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Abstract. In this paper we study the boundedness of the anisotropic fractional max-
imal operator in anisotropic local Morrey-type spaces. We reduce this problem to the
problem of boundedness of the supremal operator in weighted L,-spaces on the cone
of non-negative non-decreasing functions. This makes it possible to derive sharp suffi-
cient conditions for boundedness for all admissible values of the numerical parameters,
which, for a certain range of the numerical parameters, coincide with the necessary
ones.

1 Introduction

For x € R™ and r > 0, let B(z,r) denote the open ball centered at = of radius 7.
Let d = (dy,...,d,), di > 1,i=1,...,n, |d = > d; and tz = (tdlscl, . ,td”azn).
By [2, 14], the function F(z,p) = Y."_, x?p~2%, considered for any fixed z € R", is a
decreasing one with respect to p > 0 and the equation F'(x, p) = 1 is uniquely solvable.
This unique solution will be denoted by p(x). It is a simple matter to check that
p(x —y) defines a distance between any two points z, y € R™. Thus R", endowed with
the metric p, defines a homogeneous metric space (|2, 3, 14]|). The balls with respect
to p, centered at x of radius r, are just the ellipsoids

2

5d(x,r):{yER":M+-“+(yH_—In)2<1},

2d 1-2dn
with the Lebesgue measure |E;(x, )| = v,7!% where v, is the volume of the unit ball

inR" Ifd=1=(1,...,1), then clearly p(x) = |z| and & (z,r) = B(x,r). Note that
in the standard parabolic case d = (1,...,1,2) we have

1?2 4+ /|2 |4+ 22
p(x):\/u T

2 Y
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If F is a non-empty measurable subset of R” and f is a measurable function on F,
then we use the following standard notation !

1l = ( / |f<y>rpdy)” 0<p<oo

[flLoie) = supfa: [{y € E - [f(y)| = a}] > 0}.
Let f € L'°°. The anisotropic fractional maximal function MZf is defined by

M (@) = swp e )0 [ |f)ldy. 0<a<ld)
t>0 Ea(w,t)

If = 0, then M? = M{ is the anisotropic maximal operator. If d = 1, then
M, = M} is the fractional maximal operator and M = M is the Hardy-Littlewood
maximal operator.

In the theory of partial differential equations, together with weighted L, ,, spaces,
Morrey spaces M, play an important role. They were introduced by C. Morrey
in 1938 [6]. These spaces appeared to be quite useful in the study of a number of
problems in the theory of partial differential equations, in particular in the study of
local behaviour of solutions of parabolic or quasi-elliptic differential equations. The
anisotropic Morrey space is defined as follows: for 1 < p < 0o, 0 < A < |d|, a function

f € Myraif f €Ll and

_2
0 rt = Wty =50 ey <
Note that My = My 1. (IFA =0, then My o4 = Ly; if X = |d|, then M, 4,04 = Loo;
if A < 0or A > |d|, then M, , s = 0, where © is the set of all functions equivalent to
0 on R™)
Also, by WM,, 5 4 we denote the weak Morrey space of all functions f € VVL;)OC for
which

PN
||f||WMp’A’d = HfHWMp’A,d(R") = xegygwr P lwLy(atary) < 00,

where WL, (E4(x,r)) denotes the weak L,-space of measurable functions f for which
1AW Lpatar) = 1 X e, lW Ly @n)

= supt {y € Eular): 11 (w)] > )P (1.1)

1 *
=suptr <fX£d(m>> (t) < oc.
t>0

Here g* denotes the non-increasing rearrangement of the function g.

Spanne (see [25]) and Adams [1] studied boundedness of the fractional maximal
operator M, for 0 < o < n in Morrey spaces M, y. Later on Chiarenza and Frasca
[13] studied boundedness of the maximal operator M in these spaces. By more general
results of Guliyev [17] (see also [18, 19]) one can obtain the following generalization of
the results in [1, 13, 25] to the anisotropic case.

'Here and in the sequel we write just L, for L,(R™), 0 < p < co. If E # R", then we preserve the
full notation L,(E). The same refers to the cases of L;OC and of the weighted Lebesgue spaces Ly, ,.
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Theorem 1.1. (1) Let 1 < p; < py <00 and 0 < o < |d|. Then M2 is bounded from
My, va to My, x4 if and only if

11 11 1 1\ !
a < |d (— — —) and \ = (|d| (— - —) - a> <— - —) : (1.2)
pP1 D2 p1 D2 b1 D2

(2) Let 1 < py < 00 and 0 < a < |d|. Then M2 is bounded from My x4 to W Mo, x4
if and only iof

o< |d (1—]3%) and \ = (yd| (1-}%) —a) (1—]3%)_1. (1.3)

(3) Let 1 < p < oo. Then M? is bounded from M, 4 to My sa for all 0 < X < |d|.
(4) The operator M is bounded from M x4 to WMy xq for all 0 < X < |d].

If in the place of the power function 7% in the definition of M, \.a we consider
any positive measurable weight function w defined on (0, 00), then it becomes the
Morrey-type space My, 4. D. Fan, S. Lu, D. Yang [15] and V.S. Guliyev [17] (see
also [18, 20, 21, 19]) generalized Theorem 1.1 and obtained sufficient conditions on

weights w; and wy ensuring boundedness of the maximal operator M¢ and the fractional
1
P2
The following statement, containing the results in [15] was proved in [17] (see also

18, 20, 21, 19)).

maximal operator M2 for the limiting case o = |d| (pil - > from My, 1.0 10 Mo, 1.4

Theorem 1.2. Let 1 < p; < ps < o0 and a = |d| (pil _ piQ

be positive measurable functions satisfying the following condition: there exists ¢ > 0
such that for allt > 0

). Moreover, let wy and ws

_ldl

< cwy ()t e (1.4)

|d]
1 ———1

le (r)r® HLl(t,oo)

Then for p1 > 1 M2 is bounded from My, 1,4 t0 My, a, and for pp =1 M2 is

bounded from M 4, .a to WMy, 4.4

Earlier, in [15] a weaker version of Theorem 1.2 was proved: it was assumed that
w; = wy = w and that w is a positive non-increasing function satisfying the pointwise
doubling condition, namely that for some ¢ > 0

ctw(r) <w(t) < cw(r)

for all ¢, » > 0 such that 0 < r <t < 2r.

