
for a.e. x ∈ Rn and θ ≥ 0.

From [53, 58], we first consider a class Schrödinger type operators, such as

(1) ∇(−∆ + V )−1∇ with V ∈ Bn,

(2) ∇(−∆ + V )−1/2 with V ∈ Bn,

(3) (−∆ + V )−1/2∇ with V ∈ Bn,
(4) (−∆ + V )iγ with γ ∈ R and V ∈ Bn/2, and

(5) ∇2(−∆ + V )−1 with V is a nonnegative polynomial,

that are standard Calderón-Zygmund operators; see [56]. In particular, the ker-
nels K of operators above all satisfy the following conditions for some δ0 > 0 and
any l ∈ N0 = N ∪ {0},∣∣∣k(x, y)

∣∣∣ ≤ Cl(
1 + |x− y|

(
mV (x) +mV (y)

))l 1

|x− y|n

and ∣∣∣k(x+ h, y)− k(x, y)
∣∣∣ ≤ Cl(

1 + |x− y|
(
mV (x) +mV (y)

))l |h|δ0
|x− y|n+δ0

,

whenever x, y, h ∈ Rn and |h| < |x− y|/2.
Let L = −∆ + V with V ∈ Bq for q ≥ n/2 and its associated semigroup:

Ttf(x) = e−tLf(x) =

∫
Rn
kt(x, y)f(y)dy, f ∈ L2(Rn), t > 0. (1.2)
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Lemma 1.2. [15] Let kt(x, y) be as in (1.2). For every nonnegative integer k,
there is a constant Ck such that

0 ≤ kt(x, y) ≤ Ckt−n/2 exp

(
−|x− y|

2

5t

)(
1 +

√
t

ρ(x)
+

√
t

ρ(y)

)k
. (1.3)

Lemma 1.3. [51] Let kt(x, y) be as in (1.2). For any N ∈ N, there exists a CN
such that ∫ ∞

0
t−(n−β)/2−1kt(x, y)dt ≤ CN(

1 + |x0−y|
ρ(x0)

)N 1

|x0 − y|n−β
(1.4)

for all x ∈ B(x0, r) and y ∈ Rn\B(x0, 2r).

Maximal operator of the diffusion semi-group is defined by

T ∗f(x) = sup
t>0

e−tLf(x).

Next, we discuss the Littlewood–Paley g function related to Schrödinger oper-
ators defined by

g(f)(x) =

(∫ ∞
0

∣∣∣ d
dt
e−tL(f)(x)

∣∣∣2 tdt)1/2

,

and the commutator gb of g with b ∈ BMO(ρ) is defined by

gb(f)(x) =

(∫ ∞
0

∣∣∣ d
dt
e−tL((b(x)− b(·))f)(x)

∣∣∣2 tdt)1/2

.

The Riesz transform associated with the Schrödinger operator L is defined by

R = ∇L−
1
2 and the commutator operator

[b, R](f)(x) = R(bf)(x)− b(x)Rf(x), x ∈ Rn,
where f is a suitable integral function. Also, the dual Riesz transform associated

with the Schrödinger operator L is defined by R∗ = L−
1
2∇ and the commutator

operator
[b, R∗](f)(x) = R∗(bf)(x)− b(x)R∗f(x), x ∈ Rn.

The fractional integral operators associated with Schrödinger operators (L–
fractional integral operator) is defined by

Iβf(x) = L−β/2f(x) =

∫ ∞
0

e−tLf(x) tβ/2−1 dt

=

∫
Rn
kβ(x, y)f(y)dy for 0 < β < n.

Using Proposition 2.4 in [13], we can get the following result for the fractional
integral associated with Schrödinger operator.

Lemma 1.4. If V ∈ Bq, q ≥ n/2 and 0 < β < n, kβ denotes the kernel of the
fractional integral Iβ as above, then there exists δ0 = δ0(q) > 0 such that for
every l > 0 there is a constant Cl > so that∣∣∣kβ(x, y)

∣∣∣ ≤ Cl(
1 + |x− y|

(
mV (x) +mV (y)

))l 1

|x− y|n−β
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and∣∣∣kβ(x+ h, y)− kβ(x, y)
∣∣∣ ≤ Cl(

1 + |x− y|
(
mV (x) +mV (y)

))l |h|δ0
|x− y|n−β+δ0

,

whenever x, y, h ∈ Rn and |h| < |x− y|/2.

Let Sn−1 = {x ∈ Rn : |x| = 1} is the unit sphere of Rn (n ≥ 2) equipped with
the normalized Lebesgue measure dσ = dσ(x′). Let Ω ∈ Ls(Sn−1), s ≥ 1 be a
homogeneous function of degree zero on Rn and satisfy the cancellation condition∫

Sn−1

Ω(x)dσ(x) = 0. (1.5)

The Marcinkiewicz integral operator of higher dimension µΩ is defined by

µΩ(f)(x) =

∫ ∞
0

∣∣∣∣∣
∫
|x−y|≤t

Ω(x− y)

|x− y|n−1
f(y)dy

∣∣∣∣∣
2
dt

t3

1/2

.

It is well known that the Littlewood-Paley g-function is a very important tool
in harmonic analysis and the Marcinkiewicz integral is essentially a Littlewood-
Paley g-function. In this paper, we will also consider the commutator µΩ,b which
is given by the following expression

µΩ,bf(x) =

∫ ∞
0

∣∣∣∣∣
∫
|x−y|≤t

Ω(x− y)

|x− y|n−1
[b(x)− b(y)]f(y)dy

∣∣∣∣∣
2
dt

t3

1/2

.

Similar to the classical Marcinkiewicz function, we define the Marcinkiewicz
functions µj,Ω associated with the Schrödinger operator L by

µLj,Ωf(x) =

∫ ∞
0

∣∣∣∣∣
∫
|x−y|≤t

|Ω(x− y)|KLj (x, y)f(y)dy

∣∣∣∣∣
2
dt

t3

1/2

,

where KL
j (x, y) = K̃L

j (x, y)|x−y| and K̃L
j (x, y) is the kernel of Rj = ∂

∂xj
L−

1
2 , j =

1, . . . , n. In particular, when V = 0, K∆
j (x, y) = K̃∆

j (x, y)|x − y| =
(x−y)j/|x−y|
|x−y|n−1

and K̃∆
j (x, y) is the kernel of Rj = ∂

∂xj
∆−

1
2 , j = 1, . . . , n. In this paper, we write

Kj(x, y) = K∆
j (x, y) and

µj,Ωf(x) =

∫ ∞
0

∣∣∣∣∣
∫
|x−y|≤t

|Ω(x− y)|Kj(x, y)f(y)dy

∣∣∣∣∣
2
dt

t3

1/2

.

The commutator of the classical Marcinkiewicz function with rough kernel is
defined by

µj,Ω,bf(x) =

∫ ∞
0

∣∣∣∣∣
∫
|x−y|≤t

|Ω(x− y)|Kj(x, y)[b(x)− b(y)]f(y)dy

∣∣∣∣∣
2
dt

t3

1/2

.
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The commutator µLj,Ω,b formed by b ∈ Lloc
1 (Rn) and the Marcinkiewicz function

with rough kernel µLj,Ω is defined by

µLj,Ω,bf(x) =

∫ ∞
0

∣∣∣∣∣
∫
|x−y|≤t

|Ω(x− y)|KLj (x, y)[b(x)− b(y)]f(y)dy

∣∣∣∣∣
2
dt

t3

1/2

.

Lemma 1.5. [53] Let V ∈ Bq with q ≥ n/2. For any l > 0, there exists Cl > 0
such that ∣∣∣∣KL

j (x, y)

∣∣∣∣ ≤ Cl(
1 + |x−y|

ρ(x)

)l 1

|x− y|n−1
,

and ∣∣∣∣KL
j (x, y)−Kj(x− y)

∣∣∣∣ ≤ C
ρ(x)−1

|x− y|n−2
.

