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COMMUTATORS OF INTRINSIC SQUARE
FUNCTIONS ON GENERALIZED MORREY SPACES

Abstract
We study the boundedness of intrinsic square functions including the Lusin
area integral, Littlewood-Paley g-function and g -function and their commuta-
tors on generalized Morrey spaces M®#(R™). In all the cases the conditions for

the boundedness are given either in terms of Zygmund-type integral inequalities
on o(x,r) without assuming any monotonicity property of ¢(x,r) on r.

1. Introduction

It is well-known that the commutator is an important integral operator and it
plays a key role in harmonic analysis. In 1965, Calderon [2], [3] studied a kind
of commutators, appearing in Cauchy integral problems of Lip-line. Let K be a
Calderén-Zygmund singular integral operator and b € BMO(R"™). A well known
result of Coifman, Rochberg and Weiss [9] states that the commutator operator
b, K|f = K(bf) —bK f is bounded on LP(R") for 1 < p < co. The commutator of
Calderon-Zygmund operators plays an important role in studying the regularity of
solutions of elliptic partial differential equations of second order (see, for example,
6-18], [51, [10], [11]).

The classical Morrey spaces were originally introduced by Morrey in [24] to study
the local behavior of solutions to second order elliptic partial differential equations.
For the properties and applications of classical Morrey spaces, we refer the readers
to [10], [11], [15], [24].

The intrinsic square functions were first introduced by Wilson in [29], [30]. They
are defined as follows. For 0 < o < 1, let C,, be the family of functions ¢ : R* — R
such that ¢’s support is contained in {x : [z| < 1}, [p. ¢(x)dz = 0, and for z, 2’ €
R™

|b(x) — ¢(@)] < |o — 2’|
For (y, t) € R™™ and f € LY¢(R™) | set

Auf(t, y) = sup |f = ¢4(y)l,

¢eCyq

where ¢,(y) = t_”qb(%) . Then we define the varying-aperture intrinsic square

(intrinsic Lusin) function of f by the formula

G (1)) = ( J [ At g )

where T's(z) = {(y, t) € R : |z — y| < Bt}. Denote Go1(f) = Galf) -

This function is independent of any particular kernel, such as Poisson kernel. It
dominates pointwise the classical square function(Lusin area integral) and its real-
variable generalizations. Although the function G4 g(f) is depend of kernels with
uniform compact support, there is pointwise relation between G, g(f) with different

0:

Gop(f)(x) < B3 HCa(f)(x) .
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We can see details in [29].
The intrinsic Littlewood-Paley g-function and the intrinsic gy function are de-

fined respectively by
1
o dt\ 2
it @) = ([ (at.07 )

. t nA dydt\ *
0= foo (i) oror )

In [29], Wilson proved the following result.

Theorem A. Let 1 <p < oo and 0 < a < 1. Then the operators G, and g}“\ya
are bounded from LP(R™) into itself for p > 1 and from LY(R™) to W L*(R™).

Moreover, Huang and Liu [12] studied the boundedness of intrinsic square func-
tions on weighted Hardy spaces. Moreover, they characterized the weighted Hardy
spaces by intrinsic square functions. In [27] and [28], Wang and Liu obtained some
weak type estimates on weighted Hardy spaces. In [26], Wang considered intrinsic
functions and the commutators generated with BMO functions on weighted Morrey
spaces. Let b be a locally integrable function on R™ Setting

9

Aa,bf(tv y) = sup
$€Ca

[ @) =ty - 1)z

the commutators are defined by

b, Gl () = ( IR )

[b,gi,a]f(@:( / /RM ( t+|;—y| )A"( Ao f(t,y)fffff)é

A function b € LY¢(R™) is said to be in BMO(R") if

1o !
= Ssup ————
z€R™, >0 ’B(.%‘,T’)’ B(z,r)

[un

and

|b(y) - bB(:c,r)’dy < o0,

where bp(, ) = m fB(I’T) b(y)dy.

In [26], Wang proved the following result.

