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FUNCTION SPACES AND INTEGRAL OPERATORS
ASSOCIATED WITH SCHRODINGER OPERATORS: AN
OVERVIEW

VAGIF S. GULIYEV

In memory of M. G. Gasymov on his T5th birthday

Abstract. In this paper we overview known and recently obtained re-
sults on function spaces and integral operators associated with Schrodin-
ger operators with respect to the properties of the spaces themselves,
that is, we touch the study of operators in these spaces. In particular,
we overview equivalent definitions of various versions of the spaces and
the boundedness of some Schrédinger type operators on these spaces re-
lated to certain nonnegative potentials belonging to the reverse Holder
class.

1. Introduction

We started our studies of various Schrodinger type operators in spaces related
to certain nonnegative potentials belonging to the reverse Holder class.
In this paper, we consider the Schrodinger differential operator

L=-A+V(zx)onR" n>3,

where V' (z) is a nonnegative potential belonging to the reverse Holder class By
for ¢ > n/2.

A nonnegative locally L? integrable function V(x) on R™ is said to belong to
B, (1 < g < o0) if there exists C' > 0 such that the reverse Holder inequality

1/q
: q o
<|B(~Tﬂ“)| /B(m,r)v (y)dy> = <|B(w,r)| /B(m V(y)dy> (1.1)

holds for every x € R™ and 0 < r < oo, where B(z,r) denotes the ball centered
at x with radius r. In particular, if V' is a nonnegative polynomial, then V' € B.
It is worth pointing out that the B, class is such that, if V' € B for some ¢ > 1,
then there exists an € > 0, which depends only n and the constant C' in (1.1), such
that V' € Bgi.. Throughout this paper, we always assume that 0 # V € B, /5.
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For z € R™, the function p(x) is defined by

1 1
T) = =sup<r: Viydy <1 5.
p( ) mv($) T>Ig { rn—2 /B(:B,r) (y) v= }

Obviously, 0 < my (z) < oo if V' # 0. In particular, my (z) = 1 with V' =1 and
my (z) ~ 1+ |z| with V(z) = |z|2.

Lemma 1.1. [53] There exists ko > 0 and Cy > 1 such that
1 \w—w>%“ py) ( Ix—yU““““)
— 1+ < <Cp|1+ .
cm( plz) ple) = O\ ()

In particular, p(x) ~ p(y) if |x —y| < Cp(x).

In this paper, we write Ug(B) = (1 +r/p(x0))?, where 6 > 0, 2o and r denotes
the center and radius of B respectively.

1.1. Operators under consideration.
The maximal operator My = M‘e/ associated with Schrédinger operators (L£-
mazimal operator) is defined by

—0
My f) = M pw) =sup (14 22 st [ i
1>0 p(z) B(z.t)
When V = 0 and 6 = 0, we denote Myf(xz) by Mf(x) (the standard Hardy-
Littlewood maximal function). It is easy to see that |f(z)| < M{ f(x) < M f(x)
for a.e. z € R™ and 8 > 0.
From [53, 58], we first consider a class Schrodinger type operators, such as

(1) V(-A+ V)~V with V € By,

(2) V(-A+V) Y2 with V € B,,

(3) (A +V)"V2V with V € B,

(4) (A + V)" with y e Rand V € B, 5, and

(5) V2(=A + V)~! with V is a nonnegative polynomial,
that are standard Calderén-Zygmund operators; see [56]. In particular, the ker-

nels K of operators above all satisfy the following conditions for some §y > 0 and
any | € Ng = NU {0},

‘k(%y)‘ < G !

(1 + |z — y|(mv (z) + mv(y)))l [z =l

and
C |h|%

(1 +la =yl (my () + mv(y))>l Ty

whenever z, y, h € R" and |h| < |z — y|/2.
Let L= —-A+V with V € B, for ¢ > n/2 and its associated semigroup:

ﬂﬂmzet%mvzj‘m@wﬁ@m%feL%wmt>u (1.2)

n

b+ hoy) — k(ey)| <
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Lemma 1.2. [15] Let ki(x,y) be as in (1.2). For every nonnegative integer k,
there is a constant C}, such that

x — y|? F
0 < ky(2,y) < Crt ™™ exp <—‘ 5:" ) <1 + p\(f) + p{;) . (1.3)

Lemma 1.3. [51] Let ki(x,y) be as in (1.2). For any N € N, there exists a Cn
such that

/ $==B)/2- 1 (g )t < Oy ~ ! — (1.4)
0 (1 n \wO*y\> lzo —
p(zo)

for all x € B(xg,r) and y € R™\B(zo,2r).
Maximal operator of the diffusion semi-group is defined by

T*f(x) = sup e~ f(2).
t>0

Next, we discuss the Littlewood—Paley g function related to Schrodinger oper-

ators defined by
o) = ([ G| )

and the commutator g, of g with b € BMO(p) is defined by

g(f)(z) = </Ooo lée_tﬁ((b(x) - b(-))f)(:v)ftdt) 1/2.

The Riesz transform associated with the Schrodinger operator £ is defined by
1
R = VL 2 and the commutator operator

[b, RI(f)(z) = R(bf)(x) —b(x)Rf(x), x € R,
where f is a suitable integral function. Also, the dual Riesz transform associated
with the Schrédinger operator £ is defined by R* = £72V and the commutator
operator
b, R¥|(f)(x) = R*(bf)(x) — b(z)R" f(x), © € R".
The fractional integral operators associated with Schrédinger operators (L£-—
fractional integral operator) is defined by

Zyf(z) = £L701f(2) = / et ) P

0
= /n kg(z,y)f(y)dy for 0 < B < n.

Using Proposition 2.4 in [13], we can get the following result for the fractional
integral associated with Schrédinger operator.

Lemma 1.4. IfV € By, ¢ > n/2 and 0 < < n, kg denotes the kernel of the
fractional integral Iz as above, then there exists 5o = do(q) > 0 such that for
every I > 0 there is a constant C; > so that

C 1
kg(z,y)| < —
’ sy ‘ = (1+\m—y\(mv(x)+mv(y))>l o =yi?
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and
G |h[%

l xT —yn_ﬂ'f‘éo’
)) Y

kg(x + h,y) — kﬁ(m,y)’ <
(1+ ke = yl(mv (@) + my(y

whenever z, y, h € R" and |h| < |z —y|/2.