2. Weighted norm inequalities for Schrödinger type operators

We first recall some notation. Given B = B(x, r) and λ > 0, we will write λB
for the λ-dilate ball, which is the ball with the same center x and with radius
λr. Given a Lebesgue measurable set E and a weight ω, |E| will denote the
Lebesgue measure of E and ω(E) =

∫
E ω(x)dx. For 0 < p < ∞, ‖f‖Lpω will

denote
(∫

Rn |f(y)|pω(y)dy
)1/p

.
A weight will always mean a nonnegative function which is locally integrable.

As in [10], we say that a weight ω belongs to the class Aρ,θp for 1 < p < ∞, if
there is a constant C such that for all ball B = B(x, r)(

1

Ψθ(B)|B|

∫
B
ω(y)dy

)(
1

Ψθ(B)|B|

∫
B
ω
− 1
p−1 (y)dy

)p−1

≤ C.

We also say that a nonnegative function ω satisfies the Aρ,θ1 condition if there
exists a constant C for all balls B

M θ
V (ω)(x) ≤ Cω(x), a.e. x ∈ Rn,

where

M θ
V f(x) = sup

x∈B

1

Ψθ(B)|B|

∫
B
|f(y)|dy.

Since Ψθ(B) ≥ 1, obviously, Ap ⊂ Aρ,θp for 1 ≤ p < ∞, where Ap denote the

classical Muckenhoupt weights; see [18], [38], [45]. We will see that Ap ⊂⊂ Aρ,θp
for 1 ≤ p <∞ in some cases. In fact, let θ > 0 and 0 ≤ γ ≤ θ, it is easy to check
that

ω(x) = (1 + |x|)−(n+γ) 6∈ A∞ =
⋃
p≥1

Ap

and ω(x)dx is not a doubling measure, but

ω(x) = (1 + |x|)−(n+γ) ∈ Aρ,θ1

provided that V = 1 and Ψθ(B(x0, r)) = (1 + r)θ.



FUNCTION SPACES AND INTEGRAL OPERATORS . . . 183

For convenience, we always assume that Ψ(B) denotes Ψθ(B), Aρ,∞p =
⋃
θ>0A

ρ,θ
p

and Aρ,∞ =
⋃
p≥1A

ρ,∞
p .

Lemma 2.1. [50] Let 0 < θ <∞, then

(i) if 1 ≤ p1 < p2 <∞, then Aρ1θp′ ⊂ A
ρ2θ
p′ ;

(ii) ω ∈ Aρ,θp if and only if ω
− 1
p−1 ∈ Aρ,θp , where 1/p+ 1/p′ = 1;

(iii) if ω ∈ Aρ,θp for 1 ≤ p <∞, then there exists a constant such that for any
λ > 1

ω (λB(x0, r)) ≤ C
(

1 +
λr

ρ(x0)

)(k0+1)θ

ω (B(x0, r)) .

Lemma 2.2. [50] Let 0 < θ < ∞, 1 ≤ p < ∞. If ω ∈ Aρ,θp , then there exists
positive constants 6, η and C such that(

1

|B|

∫
B
ω(y)1+δdy

)1/(1+δ)

≤ C 1

|B|

∫
B
ω(y)dy

(
1 +

r

ρ(x0)

)η
for all ball B(x0, r).

As a consequence of Lemma 2.3, we have the following result.

Corollary 2.1. [50] Let 0 < θ < ∞, 1 ≤ p < ∞. If ω ∈ Aρ,θp , then there exist
positive constants q > 1, η and C such that

ω(E)

ω(B)
≤ C

(
|E|
|B|

)1/q (
1 +

r

ρ(x0)

)η
for all ball any measurable subset E of a ball B(x0, r).

As in [50], we say that a weight ω belongs to the class Aρ(p,q) ≡ Aρ,θ(p,q) for

1 ≤ p < ∞ and 1 ≤ p < ∞, if there is a constant C such that for all ball
B = B(x, r)(

1

Ψθ(B)|B|

∫
B

[ω(y)]qdy

)1/q ( 1

Ψθ(B)|B|

∫
B
ω−p

′
(y)dy

)1/p′

≤ C,

where p′ = p/(p− 1). Obviously,

ω1/p ∈ Aρ(p,p) ⇐⇒ ω ∈ Aρp for 1 ≤ p <∞.

Proposition 2.1. [50] Let 1 < p <∞ and suppose that Aρp. If p < p1 <∞, then
the estimate ∫

Rn

∣∣∣MV f(x)
∣∣∣p1ω(x)dx ≤ C

∫
Rn

∣∣∣f(x)
∣∣∣p1ω(x)dx

holds. Further, let 1 ≤ p <∞. Then ω ∈ Aρp if and only if

ω
({
x ∈ Rn : MV f(x) > λ

})
≤ C

λp

∫
Rn
|f(x)|pω(x)dx.

For the fractional maximal operator the following property is valid.
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Proposition 2.2. [50] Let 0 < β < n, 1 ≤ p < n/β and 1/q = 1/p− β/n. Then(∫{
x∈Rn:Mβ,V f(x)>λ

}[ω(y)]qdy
)1/q

≤ C

λ

(∫
Rn
|f(x)|pω(x)dx

)1/p

for each ω ∈ Aρ(p,q).

Theorem 2.1. [50] Let T denote one of the Schrödinger type operators, such as

∇(−∆ +V )−1∇, ∇(−∆ +V )−1/2, (−∆ +V )−1/2∇ with V ∈ Bn. Let 1 < p <∞
and suppose that ω ∈ Aρp. Then∫

Rn
|Tf(x)|pω(x)dx ≤ C

∫
Rn
|f(x)|pω(x)dx,

where C is independent of f .
Further, suppose that ω ∈ Aρ1. Then there exists a constant C such that for all

λ > 0

ω
({
x ∈ Rn : |Tf(x)| > λ

})
≤ C

λp

∫
Rn
|f(x)|pω(x)dx.

We remark that the weighted boundedness of ∇(−∆+V )−1/2, (−∆+V )−1/2∇
with V ∈ Bn is proved in [10].

Next we consider another class V ∈ Bq for n/2 ≤ q for Riesz transforms
associated to Schrödinger operators. Let T1 = (−∆ + V )−1V , T2 = (−∆ +

V )−1/2 V 1/2, T3 = (−∆ + V )−1/2∇.

Theorem 2.2. [50] Suppose V ∈ Bq for q ≥ n/2. Then
(i) if q′ ≤ p <∞ and ω ∈ Aρp/q′, then

‖T1f‖Lpω ≤ C ‖f‖Lpω ,

where C is independent of f ;
(ii) if (2q)′ ≤ p <∞ and ω ∈ Aρp/(2q)′, then

‖T2f‖Lpω ≤ C ‖f‖Lpω ,

where C is independent of f ;
(iii) if p′0 ≤ p <∞ and ω ∈ Aρ

p/p′0
, where 1/p′0 = 1/q − 1/n and n/2 ≤ q < n,

then

‖T3f‖Lpω ≤ C ‖f‖Lpω ,
where C is independent of f .

Let

T ∗1 = V (−∆ + V )−1, T ∗2 = V 1/2 (−∆ + V )−1/2, T ∗3 = ∇(−∆ + V )−1/2.

By duality, easily get the following results.

Theorem 2.3. [50] Suppose V ∈ Bq for q ≥ n/2. Then

(i) if 1 < p ≤ q and ω
− 1
p−1 ∈ Aρp′/q′, then

‖T ∗1 f‖Lpω ≤ C ‖f‖Lpω ,

where C is independent of f ;
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(ii) if 1 < p ≤ 2q and ω
− 1
p−1 ∈ Aρp′/(2q)′, then

‖T ∗2 f‖Lpω ≤ C ‖f‖Lpω ,

where C is independent of f ;

(iii) if 1 < p ≤ p0 and ω
− 1
p−1 ∈ Aρ

p′/p′0
, where 1/p′0 = 1/q − 1/n and n/2 ≤

q < n, then

‖T ∗3 f‖Lpω ≤ C ‖f‖Lpω ,
where C is independent of f .

