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We provide some characterizations of completely prime (completely
semiprime) and 3-prime (3-semiprime) N-groups. The relationship between
a 3-prime (completely prime) N-ideal P of an N-group I' and the ideal
(P : T) of the near-ring N is investigated. Moreover, the notion of IFP
N-ideal is defined. We prove that the concept of IFP N-ideal occurs nat-
urally where N is a left permutable (left self distributive, subcommutative)
near-ring and I" a monogenic N-group. Also, we obtain some relationships
between an IFP N-ideal P of an N-group I" and the ideal (P : T") of the
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1. INTRODUCTION

Several definition of primeness have been proposed for near-rings, all of which
generalize primeness for rings. Prime ideals in near-rings have been extensively
researched by various authors. In 1970, Holcombe [9] introduced the notion of a
prime near-ring. However, due to the lack of one distributive property as well as the
fact that addition is in general non-commutative in a near-ring, he was able to define
three different concepts of primeness, which he called O-prime (or prime), 1-prime
and 2-prime. Ramakotaiah and Rao [14] defined the concepts of prime ideal of type
1, for which Groenewald [8] used the phrase 3-prime ideal, and prime ideal of type
2. In the literature the phrase completely prime (c-prime) ideal has been used for
prime ideal of type 2. Booth et al. [6] presented another generalization of prime
rings, called equiprime or e-prime. Veldsman [16] has examined equiprimeness
in depth. Prime rings, semiprime rings and their extensions to ring modules have
been researched by various authors [7, 11, 17]. Booth and Groenewald [5] gave the
definition of an equiprime N-group (near-ring module) and Tagsdemir ef al. [15]
generalized this concept to ideals of near-ring modules, called equiprime N-ideals.
Juglal ef al. [10] generalized the v-primeness, v = 0, 1, 2, 3, ¢, that were defined
in N to the N-group I'. They also provided various characterizations of prime V-
groups and showed equivalences between these characterizations. Furthermore, if
P is a v-prime N-ideal of the N-group I', they showed that the ideal (P : I') =
{n € N :nI' C P} of N is also v-prime for v = 2, 3, c. However, in some cases,
the reverse implication has created some difficulties. To overcome these problems,
they introduced the concept of a multiplication module. In this paper, we give some
results about these problems without using the concept of a multiplication module.
We show that if (P : I') is a 3-prime (completely prime) ideal of N, then the
N-ideal P of I is also 3-prime (completely prime) when N is a right permutable
near-ring and I' a monogenic /N-group. We also provide some characterizations of
completely prime (completely semiprime) and 3-prime (3-semiprime) /V-groups
and show equivalences between these characterizations. Furthermore, we obtain
some relations between 3-prime (3-semiprime) and completely prime (completely
semiprime) [V -ideals. Moreover, the notion of IFP [V-ideal is defined and attention

is drawn to the fact that the concept of IFP N-ideal occurs naturally where NV
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is a left permutable (left self distributive, subcommutative) near-ring and I" is a
monogenic N-group. Also, we obtain some relationships between an IFP N-ideal
P of an N-group I" and the ideal (P : I') of the near-ring N. We consider some
situations in which make the left ideal (P : ) of the near-ring N into an ideal of
N for each v € T" where P is an N-ideal of an N-group I'. We provide examples
to illustrate our results.

2. PRELIMINARIES

N will always denote a right near-ring. It is assumed that the reader is familiar with
the basic definitions of right near-ring, zero-symmetric near-ring, ideal, N-group
and N-subgroup (cf. [13]).

Definition 1 — We recall from Holcombe [9], Groenewald [8] and Booth [6];
anideal P < N is v — prime, if for A, B C N with

A, Bidealsof Nifv =20
A, B left ideals of N if v = 1

A, B N-subgroups of N if v = 2, the inclusion AB C P implies A C P or
BCP.