Let S"~! = {z € R": |z| = 1} is the unit sphere of R” (n > 2) equipped with
the normalized Lebesgue measure do = do(z'). Let Q € Ly(S" 1), s > 1bea
homogeneous function of degree zero on R™ and satisfy the cancellation condition

/ Q(2)do(x) = 0. (1.5)
Sn—l

The Marcinkiewicz integral operator of higher dimension ugq is defined by

2
[ 2y

z—y|<t |:ZZ - y‘n !

1/2
dt
3

pa(hie) = | [

It is well known that the Littlewood-Paley g-function is a very important tool
in harmonic analysis and the Marcinkiewicz integral is essentially a Littlewood-
Paley g-function. In this paper, we will also consider the commutator juq j, which
is given by the following expression

papf(z) = /000

Similar to the classical Marcinkiewicz function, we define the Marcinkiewicz
functions p; o associated with the Schrodinger operator £ by

Mﬁgf(x) = /0

where KJ-L(x,y) = Ef(w,y)\x—m and KL( ;y) is the kernel of R; = aiL 2 j=
1,...,n. In particular, when V = 0, KA( JY) = KA(.%‘ Yl —y| = w

[z—y|m—1

9 1/2
dt
3

/| W[b(w) b)) (y)dy

z—y|<t ’x -y

2 1/2
dt
tig )

[ o= pIEE e sy

and KA(:L‘ y) is the kernel of R; = 6?: A~3 , 7 =1,...,n. In this paper, we write
Kj(z,y) = KJA(ZE y) and

piof(r) = /000

The commutator of the classical Marcinkiewicz function with rough kernel is
defined by

piopf () = /0

2
/| 196 = DI )y
z—y|<t

9 1/2
dt
3

/| 196 DI b))l )y
z—y|<t
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The commutator “ﬁﬁ,b formed by b € LI°°(R") and the Marcinkiewicz function
with rough kernel ,uf’ﬂ is defined by

,U«ﬁﬂ,bf(x) = /0

Lemma 1.5. [53] Let V € B, with ¢ > n/2. For any l > 0, there exists C; > 0
such that

: 1/2
dt
3

/| 196 DI o) b))y

e 1
Ha =yt
|z—y]|
(1 tow )

K[ (z,y) —Kj(w—y)‘ < c 2 __

K| <

and

2. Weighted norm inequalities for Schrodinger type operators

We first recall some notation. Given B = B(x,r) and A > 0, we will write AB
for the A-dilate ball, which is the ball with the same center z and with radius
Ar. Given a Lebesgue measurable set E and a weight w, |E| will denote the
Lebesgue measure of E and w(E) = [pw(x)dz. For 0 < p < oo, ||f|lzz will

denote (fRn |f(y |pw(y)dy) p,
A weight will always mean a nonnegative function which is locally integrable.

As in [10], we say that a weight w belongs to the class Az’e for 1 < p < oo, if
there is a constant C' such that for all ball B = B(x,r)

<‘1’e IB\/ dy) <\119 |B‘/w T )dy)plgc.

We also say that a nonnegative function w satisfies the AT’O condition if there
exists a constant C for all balls B

MY (w)(z) < Cw(z), ae. x€R",

where

My f(x) = sup ‘B,/\f )|dy.

zeB Vo(B

Since Wy(B) > 1, obviously, 4, ¢ A5? for 1 < p < oo, where A, denote the

classical Muckenhoupt weights; see [18], [38], [45]. We will see that A, CC Ag’e
for 1 < p < oo in some cases. In fact, let 8 > 0 and 0 < v < 6, it is easy to check
that

w(z) = 1+]a)) " g Ap =] 4,
p>1

and w(z)dz is not a doubling measure, but
wiw) = (14 al) ") € AP0
provided that V =1 and Wy(B(xo,r)) = (1 +r)?.
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For convenience, we always assume that ¥(B) denotes Wg(B), Ay™ = Uy ALY
and AP =5, Ap™

Lemma 2.1. [50] Let 0 < 6 < oo, then
(i) if 1 < p; < pa < 00, then Ag,lg C Ag?e,
i) we ALY if and only i W T € APY where 1/p+1/p = 1;
P P

(i) if w € Az’e for 1 < p < oo, then there exists a constant such that for any
A>1

r 0\ (kot1)8
w(AB(zg,7)) < C (1 + p()zlz‘o)> w (B(zo,7)) .

Lemma 2.2. [50] Let 0 < § < o0, 1 <p < oo. Ifw € Ag’e, then there exists
positive constants 6, n and C' such that

(i s on) ™ < fpsan (1 55)

for all ball B(xq,T).

As a consequence of Lemma 2.3, we have the following result.

Corollary 2.1. [50] Let 0 < 0 < o0, 1 <p < oo. Ifw € Ag’e, then there exist
positive constants ¢ > 1, n and C' such that

5@ =¢ <g>/ <1+ P(;o)>n

for all ball any measurable subset E of a ball B(xq,T).

As in [50], we say that a weight w belongs to the class A( o) = Ap’ for

1 <p<ooand 1 < p < oo, if there is a constant C' such that for all ball
B = B(z,r)

(\1'9 B)|B| / qdy)l/q (%(;)IBI /B w”'(y)dy>1/p/ <c

where p' = p/(p — 1). Obviously,

1/p p p
w EA(p7p)<:>w€Apfor1§p<oo.

Proposition 2.1. [50] Let 1 < p < oo and suppose that Ap. If p < p1 < 0o, then
the estimate

holds. Further, let 1 < p < oco. Then w € A} if and only if

({x eR™: My f(z) > )\}) < )(;/ |f(2)|Pw(x)d.

fl@)| w(z)dx

va(a:)‘plw(x)dx <C

R

For the fractional maximal operator the following property is valid.



184 VAGIF S. GULIYEV

Proposition 2.2. [50] Let 0 < f<n, 1 <p<n/B and 1/qg=1/p— 5/n. Then

</{IE]R":MB,Vf(CE)>/\} [w(y)}qdy> " = % </n \f(x)\pw(a:)dx) h

o
for each w € A(p’q).