We remark that the weighted Lpω boundedness of T3, T ∗3 is proved in [10].
The following result for the fractional integral associated with Schrödinger

operator is valid.

Proposition 2.3. [50] Let 0 < β < n, 1 ≤ p < n/β and 1/q = 1/p− β/n. Then(∫
Rn

∣∣Iβ,V f(x)
∣∣q[ω(y)]qdy

)1/q
≤
(∫

Rn
|f(x)|pω(x)dx

)1/p

for each ω ∈ Aρ(p,q). Further, suppose that µ = ωq ∈ Aρ1 with q = n/(n−β). Then

there exists a constant C such that for all λ > 0

µ
({
x ∈ Rn : Iβf(x) > λ

})1/q ≤ C

λ

∫
Rn
|f(x)|ω(x)dx.

The following theorem was proved in [2] (in the case w = 1 in [4] and in the
case s =∞ in [29]).

Theorem 2.4. Suppose that Ω ∈ Ls(S
n−1), 1 < s ≤ ∞ be a homogeneous

function of degree zero on Rn and satisfy the conditions (1.5) and V ∈ Bn. Then

for every s′ < p < ∞ and w ∈ Ap/s′ or 1 < p < s and w1−p′ ∈ Ap′/s′ there is a
constant C independent of f such that

‖µLj,Ω(f)‖Lp,w ≤ C‖f‖Lp,w .

3. Commutators for Schrödinger type operators

Let b ∈ BMO (see its definition in [39]), we define the commutator of T by

[b, T ]f = bTf − T (bf).

Bongioanni, Harboure and Salinas [8] introduce a new space BMOθ(ρ) defined
by

‖f‖BMOθ(ρ) = sup
B⊂Rn

1

Ψθ(B)|B|

∫
B
|f(x)− fB| dx <∞,

where

fB =
1

|B|

∫
B
f(y)dy and Ψθ(B) =

(
1 +

r

ρ(x0)

)θ
with B = B(x0, r) and θ > 0.

In particularly, Bongioanni, etc. [8] proved the following result for BMOθ(ρ).
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Proposition 3.1. Let θ > 0 and 1 ≤ s <∞. If b ∈ BMOθ(ρ), then(
1

|B|

∫
B
|b− bB|s

)1/s

≤ cCθ0 s ‖b‖BMOθ(ρ)

(
1 +

r

ρ(x)

)θ′
,

for all B = B(x, r) with x ∈ Rn and r > 0, where θ′ = (k0 +1)θ and C0 is defined
in Lemma 2.1 and c is a constant depending only on n.

Obviously, the classical BMO (see [39, 55]) is properly contained in BMOθ(ρ);
for more examples see [8]. For convenience, we let BMO(ρ) = BMOθ(ρ).

Tang [51] gave the following result, which is equivalent to Proposition 2.1.

Proposition 3.2. Suppose that f ∈ BMOθ(ρ). There exist positive constants γ
and C such that for any ball B = B(x0, r)

1

|B|

∫
B

exp

{
γ

‖f‖BMOθ(ρ)Ψθ(B)
|f(x)− fB|

}
dx ≤ C.

Applying Corollary 2.1 and Proposition 2.1, we can obtain the following result.

Proposition 3.3. [50] If f ∈ BMOθ(ρ) and ω ∈ Aρ,θp (p > 1), then there exist
positive constants c1, c2 and η such that for every ball B = B(x, r) and every
λ > 0, we have

ω ({x ∈ B : |f(x)− fB| > λ})

≤ c1ω(B) exp

{
− c2λ

‖f‖BMOθ(ρ)Ψθ′(B)

}(
1 +

r

ρ(x)

)η
,

where

Ψθ′(B) =
(

1 +
r

ρ(x0)

)θ′
, θ′ = (k0 + 1)θ.

From Proposition 3.3, it is easy to see that

Corollary 3.1. If f ∈ BMOρ and ω ∈ Aρ,∞(∞), then there exist positive constants

C and η such that for every ball B = B(x, r), we have

1

ω(B)

∫
B
|f(x)− fB|ω(x)dx ≤

(
1 +

r

ρ(x)

)η
‖f‖pBMOρ

.

Let b ∈ BMOρ, we define the commutator of Iβ by

[b, Iβ,V ]f = bIβ,V f − Iβ,V (bf).

We first consider commutators of fractional integrals associated with Schrödinger
operators.

Proposition 3.4. [50] Let b ∈ BMOρ, 0 < β < n, 1 < p < n/β and 1/q =
1/p− β/n. If ω ∈ Aρ(p,q), then there exists a constant C such that(∫

Rn

∣∣[Iβ,V , b]f(x)
∣∣q[ω(y)]qdy

)1/q
≤ C ‖b‖BMOθ(ρ)

(∫
Rn
|f(x)|pω(x)dx

)1/p
.

The weighted weak-type endpoint estimate for the commutator is the following.
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Proposition 3.5. Let b ∈ BMOρ, 0 < β < n, 1 < p < n/β and 1/q = 1/p−β/n.
Let

B(t) = t log(e+ t),

Λ(t) =
[
t log

(
e+ tβ/n

)
Λ
]n/(n−β)

,

Θ(t) = tβ/n
[
t log

(
e+ tβ/n

)
Λ
]n/(n−β)

.

If ω ∈ Aρ1, then there exists a constant C such that for any λ > 0

ω
(
{x ∈ Rn :

∣∣[Iβ,V , b]f(x)
∣∣ > λ}

)
≤ CΛ

(∫
Rn
B
(‖b‖BMOθ(ρ)|f(x)|

λ

)
Θ(ω(x))dx

)
.

Let b ∈ BMOρ, we define the commutator of T by

[b, T ]f = bTf − T (bf).

Theorem 3.1. [50] Let T denote one of the Schrödinger type operators, such as

∇(−∆+V )−1∇, ∇(−∆+V )−1/2, (−∆+V )−1/2∇ with V ∈ Bn, (−∆+V )iγ with
γ ∈ R and V ∈ Bn/2, and ∇2(−∆ + V )−1 with V is a nonnegative polynomial.

Let b ∈ BMOρ, 1 < p <∞ and suppose that ω ∈ Aρp. Then

‖[b, Tf ]‖Lpω ≤ C ‖b‖BMOθ(ρ) ‖f‖Lpω ,
where C is independent of f .

Further, suppose that ω ∈ Aρ1. Then there exists a constant C such that for all
λ > 0

ω
({
x ∈ Rn : |[b, Tf ]| > λ

})
≤ C

∫
Rn

|f(x)|
λ

(
1 + log+

( |f(x)|
λ

))
ω(x)dx.

Finally, we consider another class V ∈ Bq for n/2 ≤ q for Riesz transforms
associated to Schrödinger operators. Let T1 = (−∆ + V )−1V , T2 = (−∆ +

V )−1/2 V 1/2, T3 = (−∆ + V )−1/2∇.

Theorem 3.2. [50] Suppose V ∈ Bq for q ≥ n/2. Let b ∈ BMOρ. Then
(i) if q′ ≤ p <∞ and ω ∈ Aρp/q′, then

‖[b, T1]f‖Lpω ≤ C ‖b‖BMOθ(ρ) ‖f‖Lpω ,
where C is independent of f ;

(ii) if (2q)′ ≤ p <∞ and ω ∈ Aρp/(2q)′, then

‖[b, T2]f‖Lpω ≤ C ‖b‖BMOθ(ρ) ‖f‖Lpω ,
where C is independent of f ;

(iii) if p′0 ≤ p <∞ and ω ∈ Aρ
p/p′0

, where 1/p′0 = 1/q − 1/n and n/2 ≤ q < n,

then

‖[b, T3]f‖Lpω ≤ C ‖b‖BMOθ(ρ) ‖f‖Lpω ,
where C is independent of f .