An ideal P of a near-ring N is called a 3-prime ideal if for all a,b € N,
aNb C Pimpliesa € Porb € P. If forall a,b € N, ab € P implies a € P
orb € P, then P < N is called a completely prime ideal [14]. P <1 N is called
an equiprime ideal, if € N\ P and z,y € N such that anx — any € P for all
n € N, then x — y € P ([6], Proposition 2.2). If the zero ideal of N is v-prime
(v=20,1,2,3,c,e), then N is called a v — prime near-ring. It is already known
that if P < IV, then P is completely prime = P is 3-prime = P is 2-prime,
P is 1-prime = P is O-prime and P is 2-prime = P is 1-prime when N is
zero-symmetric. Furthermore, any equiprime ideal is 3-prime [16]. Also playing
a role in this paper are the identities: If for all a,b,c € N, abc = acb (resp.
abc = bac), then N is called a right permutable (resp. left permutable) near-ring
[4]. If abc = abac, then N is called a left self distributive-LSD-near-ring [3].
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Birkenmeier and Heatherly [3] showed that 3-prime ideals in an LSD near-ring are

also completely prime.

Definition 2(cf. [1]) — An ideal P of a near-ring N is called an [ F'P ideal if
it is provided that ab € P for all a,b € N implies anb € P foralln € N.

Furthermore, Atagiin [1] proved that if P is an IFP ideal and a 3-prime (3-
semiprime) ideal of N, then P is a completely prime (completely semiprime)
ideal. In [2] Atagiin and Groenewald considered the interconnections of com-
pletely prime, 3-prime and equiprime ideals in right permutable, left permutable

and medial near-rings.

A normal subgroup A of an N-group I is called an N-ideal of T (A <1 T') if
Vy eT,Vo € A,Vn € N:n(y+9) —ny € A[13].

I is called monogenic if there exists v € I" such that Ny = {zy: 2z € N} =
I
Let A, B be subsets of I'. Then the Noetherian quotient (A : B)y is defined as the
set{n € N:nB C A}.

Throughout this paper, N will always denote a zero-symmetric near-ring and
I" a left NV-group.

Definition 3 (cf. [10]) — Let P <1y I' such that NI' € P. Then P is called:

a) 0-prime if for an ideal A of N and an N-ideal B of T', AB C P implies
A’ C Por B C P.

b) 1-prime if for a left ideal A of NV and an N-ideal B of I', AB C P implies
A’ C Por BC P.

c) 2-prime if for a left V-subgroup A of N and an N-subgroup B of I', AB C
P implies AI' C Por B C P.

d) 3-prime if n Ny C P implies thatnl' C Pory € Pforn € Nandy €.

e) completely prime (c-prime) if ny € P implies that nI' C P or v € P for
ne Nandvyel.
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I is said to be a v-prime N-group (v = 0,1,2,3,¢) if NI' # 0 and 0 is a
v-prime N-ideal of T'.
We state the following results from [10, 15] which will be used in this paper.

Proposition 1 ([10], Proposition 1.7) — Let P <iiy I'. Then P is completely
prime = P is 3-prime = P is 2-prime =—> P is O-prime.

Corollary 1 ([10], Corollary 1.8) — If I' is an N-group, then I' is completely
prime = I is 3-prime == I" is 2-prime == I" is O-prime.

In general, a 3-prime NV -ideal need not to be a completely prime /N-ideal. How-

ever, in [15] the authors gave the following proposition.

Proposition 2 ([15], Proposition 4.3) — Let N be a right permutable near-ring
and P <y I'. Then P is a completely prime N-ideal if and only if P is a 3-prime
N-ideal.

As in the case of prime NN -ideals, the concept of semiprimeness is generalized

from N to N-group T.

Definition 4 (cf. [10]) — Let P be an N-ideal of an N-group I such that
NI ¢ P. Then P is called

a) 0-semiprime if AT CP implies that AT" C P for all ideals A of N;
b) 1-semiprime if A’T' C P implies that A" C P for all left ideals A of V;

¢) 2-semiprime if A" C P implies that AI' C P for all N-subgroups A of
N;

d) 3-semiprime if aNay C P implies that ay € P foralla € N and v € T};
e) completely semiprime (c-semiprime) if a>y € P implies that ay € P for

alla € Nand~v €T.