Theorem 2.1. [50] Let T' denote one of the Schrédinger type operators, such as
V(-A+V)IV, V(A +V)V2 (~A+V)"Y2V with V € B,. Let 1 <p < oo
and suppose that w € Ap. Then

/Rn |Tf(z)Pw(z)de < C |f (@) |Pw(z)dz,

R’Il

where C' is independent of f.
Further, suppose that w € A]. Then there exists a constant C such that for all
A>0

o(fo B (TS > 2] < 5 [ 7@l

R

We remark that the weighted boundedness of V(—A+V)~Y2 (=A4V)~1/2v
with V' € B, is proved in [10].

Next we consider another class V' € B, for n/2 < ¢ for Riesz transforms
associated to Schrodinger operators. Let Ty = (—A + V)7V, Th = (—A +
V)TW2V2 Ty = (—A 4+ V)12V,

Theorem 2.2. [50] Suppose V' € By for ¢ > n/2. Then

(i) if ¢ <p<oo andw € Ag/q/, then

1T fllze, < C NIl

where C' is independent of f;
Sy - ’ p
(73) if (2q) <p < oo andw € Ap/@q),, then
172 flle, < C N1 £l

where C is independent of f;
(133) if ph <p < o0 and w € AZ/p{)’ where 1/py =1/q—1/n and n/2 < g < n,
then
1T fll e < C NI £l

where C' is independent of f.
Let
T =V(=A+V)L, T = VY2 (—A+V)V2 Ty =V(-A+ V)" V/2
By duality, easily get the following results.

Theorem 2.3. [50] Suppose V' € By for ¢ > n/2. Then

1
(i) ifl<p<qandw » 1€ AZ’/q” then

177 fllce < C N flleps
where C' is independent of f;
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_1
(1) if l <p<2q and w »1 € AZ’/(Qq)” then
15 flle, < C NIf s,
where C' is independent of f;
1
(1i1) if 1 < p < pg and w P-1 € AZ’/;D” where 1/p{, = 1/q — 1/n and n/2 <
0
q <n, then
15 fllze, < C N fllzes
where C' is independent of f.
We remark that the weighted LY, boundedness of T3, Ty is proved in [10].

The following result for the fractional integral associated with Schrodinger
operator is valid.

Proposition 2.3. [50] Let 0 < f<n, 1 <p<n/B and 1/q=1/p— 5/n. Then

([ svr@lena)” < ([ irwpeae)”

for each w € A?uq)' Further, suppose that p = w? € A} with q =n/(n— ). Then

there exists a constant C' such that for all A > 0
n 1/q . C
p({z e R": Igf(z) > A}) /qg)\/R |f(z)|w(z)dz.

The following theorem was proved in [2] (in the case w = 1 in [4] and in the
case s = 00 in [29]).

Theorem 2.4. Suppose that Q € Ly(S™ '), 1 < s < 0o be a homogeneous
function of degree zero on R™ and satisfy the conditions (1.5) and V € B,,. Then
for every s’ < p < oo and w € Ay or 1 <p < s and w'? e Ay g there is a
constant C independent of f such that

3. Commutators for Schrodinger type operators

Let b € BMO (see its definition in [39]), we define the commutator of 7" by

b, T|f = bTf — T(bf).

Bongioanni, Harboure and Salinas [8] introduce a new space BM Oy(p) defined
by

1
= SuUp ——— ) — dx < o0,
lesion = sup gz [ 1£@) = 1l

where

fo= iy [ sy ana waim = (14 75)'

with B = B(xg,7) and 6 > 0.
In particularly, Bongioanni, etc. [8] proved the following result for BM Ogy(p).
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Proposition 3.1. Let 0 >0 and 1 < s < oo. If b€ BMOy(p), then

1 s ) N
R _ s < R
(g L1o=al") " < cClsbllanonin(1+-5)"

for all B = B(z,r) with x € R" and r > 0, where 8' = (ko+1)0 and Cy is defined
i Lemma 2.1 and c is a constant depending only on n.

Obviously, the classical BM O (see [39, 55]) is properly contained in BM Oy(p);
for more examples see [8]. For convenience, we let BMO(p) = BMOp(p).
Tang [51] gave the following result, which is equivalent to Proposition 2.1.

Proposition 3.2. Suppose that f € BMOy(p). There exist positive constants -y
and C such that for any ball B = B(xq,T)

1 Y
= — d C.
B /JgeXp{||f|rBMoe<p)wa<B>‘f (=) fB'} s

Applying Corollary 2.1 and Proposition 2.1, we can obtain the following result.

Proposition 3.3. [50] If f € BMOgy(p) and w € Ag’e (p > 1), then there exist
positive constants c1, ca and n such that for every ball B = B(x,r) and every
A > 0, we have

w({z e B:|[f(x) - [l > A})

62)\ r !
< clw(B) exp {_ HfHBMOe(P)\Pgl(B) } <1 + p(l‘)) ’

where
r

p(z0)

From Proposition 3.3, it is easy to see that

W (B) = (1+ )0,, 0 = (ko + 1)0.

Corollary 3.1. If f € BMO, and w € AE);()): then there exist positive constants
C' and n such that for every ball B = B(x,r), we have

1 r\"
— — der < 1+ —— 4 .
5 @ = oot < (14 ) U,
Let b € BMO,, we define the commutator of Zg by
b, Isv]f =blgyvf—Igv(bf).

We first consider commutators of fractional integrals associated with Schrodinger
operators.

Proposition 3.4. [50] Let b € BMO,, 0 < f <n, 1 <p<n/f and 1/q =

1/p—B/n. Ifw e A’()p 0 then there exists a constant C such that

([ sy bis@l tetivas)”

The weighted weak-type endpoint estimate for the commutator is the following.