Let

T ∗1 = V (−∆ + V )−1, T ∗2 = V 1/2 (−∆ + V )−1/2, T ∗3 = ∇(−∆ + V )−1/2.

By duality, easily get the following results.
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Theorem 3.3. [50] Suppose V ∈ Bq for q ≥ n/2. Let b ∈ BMOρ. Then

(i) if 1 < p ≤ q and ω
− 1
p−1 ∈ Aρp′/q′, then

‖T ∗1 f‖Lpω ≤ C ‖b‖BMOθ(ρ) ‖f‖Lpω ,

where C is independent of f ;

(ii) if 1 < p ≤ 2q and ω
− 1
p−1 ∈ Aρp′/(2q)′, then

‖T ∗2 f‖Lpω ≤ C ‖b‖BMOθ(ρ) ‖f‖Lpω ,

where C is independent of f ;

(iii) if 1 < p ≤ p0 and ω
− 1
p−1 ∈ Aρ

p′/p′0
, where 1/p′0 = 1/q − 1/n and n/2 ≤

q < n, then

‖T ∗3 f‖Lpω ≤ C ‖b‖BMOθ(ρ) ‖f‖Lpω ,

where C is independent of f .

4. Morrey spaces related to nonnegative potentials

Let p ∈ [1,∞), α ∈ (−∞,∞) and λ ∈ [0, n). For f ∈ Lploc(R
n) and V ∈ Bq

(q > 1), we say f ∈ Lp,λα,V (Rn) (Morrey spaces related to the nonnegative potential

V ) provided that

‖f‖p
Lp,λα,V (Rn)

= sup
B(x,r)⊂Rn

(
1 +

r

ρ(x)

)α
r−λ

∫
B(x,r)

|f(y)|pdy <∞,

where B = B(x, r) denotes a ball with centered at x and radius r. In particular,

when α = 0 or V = 0 and 0 < λ < n, the space Lp,λα,V (Rn) is the class Morrey space

Lp,λ(Rn)(Lp,λ(Rn) was first introduced in [44], some new properties of Lp,λ(Rn)

have been studied in [1, 12, 57] ). It is easy to see that Lp,λα,V (Rn) ⊂ Lp,λ(Rn) for

α > 0, and Lp,λ(Rn) ⊂ Lp,λα,V (Rn) for α < 0.
It is well known that the boundedness of the standard Calderón-Zygmund

operators and their commutators have been established on the class Morrey spaces
(see [17]). Hence, it will be an interesting question whether in [51] were establish
the boundedness of Schrödinger type operators on the Morrey spaces related to
certain nonnegative potentials. More precisely, was obtained the following results.

Theorem 4.1. [51] Suppose α ∈ (−∞,∞) and λ ∈ (0, n).
(i) If 1 < p <∞, when

‖Tf‖
Lp,λα,V (Rn)

≤ C ‖f‖
Lp,λα,V (Rn)

,

where C is independent of f .
(ii) If p = 1, then for any t > 0,

t
(

1 +
r

ρ(x)

)α∣∣∣{y ∈ B(x, r) : |Tf(y)| > t}
∣∣∣ ≤ C rλ‖f‖L1,λ

α,V (Rn)

holds for all balls B, where C is independent of x, r, t and f .
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Theorem 4.2. [51] Suppose b ∈ BMOρ, α ∈ (−∞,∞) and λ ∈ (0, n).
(i) If 1 < p <∞, then

‖[b, T ]f‖
Lp,λα,V (Rn)

≤ C ‖f‖
Lp,λα,V (Rn)

,

where C is independent of f .
(ii) If p = 1, then for any t > 0,

r−λ
(

1 +
r

ρ(x)

)α ∣∣∣{y ∈ B(x, r) : |[b, T ]f(y)| > t}
∣∣∣

≤ C sup
B(x,r)⊂Rn

(
1 +

r

ρ(x)

)α
r−λ

∫
B(x,r)

|f(y)|
t

ln
(

2 +
|f(y)|
t

)
dy

holds for all balls B, where C is independent of x, r, t and f .

Theorem 4.3. [51] Suppose V ∈ Bn/2, α ∈ (−∞,∞) and 0 < β < n.
(i) If 1 < p < n/β, 1/q = 1/p− β/n, θ = q/p and 0 < λ < n/θ, then

‖Iβf‖Lq,θλα,V (Rn)
≤ C‖f‖

Lp,λα,V (Rn)
,

where C is independent of f .
(ii) If p = 1 and q = n/(n− β), then for any t > 0,

t
(

1 +
r

ρ(x)

)α ∣∣∣{y ∈ B(x, r) :
∣∣Iβf(y)

∣∣ > t}
∣∣∣1/q ≤ C rλ‖f‖L1,λ

α,V (Rn)

holds for all balls B, where C is independent of x, r, t and f .

Theorem 4.4. [51] Let b ∈ BMOρ, V ∈ Bn/2, α ∈ (−∞,∞) and 0 < β < n.
(i) If 1 < p < n/β, 1/q = 1/p− β/n, θ = q/p and 0 < λ < n/θ, then

‖[b, Iβ]f‖
Lq,θλα,V (Rn)

≤ C ‖f‖
Lp,λα,V (Rn)

,

where C is independent of f .
(ii) If p = 1 and q = n/(n− β), then for any t > 0,

r−λ
(

1 +
r

ρ(x)

)α∣∣∣{y ∈ B(x, r) : |[b, Iβ]f(y)| > t}
∣∣∣

≤ C sup
B(x,r)⊂Rn

(
1 +

r

ρ(x)

)α
r−λΦ

(∫
B(x,r)

|f(y)|
t

ln(2 +
|f(y)|
t

)dy

)
holds for all balls B, where Φ(t) = (t log(2 + tβ/n))n/(n−β), and C is independent
of x, r, t and f .

We remark that even in the classical Morrey space, the above results about
the case p = 1 in Theorems 4.2 and 4.4 are also new; see [17].

5. Generalized Morrey spaces related to nonnegative potentials

In 1938, Morrey considered regularity of the solution of elliptic differential
equations in terms of the solutions themselves and their derivatives. This is a
very famous work by Morrey [44].

We recall the definitions. Let 1 ≤ p <∞ and 0 ≤ λ ≤ n. Then define

‖f‖Lp,λ = sup
x∈Rn,r>0

r
−λ
p ‖f‖Lp(B(x,r)) ≡ sup

B
r
−λ
p ‖f‖Lp(B),
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where B = B(x, r) runs over all balls.
Later many researchers studied Morrey spaces from various points of view.

After studying Morrey spaces in detail, researchers passed to generalized Morrey
spaces, weighted Morrey spaces and generalized weighted Morrey spaces.

Definition 5.1. Let ϕ(x, r) be a positive measurable function on Rn × (0,∞)
and 1 ≤ p <∞. We denote by Mp,ϕ(Rn) the generalized Morrey space, the space
of all functions f ∈ Lp,loc(Rn) with finite quasinorm

‖f‖Mp,ϕ = sup
x∈Rn,r>0

ϕ(x, r)−1 ‖f‖Lp(B(x,r)). (5.1)

The generalized Morrey spacesMp,ϕ(Rn) with norm (5.1) introduced by Mizuhara
in [43], which was later extended and studied by many authors (see [48]- [52]).
Note that, the generalized Morrey spaces Mp,ϕ(Rn) with normalized norm

‖f‖Mp,ϕ = sup
x∈Rn,r>0

ϕ(x, r)−1 |B(x, r)|−
1
p ‖f‖Lp(B(x,r)) (5.2)

first defined by Guliyev in [21].
Also, in [21], there was defined the weak generalized Morrey space WMp,ϕ ≡

WMp,ϕ(Rn) of all functions f ∈WLloc
p (Rn) for which

‖f‖WMp,ϕ = sup
x∈Rn,r>0

ϕ(x, r)−1 |B(x, r)|−
1
p ‖f‖WLp(B(x,r)) <∞.