In [5]-|8] boundedness of the maximal and fractional maximal operators from one
local Morrey-type space LM,y g, », to another one LM,,q,.,, have been investigated.
(The definition and basic properties of these spaces in the anisotropic case are given in
Section 2. In particular it is noted there that these spaces are non-trivial only if wy,
wy belong to classes €y, , Q, respectively, defined in that section.) Moreover, for some
values of the parameters necessary and sufficient conditions for the operators M and
M, to be bounded from LM, g, w, to LMy, ., Were obtained.
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Theorem 1.3. 1) If 1 < p; < py < 00, 0 < b; <0y < o0, a:n(pil—p%), wy € Qg,
and wy € Qy,, then the Burenkov-Guliyevs condition
r \ 72
wir) (7 < clln s, 0 (1.5
LGQ(O,OO)

for all t > 0, where ¢ > 0 s independent of t, is necessary and sufficient for the
boundedness of M, from LM, ¢, v, to LMy,0, -

2)If1 <p; <py<o0,0<b; <0y <o, oz:n(pil—p%), wy € Qg, and wy € Qy,,
then Burenkov-Guliyevs condition (1.5) is necessary and sufficient for the boundedness

of My from LM, ¢, w, to WLM,,0, w,-

Condition (1.5) for the first time was introduced in [5, 3] for the case of the maximal
operator and in |7, 8| for the case of the fractional maximal operator. It appeared to
be rather ‘stable’: for 6; < 6, it serves as necessary and sufficient condition not only
for the maximal and the fractional maximal operator, but also, under the appropriate
assumptions on the numerical parameters, for the Riesz potential 9, 10| and genuine
singular integral operators [11, 12].

Theorem 1.3 in the case 6; < p; was proved in |7, 8] and in the case 6; > p; in
[4]. In |7, 8] the proof was based on a certain estimate for L,-norms of M, f over balls
B(z,r), which allowed reducing the problem of boundedness of M, in local Morrey-
type spaces to the problem of boundedness of the Hardy operator on the cone of
non-negative non-decreasing functions. In [4] the problem of boundedness of M,, from
LMy 0, w, to LMp,g, 4, Was reduced to the problem of boundedness of the so-called
supremal operator on the cone of non-negative non-decreasing functions. Also for the
case py = 1, 0 < py < o0, and n(1 — piQ)Jr < a < n necessary and sufficient conditions
ensuring boundedness of M, from LMg, ., to LM,,g, ., were obtained in [4] for all
0 < 01,0, < oo and wy € Qy,, wy € y,.

In this paper we reduce as in [4] the problem of boundedness of M? in anisotropic
local Morrey-type spaces to the problem of boundedness of the supremal operator on
the cone of non-negative non-decreasing functions and obtain sharp sufficient conditions
for boundedness for all admissible values of the parameters, which for certain range of
the parameters similar to that in [4] coincide with the necessary ones.

2 Definitions and basic properties of anisotropic local Morrey-
type spaces

Definition 2.1. Let 0 < p,6 < oo and let w be a non-negative measurable function
on (0,00). We denote by LMg ., 4, GMpg .4, the anisotropic local Morrey-type spaces,
the global Morrey-type spaces respectively, the spaces of all functions f € L;DOC with
finite quasinorms

Hf“LMpe,w,d = HfHLMpe,w,d(R") - Hw(T)Hf”Lp(g’i(O’r))HL0(07°°) ’
1 leatyg e = Q;SSRE 1@+ )l pary .

respectively.
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Note that GMpg.1 = GMpg ., LMy w1 = LMpg,, and

T I P 1
Furthermore, GM,,, ,~x/» 4 = Mpra, 0 < A < d].

Lemma 2.1. Let 0 < p,0 < 0o and let w be a non-negative measurable function on
(0, 00).
1.1f for all t > 0
[ ()] g t.00) = 00, (2.1)
then LMpg g = GMppwa = O, where © is the set of all functions equivalent to 0 on
R™.
2. If for allt >0
14l
[w(r)r 7 || o) = o0, (2.2)

then for all functions f € LMyg.,q, continuous at 0, f(0) =0, and for 0 < p < oo
GMypwa = O.

Proof. 1. Let (2.1) be satisfied and f be not equivalent to zero. Then for some t; > 0
A= fllepe0mn > 0.

Hence

sty = Wliaggn. = 0@z, E0m | ue = AlwE)Loto.c-

Therefore || fllgar,, . . = 1f11Lar,,.,.. = 00
2. Let (2.2) be satisfied. If f € LM, 4 and there exists
. _1
i [£4(0, ) /1, est00) = B (2.3
then B = 0.

Indeed, if B > 0, then there exists ¢ty > 0 such that

1 B
1E4(0, )7 (| fll L, (eat0,r)) = 5

for all 0 < r <'ty. Consequently,

SESHE

b

Ly (07t0)

B
||f||LMp9,w,d Z Hw(r)”f“Lp(gd(ovr))||L9(O,t0) Z EU

Hence || flzasyp..0 = 00, f & LMpo g and we have arrived at a contradiction.
If f € LMyp,q and it is continuous at 0, then (2.3) holds with B = |f(0)|. Hence

f(0)=0.
Nextlet 0 < p < oo and let f € G Mg 4, then by the generalized Lebesgue theorem
on differentiation of integrals (see, for example, [26] ) for almost all x € R

) 1
lim [E4(2, 1) 7 | f Ly eateany = 1 (@)].