/
"<c 101l BA104 () (/Rn \f(w)!pw(x)dm)l "
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Proposition 3.5. Letb € BMO,,0<f<n,1<p<n/Bandl/q=1/p—F/n.
Let

B(t) =tlog(e + t),

A(t) = [t log (e + tﬂ/”)A] )

)

O(t) = t7/"|t1og (¢ + t°/") A
If w e A, then there exists a constant C' such that for any A > 0

} n/(n—ﬁ)'

w (e € R : [Ty, (2)] > A}) < CA(/n B<HbHBM(;f(ﬂ)f(x)|>@(w<x))dl_>'

Let b € BMO,, we define the commutator of T" by
b, TIf = bTf — T(bf).
Theorem 3.1. [50] Let T' denote one of the Schrédinger type operators, such as
V(=A+V)IV, V(=A+ V)2 (=A+V)"Y2V with V € By, (~A+V)" with
vy€R and V € By, 5, and V2(—=A + V)~! with V is a nonnegative polynomial.
Let b€ BMO,, 1 <p < oo and suppose that w € A). Then

116 T £l 2z, < ClIbl Brrog (o) [1f 112z,

where C' is independent of f.
Further, suppose that w € A]. Then there exists a constant C such that for all
A>0

w({z eR":|b,Tf]| >A}) <C . |f()\x)| (1 +log™ (|f(;)|))w(x)dx

Finally, we consider another class V' € B, for n/2 < ¢ for Riesz transforms
associated to Schrodinger operators. Let Ty = (—A + V)7V, Th = (—A +
V)TVR2VI2 Ty = (A + V)2V

Theorem 3.2. [50] Suppose V € By for ¢ > n/2. Let b€ BMO,. Then
(1) if d <p<ooandw € AZ/q” then
b, T1]f1l e, < ClbllBrrog (o) 11|z
where C' is independent of f;
(i) if (2q) <p< oo andw € AZ/(Zq)” then
I[b, To] fll 2z, < C bl Briog (o) I1f1] 2,

where C' is independent of f;
(i13) if py < p < 00 and w € Ag/p,, where 1/py =1/q—1/n and n/2 < g < n,
0
then

16, Ts]fll 2z, < C bl Brrog (o) I1f1] 2,
where C' is independent of f.

Let
TE=V(-A+V)™, Ty = V2 (—A+ V) V2 Ty =V(-A+ V) V2
By duality, easily get the following results.
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Theorem 3.3. [50] Suppose V € By for ¢ >n/2. Letb € BMO,. Then

(@) if l<p<qandw = € Ap/q,, then

IT7 flez < CllblBaiog o) 1 £l 2z,

where C' is independent of f;

(i) if 1 <p<2q and w— = c A? then

P’/ (29)"”
15 flle, < C bl Brro, o) 1112z
where C' is independent of f;
1
(7i1) if 1 <p <pp and w »-1 € Az//p,, where 1/py, = 1/¢ —1/n and n/2 <
0
q <n, then

175 fllz, < C bl Brso, o) /1] 2z
where C' is independent of f.

4. Morrey spaces related to nonnegative potentials

Let p € [1,00), a € (—00,00) and A € [0,n). For f € L (R") and V € B,
(g>1), wesay f € Lp’ v (R™) (Morrey spaces related to the nonnegative potential
V') provided that

r «
f = s (1) [y <o
” HLP >\ Rn B(Z,'I‘)CRTL p(IL‘) B(w,r) | ( )|

where B = B(x,r) denotes a ball with centered at x and radius r. In particular,
whena=0o0or V =0and 0 < X\ < n, the space Lp v (R™) is the class Morrey space
LPA(R™)(LPA(R™) was first introduced in [44], some new propertles of LPA(R™)
have been studied in [1, 12, 57] ). It is easy to see that Lp’ v (R™) C LPA(R™) for
a >0, and LPAR™) C L2 (R™) for a < 0.

It is well known that the boundedness of the standard Calderon-Zygmund
operators and their commutators have been established on the class Morrey spaces
(see [17]). Hence, it will be an interesting question whether in [51] were establish
the boundedness of Schrodinger type operators on the Morrey spaces related to
certain nonnegative potentials. More precisely, was obtained the following results.

Theorem 4.1. [51] Suppose o € (—00,00) and X € (0,n).
(1) If 1 < p < 0o, when

I 2 oy < € 1523 ey

where C' is independent of f.
(ii) If p =1, then for any t > 0,

(1+—) {v e Ba.r): ITF@) > 1} | <l e

holds for all balls B, where C' is independent of x, r, t and f.
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Theorem 4.2. [51] Suppose b € BMO,, a € (—00,00) and A € (0,n).
(i) If 1 < p < oo, then

(b, T]fHLg}V(Rn) <C HfHLg}V(Rny

where C' is independent of f.
(ii) If p =1, then for any t > 0,

(14 ) e B b T > 0]

<C sup <1+T>ar)‘/B( )|f(y)|ln<2+|f(ty)‘)dy

B(z,r)CR™ p(x) t
holds for all balls B, where C is independent of x, r, t and f.

Theorem 4.3. [51] Suppose V € By, /5, a € (—00,00) and 0 < § < n.
(i) Ifl1<p<n/B,1/qg=1/p—F/n, 6 =q/p and 0 < X < n/0, then

HIﬁfHLg,gvA(R") < CHfHLZﬁ/(Rn)a
where C' is independent of f.
(i) If p=1 and g = n/(n — ), then for any t > 0,
T\ 1/q A\
(14 —5) [ e B Trw)] > 0 7 < O, oy
holds for all balls B, where C is independent of x, r, t and f.

Theorem 4.4. [51] Let b € BMO,, V € B, /5, a € (—00,00) and 0 < 3 < n.
(i) Ifl1<p<n/B,1/g=1/p—/n, 6 =q/p and 0 < A < n/0, then

116 ZalFllzgorgny < € 111z gy

where C' is independent of f.
(i) If p=1 and ¢ = n/(n — B), then for any t > 0,

(14 ) Tty e B <l Tl > 1

<0, o (1) (1, L Vil

B(z,r)CR™ p(l’)

holds for all balls B, where ®(t) = (t log(2+ t3/")*/("*=8) "and C is independent
of x, r, t and f.

We remark that even in the classical Morrey space, the above results about
the case p =1 in Theorems 4.2 and 4.4 are also new; see [17].