According to this definition, we recover the Morrey spaces Lp,λ and WLp,λ

under the choice ϕ(x, r) = r
λ−n
p :

Lp,λ = Mp,ϕ
∣∣∣
ϕ(x,r)=r

λ−n
p
, WLp,λ = WMp,ϕ

∣∣∣
ϕ(x,r)=r

λ−n
p
.

There are many papers where there discussed the conditions on ϕ(x, r) to ob-
tain the boundedness of operators on the generalized Morrey spaces. For example,
in [21] (see also [19, 20]) by Guliyev the following condition was imposed on the
pair (ϕ1, ϕ2) : ∫ ∞

r
tα ϕ1(x, t)

dt

t
≤ Cϕ2(x, r), (5.3)

where C > 0 does not depend on x and r. Under the above condition, in
[21] obtained the boundedness of Riesz potential operators from Mp,ϕ1(Rn) to

M q,ϕ2(Rn), where 1 < p < q <∞ and α = n
(

1
p −

1
q

)
. Also, in [3] (see also [26]),

introduced a weaker condition:∫ ∞
r

ess inf
t<s<∞

ϕ1(x, s)s
n
p

t
n
q

+1
dt ≤ C ϕ2(x, r), (5.4)

1 ≤ p < ∞, for all x ∈ Rn and r > 0. If the pair (ϕ1, ϕ2) satisfies the condition
(5.3), then (ϕ1, ϕ2) satisfied condition (5.4). But the opposite is not true, see
remark 4.7 in [26] for details (see also [28, 35, 36, 34, 30, 31]).

In the present section we give the definitions of the generalized Morrey spaces
related to nonnegative potentials V .
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Definition 5.2. Let p ∈ [1,∞), α ∈ (−∞,∞) and ϕ : Rn × R+ → R+ be a
measurable function. For f ∈ Lploc(R

n) and V ∈ Bq (q > 1), we say f ∈Mp,ϕ
α,V (Rn)

(generalized Morrey spaces related to the nonnegative potential V ) provided that

‖f‖p
Mp,ϕ
α,V (Rn)

= sup
B(x,r)⊂Rn

(
1 +

r

ρ(x)

)α
ϕ(x, r)−p|B(x, r)|−1

∫
B(x,r)

|f(y)|pdy <∞,

where B = B(x, r) denotes a ball with centered at x and radius r. In particular,
when α = 0 or V = 0 and ϕ : Rn×R+ → R+ be a measurable function, the space
Mp,ϕ
α,V (Rn) is the class generalized Morrey space Mp,ϕ(Rn).

It is well known that the boundedness of the standard Calderón-Zygmund
operators and their commutators have been established on the generalized Morrey
spaces (see [3, 26]). Hence, it will be an interesting question whether in [23]
were establish the boundedness of Schrödinger type operators on the generalized
Morrey spaces related to certain nonnegative potentials. More precisely, was
obtained the following results.

Theorem 5.1. [23] Suppose 1 ≤ p < ∞, V ∈ Bn, α ∈ (−∞,∞) and (ϕ1, ϕ2)
satisfy the condition ∫ ∞

r

ess inf
t<s<∞

ϕ1(x, s)s
n
p

t
n
p

+1
dt ≤ C ϕ2(x, r), (5.5)

where C does not depend on x and r.
(i) If 1 < p <∞, then

‖Tf‖Lp,ϕ2α,V (Rn) ≤ C ‖f‖Lp,ϕ1α,V (Rn),

where C is independent of f .
(ii) If p = 1, then for any t > 0,

t
(

1 +
r

ρ(x)

)α∣∣∣{y ∈ B(x, r) : |Tf(y)| > t}
∣∣∣ ≤ C ϕ(x, r)|B(x, r)|‖f‖

L
1,ϕ1
α,V (Rn)

holds for all balls B, where C is independent of x, r, t and f .

Theorem 5.2. [23] Suppose 1 ≤ p <∞, V ∈ Bn, b ∈ BMOρ, α ∈ (−∞,∞) and
(ϕ1, ϕ2) satisfy the condition∫ ∞

r
ln
(
e+

t

r

) ess inf
t<s<∞

ϕ1(x, s)s
n
p

t
n
p

+1
dt ≤ C ϕ2(x, r), (5.6)

where C does not depend on x and r.
(i) If 1 < p <∞, then

‖[b, T ]f‖Lp,ϕ2α,V (Rn) ≤ C ‖f‖Lp,ϕ1α,V (Rn),

where C is independent of f .
(ii) If p = 1, then for any t > 0,

ϕ2(x, r)−1
(

1 +
r

ρ(x)

)α ∣∣∣{y ∈ B(x, r) : |[b, T ]f(y)| > t}
∣∣∣

≤ C sup
B(x,r)⊂Rn

(
1 +

r

ρ(x)

)α
ϕ1(x, r)−1

∫
B(x,r)

|f(y)|
t

ln
(

2 +
|f(y)|
t

)
dy

holds for all balls B, where C is independent of x, r, t and f .
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Theorem 5.3. [23] Suppose 1 ≤ p <∞, V ∈ Bn, α ∈ (−∞,∞), 0 < β < n and
(ϕ1, ϕ2) satisfies the condition∫ ∞

r

ess inf
t<s<∞

ϕ1(x, s)s
n
p

t
n
q

+1
dt ≤ C ϕ2(x, r), (5.7)

where C does not depend on x and r.
(i) If 1 < p < n/β, 1/q = 1/p− β/n, then

‖Iβf‖Lq,ϕ2α,V (Rn) ≤ C‖f‖Lp,ϕ1α,V (Rn),

where C is independent of f .
(ii) If p = 1, q = n/(n− β), then for any t > 0,

t
(

1 +
r

ρ(x)

)α ∣∣∣{y ∈ B(x, r) :
∣∣Iβf(y)

∣∣ > t}
∣∣∣1/q ≤ C ϕ(x, r)|B(x, r)|‖f‖

L
1,ϕ1
α,V (Rn)

holds for all balls B, where C is independent of x, r, t and f .

Theorem 5.4. [23] Let 1 ≤ p < ∞, b ∈ BMOρ, V ∈ Bn, α ∈ (−∞,∞) and
(ϕ1, ϕ2) satisfies the condition∫ ∞

r
ln
(
e+

t

r

) ess inf
t<s<∞

ϕ1(x, s)s
n
p

t
n
q

+1
dt ≤ C ϕ2(x, r), (5.8)

where C does not depend on x and r.
(i) If 1 < p < n/β, 1/q = 1/p− β/n, then

‖[b, Iβ]f‖Lq,ϕ2α,V (Rn) ≤ C ‖f‖Lp,ϕ1α,V (Rn),

where C is independent of f .
(ii) If p = 1 and q = n/(n− β), then for any t > 0,

ϕ2(x, r)−1
(

1 +
r

ρ(x)

)α∣∣∣{y ∈ B(x, r) : |[b, Iβ]f(y)| > t}
∣∣∣

≤ C sup
B(x,r)⊂Rn

(
1 +

r

ρ(x)

)α
ϕ1(x, r)−1Φ

(∫
B(x,r)

|f(y)|
t

ln(2 +
|f(y)|
t

)dy

)
holds for all balls B, where Φ(t) = (t log(2 + tβ/n))n/(n−β), and C is independent
of x, r, t and f .