By the above argument for all those x we have f(x) = 0. Hence f is equivalent to
Z€ro. [
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Definition 2.2. Let 0 < p,0 < co. We denote by €2y the set of all functions w which
are non-negative, measurable on (0,00), not equivalent to 0 and such that for some
t>0

[w () 2q(t,00) < 00

Moreover, we denote by 2, 4 the set of all functions w which are non-negative, mea-
surable on (0, c0), not equivalent to 0 and such that for some ¢;,t5 > 0

141
Hw<T)HL9(t17OO) < 00, ”w(r)?” P HL9(07t2) < 0.

Keeping in mind Lemma 2.1, when considering the spaces LM,y ., 4 we always as-
sume that w € €y, and when considering the spaces GM,yg,, 4 We always assume that
w e Qp,@,d-

_ldl

Lemma 2.2. Let 0 < p < oo, r > 0. Then for § > "

_1 1dl
[06)" 0,0y = (1l +59)75 Cor ™,

and for B < —‘%‘
la|

1
Hp(x)ﬁHLp(CSd(O,T)) = [ld| + Bp| ¥ Corv ™7,

where CSd(O,r) is the complement of £4(0,7), and

= ([ a))
Sn—l
s s 2 %
— (/ / / J(gpl,,@nl)dgpldgde@nl) < 0.
0 0 0

Proof. For any x = (21, ...,x,) € R", set

x1 = p™ cos ;... CoS P, 9 COS Py 1,
To = de COS (P1 . .. COS Pp_o SIN Y, 1,
(2.5)

Tpo1 = pd"‘l COS (p1 SIN Yo,

Ty = pd" sin 1.
Thus, dz = pl“=1J(¢1,...,¢on 1)dpdo(z), where do is the element of the area of
S"=1and pl=1J (¢, ..., on 1) is the Jacobian of this transform. In [2, 14], it was
shown there exists a constant M > 1 such that 1 < J(p1,...,¢0,1) < M and
J(p1,- -, 0n_1) € C>®((0,2m)" 2 x (0,7)). Then by the properties of p and of the
above transform, we have

B — 5}
Hp(.T) HLp(gd(O,T)) - (/5d(o,r) p(.T) pd%)

3=
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— ( / ' / td—1+ﬂpdtda(m’))p
0 Sn—l
1
" ld-14p v -1 s
:Co t pdt :(’d|+ﬂp) pC()T’P
0

and

=

- P _1 ldl
0@’ 1,22, 0.y = Co (/ a 1+ﬂpdt> = (ld| + sp) > Cor 7.

Corollary 2.1. Let 0 < p,0,t < oo and w € 2y. Then

|d|

1) p(2)° € LMpppa <= 3 > s and |Jw(r)r

|d|

2) P(x)ﬁxgd(o,t) € LMpO,w,d — (0> _? and

1dl

ld|
g0 < 00, [[1w(r) | Lyroe) < 005

d
3a)p(x)/6x“gd(o,t) € LMpppq for > —%

[[w(r)r

ld]|

lal
= 17 =t Y ()| o) < 003

d ™\ »
3b)P(x)ﬂXcgd(07t) € LMypwa for 0= —% — Hw(r)(ln ;) L (t.00) < 005
|d|

3C)P($)ﬁXEgd(o,t) € LMypa for B < s

ld|

14l 14l
= IEP =12 ) w(r) || Lyoe) < 00
Lemma 2.3. Let 1 < p; < 00,0 <py <00, 0<a<]|d,0<6b,0, <oo, w € Qy,
and wy € Qp,. Then the condition

oz<M
N

is mecessary for the boundedness of M from LM, 0, wy.a t0 LMpy0, 1y d-

Proof. Assume that o > Lil‘ and M¢ is bounded from LM, g, 1,4 t0 LM,,0, w,.a. Since
wy € g, for some t > 0 ||w||Lyt,00) < 00. Let f(z) = p(:c)ﬁch(O’t) where —a < § <
—Lil‘. By Corollary 2.1, part 3¢) f € LMy, w,.a- On the other hand for all z € R"

Mef(z) > lim [Eg(x, )| y)Pdy > ¢ lim t*° = oo,
o ; 1Y ;

Ea(z,t)\Ea(,p(2)+2)

where ¢ depends only on n, a and (3, hence f ¢ LM,,0, u,.4- O
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For the isotropic case d = 1 Lemma 2.1 was proved in [3] and Lemma 2.3 was
proved in [§].

Throughout this paper a < b, (b 2 a), means that a < \b, where A\ > 0 depends on
unessential parameters. If b < a < b, then we write a ~ b.

3 L,-estimates of anisotropic fractional maximal function over
ellipsoids

We consider the following ‘partial’ anisotropic fractional maximal functions

M f() = sup €l t)] 7 HE / s
Ed $,t

0<t<r

—d _1+i

M f(2) = sup |€a(z, 1) / F(y)ldy.
t>r gd(x’t)

Lemma 3.1. Let 0 < p < 00, 0 < a < |d| and f € L*°. Then for any ellipsoid Eq(z, )
in R™ o
IMEfllwryatery 277 Mo, f(). (3.1)

Proof. 1f y € &(x,r) and t > 2r, then Ey(z, L) C Eq(y,t) and

a— 1 a—|d| 774
Maf(y) >2 'd'supw/g( M (2)ldz =2 M, f(2).
) d(Z,3

t>2r |(€d

Hence, if f is not equivalent to 0 on R", then

1
M2 fllwer, Eary = sup t |{y € Ealz,r) : MIf(y) > t}]”
0<t<20—l4INTL | f(x)

1 S ld —q
> sup t(vprld)e = 207 ldlyr 17 M, . f(z).
0<t<20- 7L | f(z)

(If f is equivalent to 0 inequality (3.1) is trivial.) O

Lemma 3.2. Let 0 < p < o0, 0 < a < |d| and f € L¥°. Then for any ellipsoid Eq(x, 1)
in R™

4l

| —d
IMEFN Lypeatery = M X, 0m) | o(Eateryy + 77 Mo, f (). (3.2)

Proof. 1t is obvious that for any ellipsoid &;(z, )