5. Generalized Morrey spaces related to nonnegative potentials

In 1938, Morrey considered regularity of the solution of elliptic differential
equations in terms of the solutions themselves and their derivatives. This is a
very famous work by Morrey [44].

We recall the definitions. Let 1 < p < oo and 0 < A < n. Then define

_A _A
HfHLp,A = sup 1 °? ||f||LP(B(:c,r)) =Ssupr » ||f||LP(B)a
z€R™,r>0 B
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where B = B(x,r) runs over all balls.

Later many researchers studied Morrey spaces from various points of view.
After studying Morrey spaces in detail, researchers passed to generalized Morrey
spaces, weighted Morrey spaces and generalized weighted Morrey spaces.

Definition 5.1. Let ¢(z,7) be a positive measurable function on R"™ x (0, 00)
and 1 < p < co. We denote by MP?(R"™) the generalized Morrey space, the space
of all functions f € LPI°¢(R") with finite quasinorm

I fllaee = sup (@, r) " |l o (Bar))- (5.1)
zeR™,r>0
The generalized Morrey spaces MP¥(R"™) with norm (5.1) introduced by Mizuhara
in [43], which was later extended and studied by many authors (see [48]- [52]).
Note that, the generalized Morrey spaces MP¥(R™) with normalized norm

_1
fllame = sup oz, 1)~ B, )7 | fll, (B (5.2)
ZER™ >0
first defined by Guliyev in [21].
Also, in [21], there was defined the weak generalized Morrey space W MP¥ =
W MP#(R™) of all functions f € WLP¢(R™) for which

1
[ fllware = sup oz, r) " [B(a, )| 7 | flwr, (B < oo
zeR™,r>0

According to this definition, we recover the Morrey spaces LP* and W LPH
A—n
P

under the choice ¢(x,r) =7

P = MP¥® N WLp’)‘ = W MP*¥ [
plar)=r 7 plar)=r" 7
There are many papers where there discussed the conditions on ¢(x,r) to ob-
tain the boundedness of operators on the generalized Morrey spaces. For example,
in [21] (see also [19, 20]) by Guliyev the following condition was imposed on the

pair (1, ¢2)
~ dt
| e < Coten, (5.9

where C' > 0 does not depend on z and r. Under the above condition, in
[21] obtained the boundedness of Riesz potential operators from MP¥1(R"™) to

M%#2(R™), where l <p<g<ooand a« =n (% - %) Also, in [3] (see also [26]),

introduced a weaker condition:

o ess inf @1 (z, s)s%
/ fes<o dt < Cpa(z, 1), (5.4)

n
patl

1 <p< oo, forall z € R" and r > 0. If the pair (¢1, p2) satisfies the condition
(5.3), then (p1,¢2) satisfied condition (5.4). But the opposite is not true, see
remark 4.7 in [26] for details (see also [28, 35, 36, 34, 30, 31]).

In the present section we give the definitions of the generalized Morrey spaces
related to nonnegative potentials V.



FUNCTION SPACES AND INTEGRAL OPERATORS ... 191

Definition 5.2. Let p € [1,00), a € (—00,00) and ¢ : R” x Ry — Ry be a
measurable function. For f € Ly, (R") and V € B, (¢ > 1), wesay f € M7, (R")
(generalized Morrey spaces related to the nonnegative potential V') provided that

r a
f ny = Sup (14—7) (px,r)_me,r)_lf f)|Pdy < oo,
g = st (14 o) pten 7B [ 1
where B = B(xz,r) denotes a ball with centered at x and radius r. In particular,
when a =0or V =0 and ¢ : R* xRy — R, be a measurable function, the space
M[{(R™) is the class generalized Morrey space MP#(R™).

It is well known that the boundedness of the standard Calderén-Zygmund
operators and their commutators have been established on the generalized Morrey
spaces (see [3, 26]). Hence, it will be an interesting question whether in [23]
were establish the boundedness of Schrédinger type operators on the generalized
Morrey spaces related to certain nonnegative potentials. More precisely, was
obtained the following results.

Theorem 5.1. [23] Suppose 1 < p < o0, V € By, a € (—o0,00) and (¢1,p2)
satisfy the condition

i oot%Jrl dt < Cpa(x, ), (5.5)

n
o ess inf 1 (xz, s)s»

/‘ e 90(7)
,

where C' does not depend on x and 7.
(i) If 1 < p < oo, then

1T f 2oz ey < € I Fllzer gy

where C' is independent of f.
(ii) If p =1, then for any t > 0,

t(l + @) ‘{y € Bla,r): [Tf(y)| > t} | < Cola, ) B, )] 1oy sy

holds for all balls B, where C is independent of x, r, t and f.

Theorem 5.2. [23] Suppose 1 <p < oo, V € B,, b€ BMO,, a € (—00,00) and
(p1,92) satisfy the condition

o0 ¢ ess inf o (z, s)sn
In (e + 7> feseo dt < Cpy(z, 1), (5.6)
r r tp+1

where C' does not depend on x and .
(i) If 1 < p < oo, then

116, T)fllprsz ey < C N fllzzier @my:

where C' is independent of f.
(ii) If p =1, then for any t > 0,

pale, ) (14 05)” [t € Bl 11 TI )] > 1

ro\® - /()] /()]
<C sup 1+——=) pi(z,r 1/ — In(24—=)d
B(z,r)CR" ( p(x)) 1( ) B(z,r) t ( t )
holds for all balls B, where C is independent of x, r, t and f.
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Theorem 5.3. [23] Suppose 1 <p < oo, V € B, a € (—00,00), 0 < 3 < n and
(p1,92) satisfies the condition

t<s<

o ess inf ¢ (z, s)s%
/T ez dt < Cpa(z, 1), (5.7)

where C' does not depend on x and 7.
(i) If 1 <p<n/B, 1/q=1/p—B/n, then

IZs fll a2 ey < Cllf Lz n):

where C' is independent of f.
(i) If p=1, ¢g=n/(n— (), then for any t > 0,

T\ 1/q
(14 20) [ e B [T > 0 < Cote B o
holds for all balls B, where C' is independent of x, r, t and f.