6. Weighted Morrey spaces related to certain nonnegative
potentials

Let p ∈ [1, ∞), α ∈ (−∞, ∞) and λ ∈ [0, 1). For f ∈ Lploc(R
n) and V ∈ Bq

(q > 1), we say f ∈ Lp,λα,V,ω(Rn) (weighted Morrey spaces related to the potential

V ) provided that

‖f‖p
Lp,λα,V,ω(Rn)

= sup
x∈Rn,r>0

(
1 +

r

ρ(x)

)α
ω(B(x, 2r))−λ

∫
B(x,r)

|f(y)|pω(y)dy <∞,

where B = B(x, r) denotes a ball with centered at x and radius r, and the weight
functions ω ∈ Aρ,∞p which could be viewed as an extension of weighted Lebesgue
spaces (that is, when α = λ = 0, ‖f‖

Lp,00,V,ω(Rn)
= ‖f‖Lpω(Rn)). In particular, when
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α = 0 or V = 0, ω = 1 and 0 < λ < 1, the space Lp,λα,V,ω(Rn) is the class Morrey

space Lp,λ(Rn) (see [44]). When α = 0 or V = 0 and 0 < λ < 1, Lp,λω (Rn) was
first introduced in [41], where ω ∈ Ap(Rn) (Muckenhoupt weights class). It is

easy to see that Lp,λα,V,ω(Rn) ⊂ Lp,λω (Rn) for α > 0, and Lp,λω (Rn) ⊂ Lp,λα,V,ω(Rn) for

α < 0. In addition, when ω = 1, the Lp,λα,V,ω(Rn) has been studied in [51].

From [53, 58], we know a class Schrödinger type operators such as ∇(−∆ +

V )−1∇ with V ∈ Bn, ∇(−∆+V )−1/2 with V ∈ Bn, (−∆+V )−1/2∇ with V ∈ Bn,
(−∆+V )iγ with γ ∈ R and V ∈ Bn/2, and∇2(−∆+V )−1 with V is a nonnegative
polynomial, are standard Calderón-Zygmund operators; see [56]. In particular,
the kernels K of operators above all satisfy

|K(x, y)| ≤ Ck(
1 + |x−y|

ρ(x)

)k 1

|x− y|n

for any k ∈ N. Hence, in the rest of this paper, we always assume that T denotes
the above operators.

Recently, Bongioanni, etc, [9] proved Lp(Rn)(1 < p < ∞) boundedness for
commutators of Riesz transforms associated with Schrödinger operator withBMOρ
functions which include the class BMO function, and they [10] established the
weighted boundedness for Riesz transforms, fractional integrals and Littlewood-
Paley functions associated with Schrödinger operator with weight Aρ,∞p class
which includes the Muckenhoupt weight class. Very recently, the author [10, 11]
established the weighted norm inequalities for some Schrödinger type opera-
tors, which include commutators of Riesz transforms, fractional integrals and
Littlewood-Paley functions with BMOρ functions; see also [10, 11].

In the following we show the boundedness properties of some Schrödinger type

operators on the weighted Morrey spaces Lp,λα,V,ω(Rn) [49]. This results are for-
mulated as follows.

Theorem 6.1. [49] Suppose α ∈ (−∞, ∞) and λ ∈ (0, 1).
(i) If 1 < p <∞ and ω ∈ Aρ,∞p , then

‖Tf‖
Lp,λα,V,ω(Rn)

≤ C‖f‖
Lp,λα,V,ω(Rn)

,

where C is independent of f .
(ii) If p = 1 and ω ∈ Aρ,∞1 , then for any t > 0,

ω(B(x, 2r))−λ
(

1 +
r

ρ(x)

)α
tω ({y ∈ B(x, r) : |Tf(y)| > t}) ≤ C‖f‖

L1,λ
α,V,ω(Rn)

holds for all balls B, where C is independent of x, r, t and f .

Theorem 6.2. [49] Suppose b ∈ BMOρ, α ∈ (−∞, ∞) and λ ∈ (0, 1).
(i) If 1 < p <∞ and ω ∈ Aρ,∞p , then

‖[b, T ]f‖
Lp,λα,V,ω(Rn)

≤ C‖f‖
Lp,λα,V,ω(Rn)

,

where C is independent of f .
(ii) If p = 1 and ω ∈ Aρ,∞1 , then for any t > 0,

ω (B(x, 2r))−λ
(

1 +
r

ρ(x)

)α
ω ({y ∈ B(x, r) : |[b, T ]f(y)| > t}|) ≤
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C sup
B(x,r)⊂Rn

ω (B(x, 2r))−λ
(

1 +
r

ρ(x)

)α ∫
B(x,r)

|f(y)|
t

ln

(
2 +
|f(y)|
t

)
ω(y)dy

holds for all balls B(x, r), where C is independent of x, r, t and f .

Theorem 6.3. [49] Suppose V ∈ Bn/2, α ∈ (−∞,∞) and λ ∈ (0, 1).

(i) If 1 < p <∞ and ω ∈ Aρ,∞p , then

‖g(f)‖
Lp,λα,V,ω(Rn)

≤ C‖f‖
Lp,λα,V,ω(Rn)

,

where C is independent of f .
(ii) If p = 1 and ω ∈ Aρ,∞1 , then for any t > 0,

ω (B(x, 2r))−λ
(

1 +
r

ρ(x)

)α
tω ({y ∈ B(x, r) : |g(f)(y)| > t}) ≤ C‖f‖

L1,λ
α,V,ω(Rn)

holds for all balls B, where C is independent of x, r, t and f .

Theorem 6.4. [49] Suppose V ∈ Bn/2, b ∈ BMOρ, α ∈ (−∞,∞) and λ ∈ (0, 1).

(i) If 1 < p <∞ and ω ∈ Aρ,∞p , then

‖gb(f)‖
Lp,λα,V,ω(Rn)

≤ C‖f‖
Lp,λα,V,ω(Rn)

,

where C is independent of f .
(ii) If p = 1 and ω ∈ Aρ,∞1 , then for any t > 0,

ω (B(x, 2r))−λ
(

1 +
r

ρ(x)

)α
ω ({y ∈ B(x, r) : |gb(f)(y)| > t}|) ≤

C sup
B(x,r)⊂Rn

(
1 +

r

ρ(x)

)α
ω (B(x, 2r))−λ

∫
B(x,r)

|f(y)|
t

ln

(
2 +
|f(y)|
t

)
ω(y) dy

holds for all balls B, where C is independent of x, r, t and f .

Theorem 6.5. [49] Suppose V ∈ Bn/2, α ∈ (−∞, ∞) and 0 < β < n.

(i) If 1 < p < n/β, 1/q = 1/p − β/n, l = q/p, 0 < λ < 1/l and ωq ∈ Aρ,∞1+q/p,

where p′ = p/(p− 1), then

‖Iβf‖Lq,νλ
α,V,ωq

(Rn)
≤ C‖f‖

Lp,λ
α,V,ωp

(Rn)
,

where C is independent of f .
(ii) If p = 1, q = n/(n− β), 0 < λ < 1 and ω ∈ Aρ,∞1 , then for any t > 0,

ω (B(x, 2r))−λ
(

1 +
r

ρ(x)

)α
tω ({y ∈ B(x, r) : |Iβf(y)| > t})1/q ≤

C‖f‖
L1,λ

α,V,ω1/q
(Rn)

holds for all balls B(x, r), where C is independent of x, r, t and f .

Let b ∈ BMOρ, we define the commutator of Iβ by

[b, Iβ]f = bIβf − Iβ(bf).
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Theorem 6.6. Let b ∈ BMO, V ∈ Bn/2, α ∈ (−∞, ∞) and 0 < β < n.