I is said to be a v-semiprime N-group (v = 0,1,2,3,¢) if NT' # 0 and 0 is a

v-semiprime N-ideal of I'.
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Proposition 3 ([10], Proposition 2.6) — Let P be an N-ideal of I'. Then P
is completely semiprime = P is 3-semiprime =—> P is 2-semiprime —> P is

1-semiprime = P is 0-semiprime.

3. ON DIFFERENT (SEMI) PRIME N-GROUPS

We provide some characterizations of completely prime (completely semiprime)

and 3-prime (3-semiprime) N-groups.
Theorem 1 — Let N # P <0 N. Then the following are equivalent:
(a) P is a completely prime ideal of N.
(b) There is a completely prime N-group I" with P = (Op : I') v.

PROOF : (a)=-(b) Let P be a completely prime ideal of N and ' = N/P.
Then I' is an N-group with the natural operations. Let p € P and z € N. Then
p(x+ P) = px+ P = P, since pxr € P. Hence, P C (Op : I') y. Now assume that
x € (Op : I')y. Then N C P which implies « € P, since P is also a completely
semi-prime ideal of N and N C P implies < x >2C P. Hence, P = (O : )N
We need to show that I is a completely prime N-group. Let x(m + P) = P for
x € Nand m + P € N/P. We must show that tN/P = Porm + P = P. If
m € P, then we are done. So suppose m ¢ P. Since z(m + P) = P whence
xm € P and since P is a completely prime ideal of N, x € P. Then zn € P for
all n € N, since P is an ideal of N. Hence x(n + P) = P foralln € N, i.e.
xN/P = P.

(b)=>(a) Suppose I is a completely prime N-group and P = (Op : I')n.
Let z,y € N such that xy € P. Then xyy = Op for all v € I'. Since I is
completely prime and yy € I, xyy = Or implies zI' = Op or yy = Op. If
2l = Op, thenx € (Op : I')y = P. If yy = Op for all v € T, then yI' = Or i.e.
y € (Op : T')y = P. Therefore P is completely prime.

The following proposition shows that similar characterization exists for 3-

prime N-groups.
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Proposition 4 ([10], Proposition 1.25) — Let N % P <1 N. Then the following

are equivalent:
a) P isa3-prime ideal of N.

b) There is a 3-prime N-group I" with P = (Op : ') v.

Corollary 2 — Let 0 # N be a near-ring. Then the following are equivalent:
a) N is completely prime (resp. 3-prime).

b) There exists a faithful completely prime (resp. 3-prime) N-group I'.

PROOF : It follows from Theorem 1 and Proposition 4.

In the semiprime case, similar characterizations hold:

Proposition 5— Let N # P <1 N. Then the following are equivalent:
a) P is a completely semiprime ideal of V.

b) There exists a completely semiprime N-group I" such that P = (Op : ') .

PROOF : (a) =>(b) Let ' = N/P. Then I is an N-group with the natural
operations. Since P is an ideal of NV, we have P C (Or : I') 5. Now suppose that
x € (Op : I')y. Then N C P which implies € P, since P is a completely
semi-prime ideal of N. Hence, P = (Or : I') ;. Now, we need to show that I is
completely semiprime. Suppose 2 € N and m+ P € N/P such that 2?(m+P) =
P. Then z?m € P. The fact that P is a completely semiprime ideal implies
that it is an IFP ideal has already been proved in ([1], Proposition 3.5). Hence,
rxm = x?m € P implies that tmam € P for all m € N since P is an IFP ideal.
Furthermore, since P is completely semiprime, xm € P, and hence it follows that
x(m + P) = xm + P = P. Therefore, I is a completely semiprime N-group.