Theorem B. Let 1 < p < 00, 0 < o« <1 and b € BMO(R"). Then the
commutator operators [b,Go| and [b, g3 | are bounded from LP(R") into itself.

In this paper, we will consider the boundedness of the operators Ga, ga; 9 ,
and their commutators on generalized Morrey spaces. Let ¢(x, r) be a positive
measurable function on R x R;. For any f € L} (R™) , we denote by MP?(R™)
the generalized Morrey spaces, if

_1
| fllaree = (1 f | aeemny = sup O<P(l’7 ) B@, )7 | f e (B < o©-
TzER™ r>
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There are many papers discussed the conditions on ¢(z, ) to obtain the boundedness
of operators on the generalized Morrey spaces. For example, in [14] (see, also [15]),
by Guliyev the following condition was imposed on the pair (¢, ¢,) :

| ewn < cean) 1)

where C' > 0 does not depend on = and r. Under the above condition, they obtained
the boundedness of Calderén-Zygmund singular integral operators from MP#1(R")
to MP¥2(R™). Also, in [1] and [17], Guliyev et. introduced a weaker condition: If
1 < p < 00, there exits a constant C' > 0, such that, for any x € R™ and r > 0,

o ess inf ¢ (z, s)s%
J

t<s<ootﬂ+1 dt < C py(z,7). (2)
P

If the pair (¢, ¢,) satisfies condition (1)), then (¢, p5) satisfied condition (2)). But
the opposite is not true. We can see remark 4.7 in [17] for details.

In this paper, we will obtain the boundedness of the intrinsic function, the in-
trinsic Littlewood-Paley g function, the intrinsic g} function and their commutators
on generalized Morrey spaces when the pair (¢, ¢,) satisfies condition (2) or the
following inequalities,

o0 o\ ess inf o (z, s)s%
1+41In- | == dt < C oy, 1), (3)
r r ot

where C does not depend on z and r. Our main results in this paper are stated as
follows.

Theorem 1.1. Let 1 < p < o0, 0 < a <1 and (p;,p,) satisfies condition (2).
Then the operator G, is bounded from MP¥1(R™) to MP¥2(R™) for p > 1 and from
MY21(R™) to W Mb#2(R™).

Theorem 1.2. Let 1 <p<oo, 0 <a <1, A>3 —l—% and (1, pq) satisfies

condition (2). Then the operator g3 , is bounded from MP#1(R") to MP*2(R") for
p > 1 and from M1%1(R™) to WM#2(R").

Theorem 1.3. Let 1 <p < o0, 0 < a <1,b€ BMO and (py,9,) satisfies
condition (3). Then [b,G4] is bounded from MP¥1(R™) to MP¥2(R™).

Theorem 1.4. Let 1 < p < oo, 0 < a<1,be BMO and (py,p,) satisfies
condition (3), then for X > 3+ %, [b,g3 ,] is bounded from MP#1(R") to MP*#2(R™).

In [29], the author proved that the functions G, f and g, f are pointwise com-
parable. Thus, as a consequence of Theorem 1.1 and Theorem 1.3, we have the
following results.

Corollary 1.5. Let 1 <p < o0, 0 < a <1 and (p;,p,) satisfies condition (2),
then go is bounded from MP#1(R™) to MP¥2(R™) for p > 1 and from M“%1(R") to
W Mbe2(R™),

Corollary 1.6. Let 1 < p < oo, 0 < a <1,b€ BMO and (py,9,) satisfies
condition (3), then [b, go| is bounded from MP¥1(R™) to MP%2(R™).