Theorem 5.4. [23] Let 1 < p < o0, b € BMO,, V € By, a € (—00,00) and
(p1,p2) satisfies the condition

dt < C oz, 1), (5.8)

/OO In (e + E) ?Eiélgf p1(z, S)s%
" r t%+l

where C' does not depend on x and 7.
(i) If1<p<n/B,1/qg=1/p—B/n, then
116, Ze] fll oz mny < € I f 12 @y

where C' is independent of f.
(i) If p=1 and ¢ = n/(n — B), then for any t > 0,

eala )™ (1405 ) |l € Bl < lIb, Tolf )] > )]

¢ s (1 + L)a a1 (CC,T)_I(I) </B(:c,r) ’f(ty)| 1n(2 + Lf(ty”)dy>

B(z,r)CR"™ p(l’)

holds for all balls B, where ®(t) = (t log(2+ /") ("=8) " and C is independent
ofx, v, t and f.

6. Weighted Morrey spaces related to certain nonnegative
potentials

Let p € [1, 00), aw € (—o0, 00) and A € [0,1). For f € L} (R") and V € B,

(g>1), wesay f € Li’}w (R™) (weighted Morrey spaces related to the potential
V') provided that

P = su l—i—L awa,Qr _’\/ Pu(y)dy < oo,
915y = 300 (14 505) wB2m™ [l w)lwtdy

where B = B(z,r) denotes a ball with centered at = and radius r, and the weight

functions w € AD™ which could be viewed as an extension of weighted Lebesgue

spaces (that is, when a = A =0, || f||;»0 R = | £l 7 (rny)- In particular, when
0,V,w d
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a=0o0rV =0,w=1and 0 <\ <1, the space Li’vw(R”) is the class Morrey

space LPA(R™) (see [44]). When o =0 or V =0 and 0 < A < 1, LZ(R") was
first introduced in [41], where w € A,(R"™) (Muckenhoupt weights class). It is
easy to see that LZ,)\\/,W(Rn) c LZMR™) for a > 0, and LENR™) C L’;’Vw( ") for
a < 0. In addition, when w = 1, the L’;’:}/’W(R") has been studied in [51].

From [53, 58], we know a class Schrodinger type operators such as V(—A +
V)~V with V € B, V(=A+V) 12 with V € B,, (-A+V)"'/2V with V € B,,
(—=A+V)" withy € Rand V € B, 5, and V*(=A+V)~! with V is a nonnegative
polynomial, are standard Calder6n-Zygmund operators; see [56]. In particular,
the kernels K of operators above all satisfy

K(z,y)| < — !

for any k£ € N. Hence, in the rest of this paper, we always assume that T denotes
the above operators.

Recently, Bongioanni, etc, [9] proved LP(R™)(1 < p < oo) boundedness for
commutators of Riesz transforms associated with Schrodinger operator with BM O,
functions which include the class BMO function, and they [10] established the
weighted boundedness for Riesz transforms, fractional integrals and Littlewood-
Paley functions associated with Schrodinger operator with weight A5 class
which includes the Muckenhoupt weight class. Very recently, the author [10, 11]
established the weighted norm inequalities for some Schrodinger type opera-
tors, which include commutators of Riesz transforms, fractional integrals and
Littlewood-Paley functions with BMO,, functions; see also [10, 11].

In the following we show the boundedness properties of some Schrédinger type
operators on the weighted Morrey spaces Lp A »(R™) [49]. This results are for-
mulated as follows.

Theorem 6.1. [49] Suppose o € (—o0, o) and X € (0,1).
(i) If 1 < p < 0o and w € AP, then

1775, ey < Al ey

where C' is independent of f.
(ii) If p =1 and w € AP, then for any t > 0,

w(B(z,2r)) > <1+p(7"x)> o ({y € B,r) = [T > 1) <CI g

holds for all balls B, where C is independent of x, r, t and f.

Theorem 6.2. [49] Suppose b € BMO,, a € (—oo, o) and A € (0,1).
(i) If 1 < p < 0o and w € Ap™, then

H[b T]fHLP/\ L(R™) < CHfHLP)‘ (R7)
where C' is independent of f.
(ii) If p =1 and w € AP, then for any t > 0,

w (Bl 2r)) (1 n p()) w({y € Bler) : [Ib, T)fW) > 1}]) <
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C sup  w(Bx2r) <1+ r >Q/BW)|f(y)|1n <2+’f(y)’>w(y)dy

B(z,r)CR™ p(l‘) t t

holds for all balls B(xz,r), where C is independent of x, v, t and f.

Theorem 6.3. [49] Suppose V € By, /5, a € (—00,00) and A € (0,1).
(i) If 1 < p < 0o and w € Ap™, then

lo(F )z gy < CUEllp gy

where C' is independent of f.
(ii) If p =1 and w € AP, then for any t > 0,
_ r \“
o (Bla.2) ™ (1405 ) ol e Blar) 5 0O > 1) < Uy oy

holds for all balls B, where C is independent of x, r, t and f.

Theorem 6.4. [49] Suppose V € By, /5, b € BMO,, a € (—00,0) and A € (0,1).
(i) If 1 <p < 0o and w € AP, then
Hgb(f)HLZ’}/!w(Rn) < CHfHLZ?\\/,w(Rn)’

where C' is independent of f.
(ii) If p=1 and w € AP, then for any t > 0,

w (Bl 2)) (1 n p()) w({y € Bla,r) : la(Hw)] > 1)) <

C  sup (1 + r>a w (B(z,2r)) ™ /B(x,r) LI <2 + Wy)’) w(y) dy

B(z,r)CR™ P(HT) t t
holds for all balls B, where C is independent of x, r, t and f.
Theorem 6.5. [49] Suppose V' € By, /5, a € (=00, 00) and 0 < 3 < n.

(i) Ifl<p<n/B,1/qg=1/p—8/n,1=q/p, 0 <A< 1/l and Wi € A’f’f:z/p,

where p' =p/(p — 1), then
"Iﬂf|’an”u\,>:wq(R") < CH'}C”LZ’:}/@P(Rn)?
where C' is independent of f.
(ii) Ifp=1, g=n/(n—B), 0 <A <1 and w € AP, then for any t > 0,

w (Bl 2r)) (1 T p@)) tw ({y € Bla.r) : [Tsf ()] > t})1 <

C ) n
HfHL(lx,i/,wl/q (R™)
holds for all balls B(xz,r), where C is independent of x, r, t and f.