(b)==(a) Suppose = € N such that 22> € P = (Op : I')y. Then 2%y = Op
for all v € I'. Since I' is a completely semiprime N-group, xy = Or forall v € I’
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which implies that z € (Op : ')y = P. Thus, P is a completely semiprime ideal
of N.

Proposition 6 — Let N # P <1 N. Then the following are equivalent:
a) P isa3-semiprime ideal of V.

b) There exists a 3-semiprime N-group I" such that P = (Op : ') v.

PROOF : (a)==>(b) Let ' = N/P. Then I" is an N-group with the natural
operations. Letp € P and x € N. Then p(x + P) = px + P = P, since
pxr € P. Hence, P C (Op : I') ;. Now suppose x € (Op : I') ;. Then zn + P =
z(n+ P) = Pforalln € Nie. N C P. Hence, tNx C P. Since P is
3-semiprime, we have x € P, whence it follows that P = (Or : I') ;. We need to
show that I is a 3-semiprime N-group. Leta € N and = + P € N/P such that
aNa(x + P) = P. Then aNax C P. If a(x + P) = P, then we are done. So
suppose a(xz + P) # P. Then there exists n € N such that aznaz ¢ P, since
ax ¢ P and P is a 3-semiprime ideal of V. But, this contradicts that aNax C P.
Therefore a(xz + P) = P and hence I' is a 3-semiprime N-group.

(b)=>(a) Let x € N such that tNz C P = (Op : I')y. Then xNzy = Op
forall v € I' . Since I' is a 3-semiprime N-group, z7y = Or for all v € I'. Hence,
x € (0p : ')y = P, whence P is a 3-semiprime ideal of V.

Corollary 3 — Let 0 # N be a near-ring. Then the following are equivalent:
a) N is completely semiprime (resp. 3-semiprime).

b) There exists a faithful completely semiprime (resp. 3-semiprime) /N-group
r.

PROOF : If we replace P by the 0 ideal, then the result follows from Proposition

5 and Proposition 6.
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4. v-PRIME IDEALS AND v-PRIME N-DEALS

If P <y T, we recall that P = (P : T) is an ideal of N. If P is a v-prime N-ideal,
v =0,1,2,3, c, then does this imply that Pisalso a v-prime ideal of N? Juglal et
al. [10] investigated this in the proposition that follows:

Proposition 7 ([10], Proposition 1.16) — Let P be an N-ideal of I
(a) If P is a 2-prime N-ideal of I, then Pisa 2-prime ideal of N.
(b) If P is a 3-prime N-ideal of I, then Pisa 3-prime ideal of V.
(c) If P is a c-prime NN-ideal of I, then Pisa c-prime ideal of V.

Whether the converses of the statements in the above proposition hold is still
an open question. The converse relation turns out to be problematic in many situ-
ations, especially since it is difficult to construct an N-ideal of I" by starting with

an ideal of N. However, we do have the following observation:

Proposition 8 — Let N be a right permutable near-ring, I' a monogenic N-
group and P <y I" be such that NI' € P. If (P : ') is a 3-prime ideal of N, then
P is a 3-prime N-ideal of T.

PROOF : Suppose that (P : I") is a 3-prime ideal of N and aN~ C P fora € N
and v € I". We need to show that aI’ C P or v € P. Suppose al' Z P and vy ¢ P.
Ifal’ Z P, thena ¢ (P : I'). On the other hand, since I" is monogenic, there exists
Yo € I' such that Nyg = I'. Hence, v = a7 for some x € N. If v ¢ P, then
xy0 = ¢ P, which implies 2 ¢ (P : yy) 2 (P :I'). Hence x ¢ (P : I'). Since
a¢ (P:T)andz ¢ (P :T)itfollows thataNz € (P :T') = (P : Nvp) because
(P : I') is 3-prime. Then there exists n € N such that aNznyy € P which
implies that aNny = aNnxzyy = aNznyy € P, since N is right permutable.
However, this contradicts with aNy C P, since aNny C aN~ C P. Therefore,
P is a 3-prime N-ideal of T

Corollary 4 — Let N be a right permutable near-ring, I' a monogenic /N-group
and P < I" be such that NI' ¢ P. If (P : I) is a completely prime ideal of IV,
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then P is a completely prime N-ideal of T".