Throughout this paper, we use the notation A < B to mean that there is a posi-
tive constant C' independent of all essential variables such that A < C'B. Moreover,
C may be different from place to place.
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2. Preliminaries
We are going to use the following result on the boundedness of the Hardy operator

(Ho)t) = 1 [ ar)dulr). 0< t <o,

where 4 is a non-negative Borel measure on (0, c0).
Theorem 2.1 [4]. The inequality

ess supw(t)Hg(t) < cess supv(t)g(t)
t>0 t>0

holds for all functions g non-negative and non-increasing on (0,00) if and only if

t
A :=sup w(t) / dp(r) < 00,
>0 t Jo esssupu(s)

0<s<r

and ¢ = A.
We also need the following statement on the boundedness of the Hardy type
operator

(H1g)(t) := 1/(: In (e + ;) g(r)du(r), 0 <t < oo,

where 1 is a non-negative Borel measure on (0, 00).
Theorem 2.2
The inequality
ess supw(t)Hig(t) < cess supv(t)g(t)
>0 >0

holds for all functions g non-negative and non-increasing on (0,00) if and only if

t) [ t d
Al::supm ln<e+7>¢<oo,
t>0 0 r/ ess sup v(s)

0<s<r

and c = Aj.
Note that, Theorem 2.2 can be proved analogously to Theorem 4.3 in [16].

Definition 2.3. BMO(R") is the Banach space modulo constants with the norm
I Il defined by

1
1ol = sup

- b y — b . dy < OO,
zernr>0 |B(x,7)] B(%T)’ (v) B(z, )’

where b € L°¢(R™) and

1

- b(y)dy.
LB($7TN lﬂxm)( )

bBﬁmﬂ =

Remark 2.4. (1) The John-Nirenberg inequality : there are constants Cf,
Cy > 0, such that for all b € BMO(R™) and 5> 0

{z € B : |b(z) —bg| > B} < C1|Ble~ /bl vB c R,



Proceedings of IMM of NAS of Azerbaijan 37
[Commutators of intrinsic square...|

(2) For 1 < p < oo the John-Nirenberg inequality implies that

1
1 P
18]l = sup (- / b(y) — balPdy )" (4)
B \IBl| /B

(3) Let f € BMO(R™). Then there is a constant C' > 0 such that

t
‘fB(a:,r) — fB(:c,t)‘ < CHfH*]n; for 0 < 2r <t, (5)

where C is independent of f, z, r and t.

The classical Morrey spaces MP* were originally introduced by Morrey in [24]
to study the local behavior of solutions to second order elliptic partial differential
equations. For the properties and applications of classical Morrey spaces, we refer
the readers to [13], [21].

We denote by MP* = MP*R") the Morrey space, the space of all functions
f € LP1°¢(R™) with finite quasinorm

_2
HfHMPv\ = S}Llp re HfHL”(B(x,r))’

z€R™, r>0

where 1 <p<ooand 0 <\ <n.

Note that MP? = LP(R™) and MP" = L®(R"). If A < 0 or A > n, then
MP* = O, where O is the set of all functions equivalent to 0 on R”.

We find it convenient to define the generalized Morrey spaces in the form as
follows.

Definition 2.5. Let ¢(x,r) be a positive measurable function on R™ x (0,00)
and 1 < p < oo. We denote by M, , = M, ,(R") the generalized Morrey space, the
space of all functions f € LLOC(R”) with finite quasinorm

_1
£t = sup o(a, )~ B, r)| "7 | fllL, @)
zeR™,r>0

Also by WM, , = WM, ,(R™) we denote the weak generalized Morrey space of all
functions f € WL;,OC(R”) for which

_1
1w, , = sup OsO(x,r)‘l Bz, )| 7 [[fllwi, (@) < oo
TcER™,r>

According to this definition, we recover the spaces M, y and WM, y under the
A—n
choice p(z,r) =71 7 :

Mp)\ = Mpm

A—n,

‘«:(m):r v

WM,., = WMW) .
plzr)=r P
In [14]-[18], [22], [23] and [25] there were obtained sufficient conditions on ¢;
and ¢y for the boundedness of the maximal operator M and Calderén-Zygmund
operator from M, , to M,,,, 1 < p < oo . In [25] the following condition was
imposed on ¢(z,7):
co(a,r) < pa,t) < cp(z,r) (6)
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whenever r <t < 2r, where ¢(> 1) does not depend on ¢, r and z € R", jointly with
the condition:

& dt
pla ) < Coolo, ), 7)
'
for the singular integral operator T', where C'(> 0) does not depend on r and x € R™.
3. Proofs of main theorems

Before proving the main theorems, we need the following lemmas.
Lemma 3.1 [26]. For j € Z., denote

G (P)) = < A )

Let 0 <a<1land 1 <p<oo. Then any j € Z,, we have

1Gazs (Dlize < 2 (549) |Gl F)ll1e-

This lemma is easy from the following inequality which is proved in [29].