Let b € BMO,, we define the commutator of Zg by
[b,Zg]f = bTsf — Lg(bf)-



FUNCTION SPACES AND INTEGRAL OPERATORS ... 195

Theorem 6.6. Let b € BMO, V € By, 5, a € (—00, 00) and 0 < 3 < n.
(i) If1<p<n/B, 1/qg=1/p—B/n,v=q/p, 0 <X < 1/nu, and w! € A
then

1+q/p

16, Zal W o ey < CNF Ny, s

where C' is independent of f.
(ii) Ifp=1, g=n/(n—B), 0 <A< 1 andw € AP, then for any t > 0,

o (B(z,2r) (1+p[x))aw<{yeB<x,r> : Hb,IﬁJf<y>|>t}>s

C sup w(B(z,2r))” <1+7 </ W) ‘f(ty)‘)@(w(y))dy)

B(z,r)CR"

holds for all balls B = B(x,r), where ®(t) = [tlog(2 + t°/™)]"/ (=5 and O(t) =
t1=8/n log(e + t‘ﬁ/”), and C' is independent of x, r, t and f.

For the dual Riesz transform T* = £72V and its commutator operator [b, T%]
associated with the Schrodinger operator £ the following results was proved in
[42].

Theorem 6.7. ([42]) Suppose V € B, for n/2 < ¢ < n, a € (—o0, 00), A €
(0, 1), and 1/po = 1/q —1/n. Then, for pj) < p < oo and w € A,

/Py
HT*fHLZ)“/ < CHf‘|LP>‘ (R
where C' is independent off.

Theorem 6.8. ([42]) Suppose V. € By for n/2 < ¢ < n, b € BMO,, a €
(—o0, 00), A€ (0, 1), and py so that 1/pg = 1/q —1/n. Then, for pj < p < oo

andweAp’ .,
/Py

I, T F N s, @y < CUF s, @y

where C' is independent off.

7. Generalized weighted Morrey spaces related to certain
nonnegative potentials

Recently, Komori and Shirai [41] defined the weighted Morrey spaces LP"(w)
and studied the boundedness of some classical operators such as the Hardy-
Littlewood maximal operator, the Calderén-Zygmund operator on these spaces.
Also, Guliyev in [22] first introduced the generalized weighted Morrey spaces M#?
and studied the boundedness of the sublinear operators and their higher order
commutators generated by Calderén-Zygmund operators and Riesz potentials in
these spaces (see, also [40, 32, 47]). Note that, Guliyev [22] gave the concept
of generalized weighted Morrey space which could be viewed as an extension of
both ME? and LP*(w).

The generalized weighed Morrey spaces introduced in [22] are defined as fol-
lows.
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Definition 7.1. Let 1 < p < 00, ¢ be a positive measurable function on R™ x
(0,00) and w be non-negative measurable function on R™. We denote by MZE?
the generalized weighted Morrey space, the space of all functions f € LE'°°(R™)
with finite norm

_1
Ifllpme = sup  (z,r) " w(B(@,r) "7 | fllL,..(Br):
z€R™,r>0

where

P

1Al 22, (B = (/B(m ) If(y)l”w(y)dy>

Furthermore, WM%¥ is the weak generalized weighted Morrey space of all
functions f € WLE"°(R™) for which

_1
||f”WM5;“’ = Ssup 90(3377’)71 w(B(z,r)) * HfHWLg(B(z,r)) < o0,
z€R™,r>0

where W LY, (B(z,r)) denotes the weak Lf,-space of measurable functions f for
which

P
HfHWLT;U(B(z,r)) = HfXB(W)HWLfU(Rn) =supt (/ w(y)dy) :
{yeB(a,r): |f(y)|>1}

t>0

Remark 7.1. (1) If w =1, then MP¥(1) = MP¥ is the generalized Morrey space.
(2) If p(x,r) = w(B(.CC,T))HTTl, then MEL¥ = LP*(w) is the weighted Morrey
space.
(3) If w=1 and ¢(z,r) = PP with 0 < A < n, then MP#(1) = LPA(R™)
is the classical Morrey space and WMP#(1) = WLPAR™) is the weak Morrey
space.

(4) If p(x,r) = w(B(z,r))_%, then M, ,(w) = Lp.(R™) is the weighted
Lebesgue space.

Recently, in [22] (see, also [32]), introduced a weighted condition: If 1 < p <
q < 00, there exits a constant C' > 0, such that, for any x € R™ and ¢ > 0,

t<s5<00 5 t))l 7§Cg02(x,7‘). (7.1)

/oo ess inf 1 (x, s)w(B(z, 3))% dt

In [3], [26] obtained the boundedness results for the fractional operators T o
with rough kernel and its commutators [b,Tq ] on generalized Morrey spaces
when the pair (¢1, ¢2) satisfies condition (5.4) and

¢ ess infor(z,s)sv

o0
/ In (e + 7) fes<oo — < Cpa(z,r), (7.2)
r r ta t

respectively.
In the paper [22] was proved the boundedness of Tq o, (2 = 1) and their k-th
order commutators [b, T ], (2 = 1) on generalized weighted Morrey spaces
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when w € A, and the pair (¢, p2) satisfies the condition (7.1) or the following
inequalities,

1

00 ess inf 1 (x, s)w(B(x, s))?
/ I (4 L) T : M Con(wr),  (73)
" ’ w(B(x, 1)) !

where C' does not depend on x and r. See also, [27] for the case of Calderén-
Zygmund operators and [33] for the case of intrinsic square functions.

Letp € [1, 00), @ € (—o0, o0) and ¢ : R" xRy — R, be a measurable function.
For f € L}, (R") and V € By (¢ > 1), we say f € MJ7{ (R") (generalized

weighted Morrey spaces related to the potential V') provided that

p
”f”Mg:“f;yw(Rn)

[e%
— s (1450 ) B2 [ w)Pedy < o,
z€R™ >0 p(.%') B(x,r)

where B = B(x,r) denotes a ball with centered at z and radius r, and the
weight functions w € Ap> which could be viewed as an extension of weighted
Lebesgue spaces. In particular, when a = 0 or V = 0, the space M7, (R")
is the generalized weighted Morrey spaces was first introduced in [22], where
w € Ap(R™) (Muckenhoupt weights class).