PROOF : Assume that (P : I') is a completely prime ideal of N. It is known
that any completely prime ideal is also 3-prime. Therefore (P : T') is 3-prime.
Furthermore, under assumptions, P is 3-prime by Proposition 8. Hence, P is com-

pletely prime from Proposition 2 which completes the proof.

Lemma 1 ([15], Lemma 2.3) — Let N be a zero-symmetric near-ring and I" be
an N-group. If P <y I', then NP C P.

It is known that any completely semiprime /N-ideal is also 3-semiprime by
Proposition 3. But, the converse does not hold in general. Finally, we conclude
this section with the following relationships between 3-semiprime and completely

semiprime N -ideals:

Proposition 9 — Let N be a left permutable near-ring and P <ly I'. Then P is
a completely semiprime N-ideal if and only if P is a 3-semiprime [V -ideal.

PROOF : By Proposition 3 if P < I' is completely semiprime then it is 3-
semiprime. Assume N is left permutable and P is 3-semiprime. Let a € N and
v € T such that a?>y € P. Then Na?y C NP C P by Lemma 1. Furthermore,
aNay = Naay = Na?y C P since N is left permutable. Hence, we have
a7y € P, since P is 3-semiprime, whence P is completely semiprime.

Proposition 10 — Let N be an LSD near-ring and P <)y I'. Then P is a

completely semiprime /NV-ideal if and only if P is a 3-semiprime N-ideal.

PROOF Suppose that P is a 3-semiprime N-ideal and a?>y € P fora € N and
v € I'. We need to show that ay € P. Since N is LSD, aNay = aNaay =
aNa?y C P by Lemma 1. Hence, ay € P since P is 3-semiprime. Therefore,
P is completely semiprime. Conversely, if P is completely semiprime, it is also

3-semiprime by Proposition 3.
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5. IFP N-IDEALS

N is said to fulfil the insertion-of-factors property (IFP) provided that for all a, b, n €
N: ab = 0 implies anb = 0. Such near-rings are called IFP near-rings [14]. If
P<N and N/P is an IFP near-ring, then the ideal P is called an IFP ideal of NV [1].
With the following definition we extended the concept of IFP ideals of near-rings
to N-ideals of N-groups.

Definition 5 — Let P <1y I such that NI' ¢ P. Then P is called an /FP
N-ideal if it is provided that ay € P foralla € N and v € I' implies any € P
forallm € N.

I" is said to be a IFP N-group if NI' # 0 and O is an IFP N-ideal of I'. We
investigate the relationships between 3-prime (resp. 3-semiprime) /N-ideals and

completely prime (resp. completely semiprime) /V-ideals.

Proposition 11 — Let P be an IFP N-ideal of I'. Then P is completely prime
if and only if P is 3-prime.

PROOF : By Proposition 1 if P is completely prime then it is 3-prime. Suppose
P is a 3-prime N-ideal. Let a € N and v € I" such that ay € P. Then any € P
for alln € N, since P is IFP. Hence a N+ C P; whence it follows that al' C P or

~v € P because P is 3-prime. Therefore, P is completely prime.

Example 1 : Let N = {0,1,2,3,4,5,6,7} is the near-ring listed in ([13], p.
418) and has addition and multiplication tables as given in Table 1.

Let I' = N as an N-group with the natural operation. It is straightforward to
check that P = {0,2,5,7} is an N-ideal of I. Furthermore, P is an IFP N-ideal
of I'. Also, P is 3-prime and completely prime.

Proposition 12 — Let P be an IFP N-ideal of I'. Then P is completely

semiprime if and only if P is 3-semiprime.