Gop(f)(@) < BEFTCa(f)(@).

By the similar argument as in [3], we can get the following lemma.

Lemma 3.2 Let 1 < p < o0 and 0 < o < 1, then the commutators [b,G,] is
bounded from LP to itself whenever b € BMO.

Now we are in a position to prove theorems.

Lemma 3.3 Let 1 <p< oo and 0 < a < 1. Then, for p > 1 the inequality

1Gaflliris) S5 / 1l (Baay 5t

2r

holds for any ball B = B(xzo,r) and for all f € LY (R™).
Moreover, for p =1 the inequality

1Gaflwiis) S / 1ot oy £,

holds for any ball B = B(xo,r) and for all f € L} (R").

Proof. The main ideas of these proofs come from [14]. For arbitrary = € R",
set B = B(xo,r), 2B = B(xo,2r). We decompose f = fi + f2, where fi(y) =
fWxap (W), faly) = f(y) — fi(y). Then,

1Gafllir(B@or)) < GafillieB@or)) + 1GatellirB@or)) =1 + 11
First, let us estimate I. By Theorem A, we can obtain that
I < ||Gafillee S M fillee = [l Lr@B)- (8)
On the other hand,

® dt n o0 _n_
oo = ¥ 1 e [ = <% [ W lasianny 5 @
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Therefore from (8) and (9) we get

I's “’/2 1f oo Bao.ey 7 dt. (10)

Then let us estimate II.

—n y—=z .
t /y_zgt o( ; Vfa(2)dz| <t /|y_2|st | fo(2)|dz.

Since = € B(xo,r), (y,t) € I'(x), we have |z — x| < |z —y| + |y — x| < 2t, and

|f2 % P (y)] =

r<lz—axo|—|zo—x| <|r—z| <|v—y|l+|y— 2| <2t

So, we obtain

dydt
tn+1 —

o=\ | [,

2
dydt
fo(2)|dz
/t>r/2 /|z—y|<t </IZ—z§2t| 2( )‘ t3n+1
? dt
S fo(2)dz | ——
/t>7"/2 </|2x|§2t| (2l ) t2ntl

1
By Minkowski and Hélder’s inequalities and |z — x| > |z — x| — |20 — x| > 5\,2 — x|,

- / L

N|=

N

we have

g \? 1£(2)
Gafo(r) S /n </t>|z21| t2”+1> |fa(2)|dz S /|z:co|>27“ |z_x|ndz N

oo dt
sf Mo [ e[ e
|z—z0|>2r ’Z - ZL‘()’ |z—x0|>2r |z—xo| t
dt & _n_
-7 fElepgr S [ Iyt e (D)
2r 2r<|z— zo|<t 2r

|Gatellios) S 75 / 1 lom(Bay £ 5 . (12)

Thus,

By combining (10) and (12)), we have

n

1Gafllirs) S 75 / 1 Lo Baney €5k,

Proof of Theorem 1.1
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By Lemma 3.3 and Theorem 2.1 we have for p > 1