IMEFll Ly atery) S IMEFXe o0 Lp(Eater) + ||M£f(fxc£d(m 2T))||Lp<sd(z,r))-
Let y be an arbitrary point in E;(z, 7). If E4(y,t) N Egd(x, 2r) # 0, then ¢ > r. Indeed,
if 2 € Ey(y, t) N “Ealx,2r), then t > plz —y) > p(z —x) — plx —y) > 2r — 1 =1
On the other hand &(y, )N "€z, 2r) C Ey(x, 2t). Indeed, if z € Ey(y, )N Ealz, 2r),
then we get p(z —x) < p(z —y) +ply —x) <t+r < 2L
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Hence

1
Eq(z,2r) >0 ’gd(y’ )‘1—m Ealy,)N ey (,2r)

/ F@)ldy = T2, 1 (2)
Eq(x,2t)

Ssup—————
1 [Eale, 20

and the right-hand side inequality in (3.2) follows.
The left-hand side inequality in (3.2) follows by Lemma 3.1 and obvious inequality

IMEFll Lot 2 IMEFXe, 000 | Lo Eater))-

Lemma 3.3. Let 1 < p; < py <00 and 0 < a < |d|. The inequality

a—|d|{ L -X
1M Fxeaeen e S5 17 erman) (3.3)

holds for all f € Lg’f if and only if in the case p1 > 1

a>|d (i - i) | (3.4)

P11 P2

and in the case p; =1

1
Pa < 00 and o> |d| (1 - p_) . (3.5)
2

Moreover for 1 < ps < 0o and a = |d| <1 - —) the inequality

IME( X a2 W Ly Eatar) S IF 1o,z (3.6)

holds for all f € L©.

Proof. Recall the well-known inequalities for the fractional maximal operator [26]. If
1 < p1 < pp < o0, then

165 11y Pl ae) S 16N, (37)
Also if 1 < py < 00, then
“Mﬁml_i)f"mm @ Sl @ - (3.8)
p2

If 1 < p <py < oo, inequality (3.4) holds and z € Ey(x,r), then

0<t<3r

Mz(fXEd(%?T))(z) = Ssup ’E/'d(z,t)‘lgl/g (e) }f(y)xgd 9027" ‘ dy,
a(z,t
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because for t > 3r Ey(z,t) D Ei(x, 2r) hence

’gd z, t Tl / ng(x,2r)(y)| dy
Eal(z t
< |8d Z, 37” % / Xé'd x2r }dy
Ea(z,3r)
Therefore

Mg(fxgd(I,QT))(Z) 5 Taildl(%ié) M‘d‘(i_i) (fXEd(J:,QT)) (Z)

P1 P2

and by (3.7)

M et ety S 75 HMd|

) (fXEd(x,%'))

P2 Lp2 (Rn)

a—|d|
St (5r-52) HfHLp1 (Ea(x,2r)) *

If 1 < py < 00 and inequality (3.6) holds, then by (3.8) and (1.1)

IME (fXeatw2m) L Eaan < I (ME(FXsw2r))) N Lp©leater)

< sup T (ME(fXeuwen)) O L, 0@
0<t<|Eq(z,r)|

S0 32 (Pxeuoan) sy o

|
ld[—a

a—ld(1- %
5 r® ( ) Hf”L1 (Ea(=,2r))

Inequality (3.6) follows directly from (3.8).
pr1>1and0z<\d|<

p1 p2 )’

) then inequality (3.7) cannot hold for all f € LIOC

Indeed if f € L, (R") and f » 0 then by passing in (3.3) to the limit as r — oo we

arrive at a contradiction.

Assume that py = 1, 1 < py < 00 and a = |d| (1 — —) Then by passing to the

limit in (3.3) we get
IMEfNL,, @ S Il @n

which, according to known results [26], is not possible.

Corollary 3.1. Let 1 < p; < 00, 0 < py < 00, |d| (pil — p%) <a<|dl ifp >1, and
+

|d| (1 - piz) < a < |d| if pp = 1. Then the inequality
+

a—|d| (L -1
1ML Xestw2m) |y ety S 77 Gi) | s Iz, (a2

holds for all f € LlOC.
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Moreover for 0 < py < 0o and o = |d| (1 - p%) the inequality
+

a—d|(1—L
1M Xeawom) Iy eaiern S 707 711 eaimany (3.9)
holds for all f € L.

Proof. 1f py > py, the statement follows by Lemma 3.3. If p, < p;, then by applying
Holder’s inequality and statement of Lemma 3.3 we have

jdl _Jd
IME(fXeatwar) Loy Eatwry) ST72 2 | MECf Xeato2m )| Ly, o)
a—|d| (L -1

< G £, ey

Inequality (3.9) similarly follows by Holder’s inequality for weak L,-spaces.

Lemmas 3.2, 3.3 and Corollary 3.1 imply the following statement.

Lemma 3.4. Let 1 < p; < 00, 0 < py < 00, |d| < i) <a<|d ifp >1, and
+

1
p1 p2

|d| (1 - p%) < a < |d| if pp = 1. Then for any ellipsoid E;(x,r) C R™ the inequality
+

a—ldl( L - L ldl ——g
IMEFll L, ey S 77 (=) 112y a2y + 772 Mg, f(2) (3.10)
holds for all f € L'°c.

P

Moreover for 0 < py < 0o and a = |d| (1 — p%) the inequality
+

1M I Lt S 77O satuamy + 7% Mo ) 1)
holds for all f € LY©.
Lemma 3.5. Let 0 < p < 0.
1. If|d| (1 — %)+ <« < |d|, then for any ellipsoid E4(x,r) C R™ the equivalences

ld]

| =—d
IMESf N peatery = IMafllweyEatway =17 Mo, f(2) (3.12)
hold for all f € L©.
2. Ifa=|d (1 — %) , then for any ellipsoid Eq(x,r) C R™ the equivalence
+

ld]

| =—d
IMEflwryaeay & 70 Mo, f(2) (3.13)
holds for all f € L.