PROOF : Assume that P is 3-semiprime. Let a € N and v € I’ such that
a®y € P. We need to show that ay € P. Since P is an IFP N-ideal, anay € P for
alln € N. Hence, alNay C P which implies that ay € P since P is 3-semiprime.
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Table 1: Addition and Multiplication Tables of N

+]10 1 2 3 4 5 6 7 .10 1 2 3 4 5 6 7
0j0 1 2 3 4 5 6 7 0j0 0 0 0O OO 0O
1|1 2 3 0 5 6 7 4 110 1 2 3 4 5 6 7
212 3 01 6 7 45 20 2 0 2 0 O O O
33 01 2 7 4 5 6 3]0 3 2 1 4 5 6 7
414 7 6 5 0 3 2 1 410 4 2 6 4 0 6 2
515 4 7 6 1 0 3 2 5/0 5 05 05 05
66 54 7 2 1 0 3 6/0 6 2 4 4 0 6 2
717 6 5 4 3 2 1 0 7170 7 0 7 0 5 0 5

Therefore, P is completely semiprime. Conversely, if P is completely semiprime,
it is also 3-semiprime by Proposition 3.

Example 2 : Consider the near-ring (N, +,.) in Example 1. Let ' = N as
an N-group with the natural operation. It is straightforward to check that P =<
2 >={0,2} is an N-ideal of I". Furthermore, P is an IFP N-ideal of I'. It can be
easily seen that P is completely semiprime and 3-semiprime. However, P is not 3-
prime, since 4AN5 = {0} C Pbut5 ¢ P and 4" = {0,2,4,6} Z P. Therefore, P
is not completely prime. Also, P is an example of N-ideal which is 3-semiprime
(completely semiprime) but not 3-prime (completely prime). Furthermore, this
example shows that the IFP condition on N-ideals does not guarantee existence of

3-primeness or completely primeness of the N-ideal.

Before we prove the next proposition we give the definition of a subcommuta-

tive near-ring.

Definition 6 (cf. [12]) — A near ring NV is said to be subcommutative if a/N =
Na foreach ain N.

The following propositions show that the concept of IFP N-ideal occurs natu-

rally where N is a left permutable (left self distributive, subcommutative) near-ring
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and I' is a monogenic N-group.

Proposition 13 — Let N be an arbitrary near-ring, I' a monogenic N-group
and P an N-ideal of I'. If N is left permutable, then P is an I[FP N-ideal.

PROOF : Leta € N and v € I' such that ay € P. Since I' is monogenic,
there exists 79 € I such that Nvy9 = I'. Hence, v = x~g for some x € N. Then
any = anxyy = naxyy = navy, since NN is left permutable. Also, if NV is left
permutable, then it is also zero-symmetric. Hence, any = nay € NP C P by
Lemma 1, whence P is an IFP N-ideal.

Proposition 14 — Let N be a near-ring, I' a monogenic N-group and P an
N-ideal of I'. If N is LSD, then P is an IFP N-ideal.

PROOF : Leta € N and v € T such that ay € P. Since I' is monogenic, we
have v = 29 for some z € N. Then any = anxyy = anaxyy = anay since N
is LSD. Hence any = anay € NP C P by Lemma 1; whence P <iy I" is IFP.

Proposition 15 — Let N be an arbitrary near-ring, I' a monogenic N-group
and P an N-ideal of I'. If N is subcommutative, then P is an IFP N-ideal.

PROOF : Assume ay € P fora € N and v € I'. Since I' is monogenic, we
have v = g for some x € N. Then any = anzyy = maxyy = may for some
m € N since N is subcommutative. Furthermore, if N is subcommutative, then it
is zero-symmetric. Hence, any = may € NP C P by Lemma 1. Therefore, P is
an IFP N-ideal.