Remark 7.2. (1) If w =1, then MY, = M?7, is the generalized Morrey space
related to certain nonnegative potentials.
k—1

(2) If o(z,r) = w(B(z,r)) » , then MP¥, = LP?, is the weighted Morrey

a,V,w a,Vw
space related to certain nonnegative potentials.

A—n
(3) Ifw=1and ¢(z,r) =r » with 0 <\ <n, then MJ7, = Lg’:‘\/(R”) is
the Morrey space related to certain nonnegative potentials.

(4) If p(x,r) = (1 + ﬁ)ia w(B(x,Qr))_%, then MUY, = Lpw(R") is the

weighted Lebesgue space.

It is well known that the boundedness of the standard Calderén-Zygmund op-
erators and their commutators have been established on the generalized weighted
Morrey spaces (see [22]). Hence, it will be an interesting question whether in [23]
were establish the boundedness of Schrédinger type operators on the generalized
weighted Morrey spaces related to certain nonnegative potentials. More precisely,
was obtained the following results.

Theorem 7.1. [24] Suppose 1 < p < o0, V € B, a € (—00,00) and (¢1,p2)
satisfy the condition

[un

o ess inf o1 (x, s)w(B(z, s))?
/ fessoe % < C pa(a, ), (7.4)

w(B(w, 1))
where C' does not depend on x and 7.
(i) If 1 < p < 0o and w € Ap™ then

HTfHMi’:f,?w(R") < CHfHMﬁ:@}w(Rn)a

where C' is independent of f.
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(ii) If p=1 and w € AP, then for any t > 0,

pa(a,r) " w(Bla,2r) <P+péw)atw(ﬁ/ef%xﬂﬁ TE) > 1)

< Oz, oy
holds for all balls B = B(z,r), where C' is independent of x, r, t and f.

Theorem 7.2. [24] Suppose 1 <p < 00, b € BMO,, V € By, a € (—00,0) and
(p1,92) satisfy the condition

ot 1 - =< C¢2($ar)v (75)
" w(B(x,1))7 '

where C' does not depend on x and 7.
(i) If 1 < p < 0o and w € Ap™, then

o ¢ ess inf wl(m,s)w(B(%S))% dt
/ In (e + -

[0, T]fHMgf{j?W(R") < CHfHMZ:“";}W(R”)’

where C' is independent of f.
(ii) If p=1 and w € AP, then for any t > 0,

wxarrthmawr*(1+p&QawqyeB@mvww,ﬂf@n>ﬂwscu

sup @1 (x, ) tw(B(z,2r)) ! <1 + S > / L(y)‘ In (2 + ]f(y)]) w(y)dy
B(z,r)CR™ ,O(I‘) B(z,r) t t
holds for all balls B(xz,r), where C is independent of x, r, t and f.

8. A priori estimates for solution of the Schrodinger equations :
the Calderdon-Zygmund inequality
For the open set Q C R", w € AP®(R") (1 < p < o0) and V € B, we say
ferLry (Q),if

a,Vw

P = sup <1+ r ) r_)‘/ x)|Pdx < oo.
”f”Lﬁ’,Av(Q) B(wo,r)CR™ p(xo) B(xo,r)ﬁQ‘f( )

In this section, we consider the behavior of the solution of the following Schéndinger
equation

(—A+V)u= f(x), ae z€Q,

where f € LP? (), 1<p<oo, 0<A<1, a€(—00, c0)and w € AL”.

a,V,w

Theorem 8.1. ([49]) Let 2 be an open set in R™ and a € (—oo0, o0). If f €

Lgﬁ/’w(ﬁ), then there exists a function u € Li”VV)"w(Q), where 1 <p <n/2,1/p—
1/g=2/n,v=q/p, 0 <A< 1/v, and w? € Ai’f;/p” such that

(—A+V)u= f(x), ae z el
Furthermore,

2
HD UHLZ,)‘\/,W(Q) < CHfHLZ”)“/‘W(Q)’
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where 1 <p < oo, 0 <A <n andw € AP

I1Dull jrnr (@) < Cll Sl

() Vi (@)

where 1l <p<mn, 1/p—1/g=1/n,v1 =q/p, 0 < XA <n/v; and w? €A1+q/p,,

Hu”[,q”’A ) < CHfHLPv)‘ »(Q)

where 1 <p<n/2,1/p—1/q=2/n,v=q/p, 0 <A< 1/v andwquHq/p

For the open set Q C R", w € AP(R") (1 <p < o00), ¢ : R xRy — Ry be
a measurable function and V' € B,,, we say f € MY (Q), if

a,V,w
.

B(xj}g)CRn (1 - P(Tx))a ol ) wl(Blz, 27‘))7% / | (@)Pde < o

In this section, we consider the behavior of the solution of the following Schondinger
equation

B(zo,r)NQ

(A +V)u= f(z), a.e. x € Q,
where f € MP? (), 1 < p < oo, a € (—00, 00), w € AL and (i, ) satisfy

a,Vw

the condition (7.4).

Theorem 8.2. ([24]) Let Q) be an open set in R™, a € (—oo, 00) and (¢, ) satisfy
the condition (7.4). If f € MP'¢, (), then there exists a function u € M%Y (),

a,Vw a,V,w

where 1 <p<n/2,1/p—1/¢=2/n, v=q/p, and w? € Aﬁ /0 such that
(—A+V)u= f(z) ae. x € Q.

Furthermore,
HDQUHMQ;’ZW(Q) < Cllfliezs, (@)

where 1 < p < oo and w € AP™

IDull e oy < CMfllzz

V,wP ()

7(Q)

where 1 <p<mn, 1/p—1/q=1/n and w9 € A1+q/p”

||u||L‘1<P () = < CHfHLpf/wp Q)

where 1 <p<n/2,1/p—1/q=2/n and wi € A1+q/p
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