3. If1 < p < oo, |d] (pi — %) <a< |pi|, then for any ellipsoid Eq(x, 1) C R™ the
1 + 1
inequalities
Erp— < yd o - P
P Mo, f(@) S Ml e S0 (Mo (1F17)(@)) (3.14)

hold for all f € L.
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Proof. Denote

1d 1
Ay =1 sup—/ |f(y)|dy,
Ed(x,t)

220 |Ea(a, 1)
1

a—|d|(+-1
Ay s = UG L, et

By Lemma 3.4
IMEf| 2, ey < AL+ As.
By applying Holder’s inequality we get

1

1dl 1 p1
Ay Sresup ———— (/ |f(y)]”1dy)
t22r |Ey(x, t)|pr 14 Ealz,t)

1
1] d

= (M2 (£ (@)™

On the other hand, since a < % it follows that

|d| o 1
Ay = s (sup |Eala, )1 m) [ PAEHERSY

t>2r

1
4l 1 PL
e sup—l_a(/ !f(y)!pldy>
22 |Eg(a, )| 1 \Jealat)

1

S (Mo (17 @)™

AN

Estimates from below follow by Lemma 3.1. O

Remark 3.1. We note that the right-hand side inequality in (3.14) implies the in-

equality
o dt \
d M » p1
||Maf||Lp(sd(x,r)) S (/r (/é‘d(x ) |f(y)] ldy) m) .

This follows since
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In fact

1

. L 1 P1
Md D1 LE - 1L
(Mo 1517)0)) ™ = sy ( L /)

1

1 p1
AP Ty ( / |f (y)|”1dy)
2 [Ey(x, )71 1 \Jeyar)

1

1 p1
+sup ————— (/ |f|p1dy)
tzr | Ey(x, t)|pr 1 Ea(z,t)\Ea(z,r)

1

1 p1
s ([ wra)
|Eq(z, )1 1 Ea(z,r)

1
f(y) 2
-+ sup (/ mdy .
t>r Ea(zt)\Ea(z,T) p(y)

I 1 < dr
pldl=err — |d| — apy , Tldmapitl

with p =r or p = p(y) and the Fubini theorem we get

—d ) ﬁ > ) dr ﬁ
(ot @)™ < ([ ([ vorar) )
t dr o
Pld
" Stlzl]v? </q~ (/sd(x,f)\gd(m,r) U y) TW'"‘““)
& ) dr o

Remark 3.2. Statement 3 of Lemma 3.5 also makes sense if o« = |pi1| in which case the
right-hand side inequality in (3.14) takes the form

By using the equality

|d]

||M@f||l¢p(£d(l‘,7‘)) S r? ||fHLp1(Rn)'
Pl

This inequality easily follows directly by the definition of M f{ﬂ f and Holder’s inequality.

p1
Remark 3.3. All statements of this section in the isotropic case d = 1 were proved
in [4].

4 Anisotropic fractional maximal operator and supremal oper-
ator

For a measurable set £ C R" and a function v non-negative and measurable on F, let
L,,(E) be the weighted L,-space of all functions f measurable on E for which

11l o) = l[0f ]2y ) < 00
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Let 9M(0,00) be the set of all Lebesgue measurable functions on (0,00) and
M (0,00) its subset consisting of all non-negative functions on (0,00). We denote

by 997 (0,00; 1) the cone of all functions in 9 (0, 00) which are non-decreasing on
(0,00) and we set

A= {go e M (0,00;7) : tlil(])%r o(t) = O} .
Let u be continuous and non-negative on (0,00). We define the supremal operators
S, and S, on g € M(0, 00) by
(849)(@) : = llugllrwoy, t€(0,00),
(Sug)(t> = HUgHLoo(t,OO)v le (0,00)
In the case u(r) =%, 3 € R

(859)(t) : = r” 9"l 200y t € (0,00),
(Ss9)(t) : = I’ g(r) | Lcitoe), T € (0,00).

Also let S = S, and S = 5.

If in Lemma 3.5 = 0, then in the above notation it reduces to the following
statement.

Lemma 4.1. Let 0 < p < 0.
1. If |d| (1 - i) < a < |d|, then for any r > 0 the inequalities
+

1d] —
IMEF N Lygatory = IMEFllw e, aory =77 Sacia (1 |ueao,)) () (4.1)
holds for all f € L©.
2. Ifa=|d <1 — i) , then for any r > 0 the inequality
Jr

ld] —
IMIf w0 217 Sacia) (1 f 1121 Ea0,)) () (4.2)
holds for all f € L©.

3. If1 <p <oo,|d] <pi1 — %>+ <« < , then for any r > 0 the inequality

M_
v Sacial (11 Lyao,y) (1) S ||M FllLoeator)

(4.3)
Sre S, i (1112, €a0.n) ()
holds for all f € LY°.
4. If 1 < p; < o0, |d| (pil — %>+ <a< Lil‘, then for any r > 0 the inequality
i—
7 Sl (1fllzsa0.n) (1) S ||M Fllw (a0 (4.4)
| _ .

S S (£l @0) (1)

holds for all f € Llc.
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Lemma 4.2. Let 1 < p; < o0, 0 < py < 00, |d|< i) §a<%z’fp1>1, and
+

1 _

p1 P2

|d| (1 - p%) <a<|dl ifpr=1. Let also 0 < by, O3 < 00, wy € Qp,, and wy € Qy,.
+

Then the operator M2 is bounded from LMy, g, w,.a t0 LM,,0, wy.a if, and in the case
p1 = 1 only if, the operator S__a is bounded from Lg, (0, 00) to L 1a1 (0, 00)
P1

O2,wa (r)r P2
on the cone A.