Remark 1 : The converses of Proposition 13, 14, 15 do not hold in general.
For example, if we consider the near-ring N and the N-ideal P = {0,2} of I" =
N from Example 1, then I' is a monogenic N-group and P is an IFP N-ideal.
However, N is not a left permutable near-ring since 6.4.3 # 4.6.3. Furthermore,

N 1s not LSD and subcommutative.

It is quite clear that if I" is an N-group and P <1y I', then (P : ) is a left ideal
of N for each v € T'. But, (P : ) is not an ideal of N in general. However, we

have the following:

539
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Proposition 16 — Let P <y T

(a) N is an arbitrary subcommutative near-ring,

(b) N is an arbitrary left permutable near-ring and I' a monogenic N-group,
(c) N is an LSD near-ring and I" a monogenic /V-group,

If one of these conditions hold, then (P : ) is an ideal of IV for each v € I".

PROOF : (a) Since (P : 7) is a left ideal of NV, we need to show that (P :
¥)N C (P : ~) for each v € I'. Suppose that N is a subcommutative near-ring.
Letn € Nanda € (P : ). Then ay € P. Hence, any = n'ay for some n' € N
since N is subcommutative. If V is subcommutative, then it is clear that IV is zero-
symmetric. Hence, NP C P by Lemma 1. Therefore, any = n/cw e NPCP
which implies that an € (P : ). Hence, (P : ) is an ideal of V.

(b) Assume N is left permutable and I" is monogenic. Letn € N anda € (P :
7). Then we have ay € P. Since I is monogenic, there exists 79 € I' such that
N~ = I. Hence, v = n'~o for some n' € N. Then any = ann'vg = nan' vy =
navy, since N is left permutable. Hence any = nay € NP C P by Lemma 1.
Thus, any € P which implies that an € (P : «). Hence, (P : ) is an ideal of N.

(c) The LSD case follows similarly.

Example 3 : Consider the near-ring (N, +, .) in Example 1. M = {0,2,5,7}
is a subnear-ring of N. Since Ma = aM for each a € M, M is a subcommutative
near-ring. Consider the M-group I' = M. Then, P = {0,2} is an M-ideal of T".
Furthermore, (P : 0) = (P :2) = M and (P : 5) = (P : 7) = P are ideals of M.
Therefore, (P : ) is an ideal of M for each v € I". M is also left permutable and
LSD.

Proposition 17— If P is an IFP N-ideal of I, then (P : I') is an IFP ideal of
N.

PROOF : If P <1y I, we recall that (P : I') is an ideal of N. Letab € (P : I)
for a,b € N. Then abl' C P namely, aby € P for all v € I'. Hence, anby € P
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for all n € N since P is IFP and by € T'. Therefore, anb € (P : T') foralln € N
which implies that (P : I") is an IFP ideal of N.

Proposition 18 — Let P be an N-ideal of I'. Then P is an IFP N-ideal of I if
and only if (P : ) is an IFP ideal of N for eachy € T".

PROOF : Suppose P is an IFP N-ideal of I'. Since (P : ) is a left ideal of NV,
firstly we need to show that (P : v)N C (P : «y) foreachy € I'. Leta € (P : 7)
and n € N. Then ay € P. Since P is IFP, any € P which implies that (P : )
is an ideal of N. Let a,b € N such that ab € (P : «y). We need to show that
anb € (P : ) foralln € N. Since ab € (P : ), we have aby € P. Hence,
anby € P for all n € N since P is an IFP N-ideal and by € I'. Therefore,
anb € (P : ) for all n € N which implies that (P : -y) is an IFP ideal of N. On
the other hand, assume (P : ) is an IFP ideal of N. Leta € N and v € IT" such
that ay € P. Thena € (P : 7). Since (P : 7y) is an ideal of N it follows that
an € (P : ) forall n € N. Therefore, any € P for all n € N implies that P is
an IFP N-ideal of I'.

Corollary 5 — T is an IFP N-group if and only if (0 : ) is an IFP ideal of NV
foreachy € T'.

PROOF : If we replace P by the 0 ideal, then the result follows from Proposition
18.
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