(i) If 1 < p < n/β, 1/q = 1/p−β/n, ν = q/p, 0 < λ < 1/nu, and ωq ∈ Aρ,∞1+q/p,

then

‖[b, Iβ]f‖
Lq,νλ
α,V,ωq

(Rn)
≤ C‖f‖

Lp,λ
α,V,ωp

(Rn)
,

where C is independent of f .
(ii) If p = 1, q = n/(n− β), 0 < λ < 1 and ω ∈ Aρ,∞1 , then for any t > 0,

ω (B(x, 2r))−λ
(

1 +
r

ρ(x)

)α
ω ({y ∈ B(x, r) : |[b, Iβ]f(y)| > t}) ≤

C sup
B(x,r)⊂Rn

ω (B(x, 2r))−λ
(

1 +
r

ρ(x)

)α
Φ

(∫
B

|f(y)|
t

ln(2 +
|f(y)|
t

)Θ(ω(y))dy

)
holds for all balls B = B(x, r), where Φ(t) = [t log(2 + tβ/n)]n/(n−β) and Θ(t) =

t1−β/n log(e+ t−β/n), and C is independent of x, r, t and f .

For the dual Riesz transform T ∗ = L−
1
2∇ and its commutator operator [b, T ∗]

associated with the Schrödinger operator L the following results was proved in
[42].

Theorem 6.7. ([42]) Suppose V ∈ Bq for n/2 ≤ q < n, α ∈ (−∞, ∞), λ ∈
(0, 1), and 1/p0 = 1/q − 1/n. Then, for p′0 ≤ p <∞ and ω ∈ Aρ,∞

p/p
′
0

,

‖T ∗f‖
Lp,λα,V,ω(Rn)

≤ C‖f‖
Lp,λα,V,ω(Rn)

,

where C is independent off.

Theorem 6.8. ([42]) Suppose V ∈ Bq for n/2 ≤ q < n, b ∈ BMOρ, α ∈
(−∞, ∞), λ ∈ (0, 1), and p0 so that 1/p0 = 1/q − 1/n. Then, for p′0 ≤ p <∞
and ω ∈ Aρ,∞

p/p
′
0

,

‖[b, T ∗]f‖
Lpλα,V,ω(Rn)

≤ C‖f‖
Lpλα,V,ω(Rn)

,

where C is independent off.

7. Generalized weighted Morrey spaces related to certain
nonnegative potentials

Recently, Komori and Shirai [41] defined the weighted Morrey spaces Lp,κ(w)
and studied the boundedness of some classical operators such as the Hardy-
Littlewood maximal operator, the Calderón-Zygmund operator on these spaces.
Also, Guliyev in [22] first introduced the generalized weighted Morrey spacesMp,ϕ

w

and studied the boundedness of the sublinear operators and their higher order
commutators generated by Calderón-Zygmund operators and Riesz potentials in
these spaces (see, also [40, 32, 47]). Note that, Guliyev [22] gave the concept
of generalized weighted Morrey space which could be viewed as an extension of
both Mp,ϕ

w and Lp,κ(w).
The generalized weighed Morrey spaces introduced in [22] are defined as fol-

lows.
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Definition 7.1. Let 1 ≤ p < ∞, ϕ be a positive measurable function on Rn ×
(0,∞) and w be non-negative measurable function on Rn. We denote by Mp,ϕ

w

the generalized weighted Morrey space, the space of all functions f ∈ Lp,loc
w (Rn)

with finite norm

‖f‖Mp,ϕ
w

= sup
x∈Rn,r>0

ϕ(x, r)−1w(B(x, r))
− 1
p ‖f‖Lp,w(B(x,r)),

where

‖f‖Lpw(B(x,r)) =

(∫
B(x,r)

|f(y)|pw(y)dy

) 1
p

.

Furthermore, WMp,ϕ
w is the weak generalized weighted Morrey space of all

functions f ∈WLp,loc
w (Rn) for which

‖f‖WMp,ϕ
w

= sup
x∈Rn,r>0

ϕ(x, r)−1w(B(x, r))
− 1
p ‖f‖WLpw(B(x,r)) <∞,

where WLpw(B(x, r)) denotes the weak Lpw-space of measurable functions f for
which

‖f‖WLpw(B(x,r)) ≡ ‖fχB(x,r)
‖WLpw(Rn) = sup

t>0
t

(∫
{y∈B(x,r): |f(y)|>t}

w(y)dy

) 1
p

.

Remark 7.1. (1) If w ≡ 1, then Mp,ϕ(1) = Mp,ϕ is the generalized Morrey space.

(2) If ϕ(x, r) ≡ w(B(x, r))
κ−1
p , then Mp,ϕ

w = Lp,κ(w) is the weighted Morrey
space.

(3) If w ≡ 1 and ϕ(x, r) = r
λ−n
p with 0 < λ < n, then Mp,ϕ(1) = Lp,λ(Rn)

is the classical Morrey space and WMp,ϕ(1) = WLp,λ(Rn) is the weak Morrey
space.

(4) If ϕ(x, r) ≡ w(B(x, r))
− 1
p , then Mp,ϕ(w) = Lp,w(Rn) is the weighted

Lebesgue space.

Recently, in [22] (see, also [32]), introduced a weighted condition: If 1 ≤ p <
q <∞, there exits a constant C > 0, such that, for any x ∈ Rn and t > 0,

∫ ∞
r

ess inf
t<s<∞

ϕ1(x, s)w(B(x, s))
1
p

w(B(x, t))
1
q

dt

t
≤ C ϕ2(x, r). (7.1)

In [3], [26] obtained the boundedness results for the fractional operators TΩ,α

with rough kernel and its commutators [b, TΩ,α] on generalized Morrey spaces
when the pair (ϕ1, ϕ2) satisfies condition (5.4) and

∫ ∞
r

ln
(
e+

t

r

) ess inf
t<s<∞

ϕ1(x, s)s
n
p

t
n
q

dt

t
≤ C ϕ2(x, r), (7.2)

respectively.
In the paper [22] was proved the boundedness of TΩ,α, (Ω ≡ 1) and their k-th

order commutators [b, TΩ,α]k, (Ω ≡ 1) on generalized weighted Morrey spaces
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when w ∈ Ap and the pair (ϕ1, ϕ2) satisfies the condition (7.1) or the following
inequalities,∫ ∞

r
lnk
(
e+

t

r

) ess inf
t<s<∞

ϕ1(x, s)w(B(x, s))
1
p

w(B(x, t))
1
q

dt

t
≤ C ϕ2(x, r), (7.3)

where C does not depend on x and r. See also, [27] for the case of Calderón-
Zygmund operators and [33] for the case of intrinsic square functions.

Let p ∈ [1, ∞), α ∈ (−∞, ∞) and ϕ : Rn×R+ → R+ be a measurable function.
For f ∈ Lploc(R

n) and V ∈ Bq (q > 1), we say f ∈ Mp,ϕ
α,V,ω(Rn) (generalized

weighted Morrey spaces related to the potential V ) provided that

‖f‖p
Mp,ϕ
α,V,ω(Rn)

= sup
x∈Rn,r>0

(
1 +

r

ρ(x)

)α
ϕ(x, r)−1 ω(B(x, 2r))

− 1
p

∫
B(x,r)

|f(y)|pω(y)dy <∞,

where B = B(x, r) denotes a ball with centered at x and radius r, and the
weight functions ω ∈ Aρ,∞p which could be viewed as an extension of weighted
Lebesgue spaces. In particular, when α = 0 or V = 0, the space Mp,ϕ

α,V,ω(Rn)

is the generalized weighted Morrey spaces was first introduced in [22], where
ω ∈ Ap(Rn) (Muckenhoupt weights class).

Remark 7.2. (1) If w ≡ 1, then Mp,ϕ
α,V,1 = Mp,ϕ

α,V is the generalized Morrey space
related to certain nonnegative potentials.

(2) If ϕ(x, r) ≡ w(B(x, r))
κ−1
p , then Mp,ϕ

α,V,w = Lp,λα,V,ω is the weighted Morrey
space related to certain nonnegative potentials.