Proof. Sufficiency. Since S__j4 is bounded from Ly, 4, () (0,00) to Le . %(0, 00)
P1 o, wa(r)rP
on the cone A, by Lemma 4.1 we have
”szHLMerQ,wQ,d S ”ga,ﬁ (“fHLpl(gd(Ov'))) HL ld]
P1 92,w2(r)'r5 (45)
S s (MW, 0 26, 0.00) = 111124y, 1,

Necessity. Let py = 1 and the inequality

HMngLMerQ,wQ,d 5 ||f||LM191,w1,d

be satisfied. Then by (4.2)

1Sazial (1 lzea0,) 1z a Sz a0, 26,y - (4.6)

0o, wo (r)r P2

Let g € A. Then there exists a sequence of non-negative functions f,, € L°° such
that

gn(r) = I fullLiatory /" 9(r), 7 € (0,00).
By (4.6) and the Fatou lemma
”ga—ld\ gHL 1d| 5 ||g||L91,w1'

0, wo (1) P2

5 Necessary and sufficient conditions
By Lemma 4.2 and Theorem 5.4 in [4] we get

Theorem 5.1. Let 1 < p; < 00, 0 < py < 00, |d| (p%—p%) §o¢<L%| if pp > 1, and
+
|d| (1 — p%) <a<|dl ifpr=1. Let also 0 < 01,05 < 00, wy € Qy,, and wy € y,.
+

Then the operator M2 is bounded from LM, g, w,.a t0 LM,,0, wy.a if, and in the case

p1 =1 only if,
(i) if 01 < 0y and 01 < 0o, then

a—1d 1dl a—ldl( L _1 7
sup (£ A () 00 + )G ) e ) Bl oy < o055
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(i) if 03 < 0 < 00, then

ng(t)ta_ (7578 ||y (r)r > '(*‘*)H@l o llw 1||L99-192) <o (52)
Lo, (0,00)
and
Jas()e% st 15,y S0 F ) (0775 <00 (53)
Lg, (0,00)
(111) if 6, = oo, then
[t 3 (= R 2 ) O], <20 (5.4)

Example 5.1 (power-type case). Let 1 < p; < 00,0 < py < 00, 1 <) <6y < o0,
1 1 d| 1 ; —
|d]| (13_1__>+§04<p_11fp1>1> and |d| <1—p—2>+<a< |d| if p; = 1.

p2
A

A
Moreover, let wy (t) = t_ﬁ, wy(t) = ¢, where A1, A2 € R. Then

Ao 1
w; €EQp, —= ———>0 (i=1,2).
pi b
By Theorems 5.1 and 1.3 it follows that the operator M¢ is bounded from
LM N to LM », if and only if

p161,t Pl.d paba,t P2 .d

1 1 1 Ao |d| 1
a—ld|———)++-<—<—+—
P1 b2 0o b2 D2 0o

d— M\ |d—X 1 1
_ _ S 5.9
y4 P2 01 05 ( )

The necessity of condition (5.5) also follows by the homogeneity argument.

and

Corollary 5.1. Let 1 < p; < 00, 0 < ps < 00, |d] <pi1 — i) <a< 'p%' if p1 > 1, and
+

p2
|d| (1 — p%) < a <|d]if pr = 1. Let also wy, wy be non-negative measurable functions
+

satisfying wy € oo, W2 € Qoo and

a—=

1dl r lpdl‘
esssup | wq(t)trz esssup ———— | < o0, (5.6)

t>0 t<r<oo le HLoo(r,oo)

Then M2 is bounded from Moy, w4 10 My, ws.a-

Proof. 1t is easy to see that boundedness of MY from LM, oo .uy.a 10 LM 00,4 implies
boundedness of M from G My, o0.u,.0 = My wr.d 10 GMpyownd = Moy i d-
H



Boundedness of the anisotropic fractional maximal operator . .. 21

Remark 5.1. Note that condition (5.6) is weaker than condition (1.4) in Theorem 1.2.
Indeed, if condition (1.4) holds, then for any r satisfying ¢t < r < oo we get

1 /°° ds /°° ds
> %S %
ld ~ [l a1 = a1

way(t)trz t wi(s)se rowp(s)sm

& ds 1 >~ ds
2 ldl _ o1 2 ||y || 4l _ 41
'd 1 Loo(ﬁoo) r SP1

“wlHLoo(S,OO)Sp:l

1

~
~

|d]

——a

leHLoo(r,OO)m01

Thus
ot ,
rem
ess sup < o> t€(0,00),
t<r<oo || Wi | Lo (ro0) wa(t)t72
so condition (5.6) holds.
d Jdi

On the other hand the functions w; () = ¢
but do not satisfy condition (1.4).

n, wy(t) =t 72 satisfy condition (5.6),

Theorem 5.1 contains necessary and sufficient conditions if p; = 1. If p; > 1 it con-

tains sufficient conditions. However for §; < 0y and the limiting case o = |d] (pil — p%)
Theorem 5.1 together with the appropriate necessity condition implies necessary and
sufficient conditions.

Theorem 5.2. Let 1 < p; < py < 00, 0 < 0 <6y < o0, 91<oo,a:]d|(pil—pi2),

wy € g, and wy € $y,, then the Burenkov-Guliyevs type condition

wa(r) (t;r)lpé

for all t > 0, where ¢ > 0 is independent of t, is necessary and sufficient for the
boundedness of M2 from LMy, g, wy.a 10 LMp05 1w, -

< cllwil| Ly, (t,00) (5.7)
Ly, (0,00)

Proof of sufficiency. Follows by Theorem 5.1 because condition (5.7) is equivalent to
condition (5.1) if 6; < occ.
To prove necessity one should act like in paper [8] by using the test-function

ft(y) = de(O,Qt)\Ed(O,t) (y)7 y E Rn’ t > O (58)

Note that,

1d]
”ftHLpl (é’d(O,r)) - 0, O < T S t, HftHLpl(gd(O,T’)) S Cltpl, t < T < OO, (59)

where ¢; > 0 depends only on n, d and p;.
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Lemma 5.1. If 0 < a < |d|, then for allt > 0 and z € R",

L i) < sl
2 (p(x) + )l = t (p(x) + t)dl=e
Proof. The proof is similar to the proof of Lemma 8 in [3].

Lemma 5.2. If0 < a < |d|, 0 <p < oo, then
min{|d|—o, 2} \d|
) P e
r |d|
(7)) " In(e+ ), p=g=

|d|—ex

HMdftHL (£4(0,r))

Proof. By Lemma 5.1 we get

(5) ot [ Y < [ Ry
2 eaor) (P(y) + )= = Jo e
dy

< 8dpv7§ipt|d|p/
ea0) (p(y) + 1)U

Furthermore by passing to generalized spherical coordinates (2.5) we get

1 y T Sld—1 ;
Un [ e AT
/6d(o,r) () + i = 1 /0 (7 + t)d—ap

If0<r <t then

a—ld d r r d|—1
(2t)( eyl (20)eldbe [ a1, < e, <
|d| 0 0 (7’ + t)(\d\—oc)p

r (a—ld)p, 1
St(a—wnp/ Jlaj-1g PR
0 |d|

Hence
ld|+ap » ld|+ap
g =)y, 1 gerpldl < / (MZf) ()" dy < 8w, 1 gorpldl,
Eq(0,7)

If r > t, then we consider separately three cases.

|d||d_|a, then by applying (5.10) with r = ¢ we get

a—|d T d|—1
20 el </ 7ldl .
- d|—a)p
d| o (T+1)
ldl—(dl—~o)p

B R |
/0 jd| = (|d| — a)p

1. Ifp<

hence

gleld-vp 1
S ld=(d—apldp < / (M fe)(y))" dy
|d| (% Ea(0,r)

gldlp
pldl=(dl

< —a)pyldlp.
|d| = (|d] — a)p

—a)p”

(5.10)



Boundedness of the anisotropic fractional maximal operator . .. 23

2. Ifp= ‘d“ ‘a, then

t T
9l ! —|—1n :(Zt)d/ rld=1dr 4 21 dr
|d’ 0 t T

r 7_|d|—1
< / T
y (o
b -1 P -1
- T4 T4
/0 (7 + L)l T+/t (r + o’

t r
< t|d|/ TIdlldT—i—/ d_T — i +1n f7
0 t T ’d’ t
hence

o(a—|d|-1)p |dlp

- 7 ¢l —p d P 8T r
7 <1+|d\1nt>t < /gd(om)((Maft)(y)) dy < i (e+ 7).

3. Finally, if p > [ , then
plldbp Fld Fld
—t < ———dr < —d7
d] o (7 + t)(d—p o (r + t)ld—ap
t rldl-1 r rldl-1
:/0 (7 + )(d=a d“L/t (o D= T
L a-qa- a>p+/°° -1 (d)~0)p g -
=1 !
_ (i _ 1 ) il (-
ldl|d] = (Jd| = a)p
hence

\
o(a—ld)py, T |d| 1yldl+ap </ (MEf) ()" dy
Eq4(0,7)

s (d] o)
< 8|dlpvn Id]
|d|((|d] — a)p — |d])

ldl+ap

These estimates imply the statement. O]

Proof of necessity in Theorem 5.2. Assume that, for some ¢ > 0 and for all f €
LMP1917w1

”M(;ifHLMpgﬂg,wg S CHfHLMpIGI,wI' (511)

In (5.11) take f = f, where f; is defined by (5.8). Then by (5.9) the right-hand
side of (5.11) does not exceed a constant multiplied by ¢/4/P1||w, || Ly, (t.00)- Furthermore

by Lemma 5.2 for py # d—a d‘ the left-hand side of inequality (5.11) is greater than or

equal to a constant multlphed by

|dl/p2
ta+min{|d|—067‘d‘/p2} r

wa(r) )

L92 (0,00)

(t + rymin{ld—o.ld]/p2}
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which implies the necessity of (5.7).

This argument works also for the case py = WI\L—Ia since In(e + %) > 1. O

Example 5.2 (standard parabolic case). Recall that in this case d = (1,...,1,2)
hence |d| =n+1. Thusif 1 <p; <ps <00,0<b; <y <o0,a=(n+1) <L 1),

P P2
wy € Qp, and wq € Qg,, then condition (5.7) with |d| = n+1 is necessary and sufficient
for the boundedness of M? from LM, 0, wy.a t0 LMp,0, w,.d-

Corollary 5.2. Let 1 < p; < py <00, 0 <6 <y <00, a=|[d (p% — p%), wq € Sy,
and
14l
U 5.12)
ws(r) o < 00 (5.
L, (0,00)
for allt > 0. Moreover, if 03 = o0 and 0, < oo it is also assumed that
14l
I ) ()" =0 (5.13)
Jim fleato) - -
Lo (0,00)

Then
1) M2 is bounded from LMy, 0, 1,0 to LMy0, .4, where wi is a non-increasing
continuous function on (0,00) defined by

wa(r) (tir)lzz

2) If wy € Qg, and M is bounded from LM, g, w,.a t0 LMyp, 1.4, then

. te(0,00). (5.14)

L92 (0,00)

[yl o, 1.00) = ‘

LMp101,w1,d C LMp101,wT,d- (515)

(Hence LMy, g, wrq is the mazimal among spaces LMp,g, w,a for which M¢ s
bounded from LMy, 0, w,.a t0 LM,,0, wy.4-)

Note that equality (5.14), under assumptions (5.12) and (if #; = oo and 0; < o)
(5.13), defines a non-increasing continuous function wf uniquely. In particular, if 6; =

oo, then
1|

wa(r) (tir) h

Proof. 1) Statement 1 of the theorem follows by Theorem 5.2.
2) Let wy € Qg, and M is bounded from LM, g, w, 4 10 LM,,0, 1w, .4- By Theorem 5.2
and equality (5.14) there exists ¢ > 0 such that for all ¢ > 0

wi(t) = ) t € (0,00).

Lg2 (0,00)

[Tl g, (t00) < €llwillzo, (t.00)-

Therefore, as in the proof of Lemma 2 in [8], inclusion (5.15) follows. O
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Recall that, for 0 < p < 00

1A 2ty = W F 1200

where for all x € R* W(x) = ||w||,(p(z),00)- For this reason Theorem 5.2 implies
necessary and sufficient conditions for boundedness of M? from one weighted Lebesgue
spaces Ly, w, to another one L,, w, for the case of radially non-increasing weights W,
and Ws. It is interesting to note that these conditions have the form that differs form
the known necessary and sufficient conditions discussed in detail, for example, in [16].