(3) If w ≡ 1 and ϕ(x, r) = r
λ−n
p with 0 < λ < n, then Mp,ϕ

α,V,1 = Lp,λα,V (Rn) is
the Morrey space related to certain nonnegative potentials.

(4) If ϕ(x, r) ≡
(

1 + r
ρ(x)

)−α
w(B(x, 2r))

− 1
p , then Mp,ϕ

α,V,ω = Lp,w(Rn) is the

weighted Lebesgue space.

It is well known that the boundedness of the standard Calderón-Zygmund op-
erators and their commutators have been established on the generalized weighted
Morrey spaces (see [22]). Hence, it will be an interesting question whether in [23]
were establish the boundedness of Schrödinger type operators on the generalized
weighted Morrey spaces related to certain nonnegative potentials. More precisely,
was obtained the following results.

Theorem 7.1. [24] Suppose 1 ≤ p < ∞, V ∈ Bn, α ∈ (−∞,∞) and (ϕ1, ϕ2)
satisfy the condition∫ ∞

r

ess inf
t<s<∞

ϕ1(x, s)w(B(x, s))
1
p

w(B(x, t))
1
q

dt

t
≤ C ϕ2(x, r), (7.4)

where C does not depend on x and r.
(i) If 1 < p <∞ and ω ∈ Aρ,∞p ,then

‖Tf‖Mp,ϕ2
α,V,ω(Rn) ≤ C‖f‖Mp,ϕ1

α,V,ω(Rn),

where C is independent of f .
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(ii) If p = 1 and ω ∈ Aρ,∞1 , then for any t > 0,

ϕ2(x, r)−1 ω(B(x, 2r))
− 1
p

(
1 +

r

ρ(x)

)α
tω ({y ∈ B(x, r) : |Tf(y)| > t})

≤ C‖f‖
M

1,ϕ1
α,V,ω(Rn)

holds for all balls B = B(x, r), where C is independent of x, r, t and f .

Theorem 7.2. [24] Suppose 1 ≤ p <∞, b ∈ BMOρ, V ∈ Bn, α ∈ (−∞,∞) and
(ϕ1, ϕ2) satisfy the condition∫ ∞

r
ln
(
e+

t

r

) ess inf
t<s<∞

ϕ1(x, s)w(B(x, s))
1
p

w(B(x, t))
1
q

dt

t
≤ C ϕ2(x, r), (7.5)

where C does not depend on x and r.
(i) If 1 < p <∞ and ω ∈ Aρ,∞p , then

‖[b, T ]f‖Mp,ϕ2
α,V,ω(Rn) ≤ C‖f‖Mp,ϕ1

α,V,ω(Rn),

where C is independent of f .
(ii) If p = 1 and ω ∈ Aρ,∞1 , then for any t > 0,

ϕ2(x, r)−1 ω(B(x, 2r))−1

(
1 +

r

ρ(x)

)α
ω ({y ∈ B(x, r) : |[b, T ]f(y)| > t}|) ≤ C×

sup
B(x,r)⊂Rn

ϕ1(x, r)−1 ω(B(x, 2r))−1

(
1 +

r

ρ(x)

)α ∫
B(x,r)

|f(y)|
t

ln

(
2 +
|f(y)|
t

)
ω(y)dy

holds for all balls B(x, r), where C is independent of x, r, t and f .

8. A priori estimates for solution of the Schrödinger equations :
the Calderón-Zygmund inequality

For the open set Ω ⊂ Rn, ω ∈ Aρ,∞p (Rn) (1 ≤ p < ∞) and V ∈ Bn, we say

f ∈ Lp,λα,V,ω(Ω), if

‖f‖p
Lp,λα,V (Ω)

= sup
B(x0,r)⊂Rn

(
1 +

r

ρ(x0)

)α
r−λ

∫
B(x0,r)∩Ω

|f(x)|pdx <∞.

In this section, we consider the behavior of the solution of the following Schöndinger
equation

(−∆ + V )u = f(x), a.e. x ∈ Ω,

where f ∈ Lp,λα,V,ω(Ω), 1 < p <∞, 0 < λ < 1, α ∈ (−∞, ∞) and ω ∈ Aρ,∞∞ .

Theorem 8.1. ([49]) Let Ω be an open set in Rn and a ∈ (−∞, ∞). If f ∈
Lp,λα,V,ω(Ω), then there exists a function u ∈ Lq,νλα,V,ω(Ω), where 1 < p < n/2, 1/p −
1/q = 2/n, ν = q/p, 0 < λ < 1/ν, and ωq ∈ Aρ,∞1+q/p′, such that

(−∆ + V )u = f(x), a.e. x ∈ Ω.

Furthermore,
‖D2u‖

Lp,λα,V,ω(Ω)
≤ C‖f‖

Lp,λα,V,ω(Ω)
,
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where 1 < p <∞, 0 < λ < n and ω ∈ Aρ,∞p ;

‖Du‖
L
q,ν1λ

α,V,ωq
(Ω)
≤ C‖f‖

Lp,λ
α,V,ωp

(Ω)
,

where 1 < p < n, 1/p− 1/q = 1/n, ν1 = q/p, 0 < λ < n/ν1 and ωq ∈ Aρ,∞1+q/p′;

‖u‖
Lq,νλ
α,V,ωq

(Ω)
≤ C‖f‖

Lp,λ
α,V,ωp

(Ω)
,

where 1 < p < n/2, 1/p− 1/q = 2/n, ν = q/p, 0 < λ < 1/ν and ωq ∈ Aρ,∞1+q/p′.

For the open set Ω ⊂ Rn, ω ∈ Aρ,∞p (Rn) (1 ≤ p < ∞), ϕ : Rn × R+ → R+ be
a measurable function and V ∈ Bn, we say f ∈Mp,ϕ

α,V,ω(Ω), if

‖f‖p
Mp,λ
α,V (Ω)

=

sup
B(x0,r)⊂Rn

(
1 +

r

ρ(x)

)α
ϕ(x, r)−1 ω(B(x, 2r))

− 1
p

∫
B(x0,r)∩Ω

|f(x)|pdx <∞.

In this section, we consider the behavior of the solution of the following Schöndinger
equation

(−∆ + V )u = f(x), a.e. x ∈ Ω,

where f ∈ Mp,ϕ
α,V,ω(Ω), 1 < p < ∞, α ∈ (−∞, ∞), ω ∈ Aρ,∞∞ and (ϕ,ϕ) satisfy

the condition (7.4).

Theorem 8.2. ([24]) Let Ω be an open set in Rn, a ∈ (−∞, ∞) and (ϕ,ϕ) satisfy

the condition (7.4). If f ∈Mp,ϕ
α,V,ω(Ω), then there exists a function u ∈M q,ϕν

α,V,ω(Ω),

where 1 < p < n/2, 1/p− 1/q = 2/n, ν = q/p, and ωq ∈ Aρ,∞1+q/p′, such that

(−∆ + V )u = f(x) a.e. x ∈ Ω.

Furthermore,

‖D2u‖Mp,ϕ
α,V,ω(Ω) ≤ C‖f‖Lp,ϕα,V,ω(Ω),

where 1 < p <∞ and ω ∈ Aρ,∞p ;

‖Du‖
Lq,ϕ

ν

α,V,ωq
(Ω)
≤ C‖f‖Lp,ϕ

α,V,ωp
(Ω),

where 1 < p < n, 1/p− 1/q = 1/n and ωq ∈ Aρ,∞1+q/p′;

‖u‖
Lq,ϕ

ν

α,V,ωq
(Ω)
≤ C‖f‖Lp,ϕ

α,V,ωp
(Ω),

where 1 < p < n/2, 1/p− 1/q = 2/n and ωq ∈ Aρ,∞1+q/p′.
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