Corollary 5.3. Let 1 < p; < py < o0, a = [d| (L—i>, and Wy, Wy be non-

p1 P2
increasing radially symmetric functions with respect to the distance p. Then the con-

dition
lal

walr) (t:;r) )

for all t > 0, where functions wi and wo are defined by the equations

< cffwil|zy, (t.00) (5.16)
L92 (0,00)

Wi(x) = [[willL,, (p(x),00)> Wa(x) = [[wellL,, (p2)00), T € R, (5.17)

and ¢ > 0 is independent of t, is necessary and sufficient for the boundedness of M4
from Ly, w, to Ly, w,.

Example 5.3 (standard parabolic case). Recall that in this case d = (1,...,1,2).

Soif 1 < pp < p < o0, a = (n+1) (p% — p%) and W;, W, are non-increasing

radially symmetric functions with respect to the distance p, then condition (5.16) with
|d| = n+1, where functions w; and ws are defined by the equations (5.17), is necessary
and sufficient for the boundedness of M2 from L,, w, to L, w,-

In the isotropic case Corollary 5.3 was proved in [4].

6 The case of anisotropic weak Morrey-type spaces

Next we consider anisotropic local and global weak Morrey-type spaces and formulate
the results for boundedness of M2 in these spaces, which follows by the estimates of
the previous sections.

Definition 6.1. Let 0 < p,6 < oo and let w be a non-negative measurable function
on (0,00). Denote by LWM,9.,a GWM,p .4, the anisotropic local weak Morrey-type
spaces, the anisotropic global weak Morrey-type spaces respectively, the spaces of all
functions f € L;DOC with finite quasinorms

||f||LWMp0,w,(i = ||f||LWMp9,w,d(Rn) = Hw(r>||f||WLP(€d(07r))||LQ(O,OO)7

HfHGWMpg,w,d = :élﬂgl [ f(z+ ')HLWMWWd

respectively.
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Lemma 6.1. Let 1 < p; < 00, 0 < pp < 00, |d]<p—1—p%) §a<‘pil‘. Let also
Jr

0 < 0,0, <00, wy € Qy, and we € Qy,. Then the operator Mg 18 bound_ed from
LMy 0, 01,d to LW Mp,0, 0,4 if, and in the case py = 1 only if, the operator S i 1s

pP1
bounded from L, w,)(0,00) to L 11 (0, 00) on the cone A.

02, w2 (r)r P2

Proof. The proof is similar to the proof of Lemma 4.2. O]

By Lemma 6.1 and Theorem 5.4 in [4] we get

Theorem 6.1. Let 1 < p; < 00, 0 < ps < 00, |d] (pil — i) <ac< L%‘. Let also
+

P2
0 < 01,0, < o0, wy €y, and wy € Qy,.

Then the operator MS is bounded from LMy, g, w4 to LW M0, wy.a if, and in the
case py = 1 only if,

(1) if 01 < 0y and 0, < oo, then condition (5.1) holds;

(11) if O < 01 < oo, then conditions (5.2) and (5.3) hold;

(i1i) if 01 = oo, then condition (5.4) holds.

Theorem 6.2. Let 1 < p; < py, < 00, 0 < 0 <6y < o0, a—|d|<p—1—piz>,w1€§291

and wy € Qg,, then condition (5.7) is necessary and sufficient for the boundedness of
M2 from LMy 0, 1,4 t0 W LM,0, ws.d

Example 6.1 (standard parabolic case). Recall that in this case d = (1,...,1,2).

Soif 1 < p1 < py < 00,0 <6, <0y < oo, a = (n+1)<p—1—piz>,w1 € Qp, and
wy € Qy,, then condition (5.7) with |d| = n + 1 is necessary and sufficient for the

boundedness of M from LMy, w,.4 t0 W LM,,0, ws.d-

Finally we note that Corollary 5.2 holds for all 1 < p; < py < oo if the space
LMy,0, 1, 4 1s replaced by the space LW M9, w, .4 S0 LMy, 4, w4 is the maximal among
spaces LM, g, w, a for which M2 is bounded from LM, g, w4 to LWM, 92002 w3 d-

Remark 6.1. All statements of Sections 4-6 in the isotropic case d = 1 were proved

in [4].

7 Concluding remarks

The assumption made at the beginning of the paper d; > 1,7 = 1,...,n, is not essential.
One may just assume that d; > 0,7 = 1,...,n. (Under this assumption the function
p(x —y), x,y € R™ is in general a quasi-distance, not a distance, which however does
note cause any problems.) This follows since for all v > 0

szd Md

£l a0y = I fl 2, cena(o vy

and the following statement holds.
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Lemma 7.1. Let 1 < p; <py <00, 0 < by,05 < o0, wy € Qy, and wy € Qp,. Then for
v>0

M F 1| L01y o, g as LMy iy = WMo S || s v1  —LM -

p101,w1(p*)p 01 wd paba,wa(p?)p 92 vd

Proof.

M FILMys0, 0y
f’x‘ov.feLM;qu,wl,d ||f||LMp191,w1,d
lw2(r)IMe 1|, 2009 | Loy 0.00)
= sup

0, eLMy oy w0 WL FI Ly a0 126, (0,00)

||Mgf||LMp161,w1,d_>LMp262,w2,d =

-y O ol

f0,fELMy 601 w1 ,d [[wi 7“)Hf”L,,(g,,d(o,r1/v))HLel(o,oo)

v v=l vd
_ L 1/6a-1/6, sup lwa(p”)p % (| Mye Nl 2p(80a(0.00) | Loy (0.00)

v—1
Fr0fELMy 0 wya [Jwi(p7)p 0 || fI| Ly (E0a(0.0)) | Lo, (0,00)

= | MY f ae yor LM Vet

v
p161,w1(p)p 01 vd P2, wa(p¥)p 2 wd
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