[Gafllmpe S sup  po(o, 7")_1/ £l o B@ory t 7 dt =

zoER™ r>0 r
’f'_l
_ n dt
= sup @y(zo, 7) 1/ £l Lo (Bzo,t—1)) t? 5=
zoER™ r>0 0
1 r n dt
—1\—1
= — _ t <
xoe?RL}lIi)r>0(p2(x07T ) TT/O £ 1o (B t7 5 S
< osup (o, )T e | fll e (ao—1)) =
zoER",r>0
= sup o (x0,7) 2 | fllLeBaosry) = If]l e
zoER™,r>0
and for p=1
o
|Gafllwanes S sup <P2($o,7")_1/ 1l (Baogy t " dt =
zoER™ r>0 r
,,,—1
_ dt
= sup  @y(zo, 7) 1/ HfHLl(B(xo,t—l))tn? =
zoER™ r>0 0
1 (" dt
—1\—1 n
= sup @o(x,r 7“/ fllr —intt— <
W o ) =t Il 21 (B, t—1)) ;
S osup (o, D) T L (Blae 1) =
zoER™ r>0
= sup @ (20, 7) T TNl Bosy) = I larier -
zoER™ r>0

Lemma 3.4. Let 1 <p<oo,0<a<l cmd)\>3—|—g. Then, for p > 1 the
n

inequality
o0

”g;,a(f)”Lp(B) 5 T% /2 Hf”Lp(B(xo,t)) tiﬁildt

holds for any ball B = B(xg,r) and for all f € LI (R™).

loc
Moreover, for p =1 the inequality

NG / 1Lt gy £l

holds for any ball B = B(xg,r) and for all f € L} (R™).

loc

Proof. From the definition of g3 (f), we readily see that

00 n
Ga@P= [T [ () e

nA
& t dydt
+/ / <> Aaf, 022~ 111 1 1V
0 |lx—y|>t t+ ‘:C - y‘ ( ( )) tntl

First, let us estimate III.

e o dydt 2
s [7 ] (Aaf )G < (@of@)
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Now, let us estimate IV.

fv<i/m/ < : >HA<A Py, )22
_j:1 0 Joti<lp—yl<2it \t+ [T — Y| T

0 0o
j dydt
S 277N Aaf(y,1))? S
jgl /0 /Z'jlt§|ac—y|§2jt “ gntl

™ dydt = .
<Y 2 / / (Aaf(y, 1) 5 = D27 Gapi (N(@)).
j=1 0 |z—y| <29t =1
Thus
) 1Y
1930 (F)lrBy S NGaflir(p) +Z2 |G 2i (D)l o ()- (13)
By Lemma 3.3, we have
|Gafllzr(m) 57“;/2 1l 2o (Bagy 7 dt. (14)

In the following, we will estimate ||G, i (f)|lzr(5). We divide ||G, i (f)|zr(B) into
two parts.

|Gaoi (F)llzeBy S NGa2i (fi)llir(m) + 1Ga,2i (f2)ll Lo (B)> (15)
where f1(y) = f(y)x2p(®), f2(y) = f(y) — fi(y). For the first part, by Lemma 3.1,

3n
1Ga2 (F)llzrsy S P EFFGal )l S P EF | flloen) <

< 9i(§ 4, / 1 o (Bensy £ dt. (16)
2r

For the second part.

dydt
Ga23 f2 </ /|a: y\<2Jt A f Y, )>2tny+1>
& ? dydt :
= (/0 /|a;—y|§2jt (;eu(i |f d’t(?/”) tn+1) <
2 3
o dydt
d 29
< (/0 /|zy|§2jt (/ngt | f2(2)] Z) t3n+1>

Since |z — z| < |z —y| + |y — | < 2771, we get

1

2 2
dydt
G, z)|dz <
2] f2 (/ /|x Jl<2it (/Z g;‘<23+1t| 2( )| ) t3n+1) >
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- "ot :
= dz | =] <
< /O </|Z_x|§2j+lt!f2( ) ) o) <

1
3
in 3n £ (2)|
<27 / / |fo(2) 2 5dt | dz272 dz.
" ( >zl tz”“ je—aol>2r |2 — 2|

1 1
For |z — x| > |z — xo| — |x0 — 2| > |2 — zo| — 5]2 — x| = §|z — xo|, so by Fubini’s

theorem and Hélder’s inequality, we obtain

G (f2)(2) < 2°F /| AR,

z—x0|>2r |Z - $0|n

3

(<.

n 0 3jn dt
:22/ £(2)] dz<2/ / Ddz-2 <
|z—zo|>2r |z—xzo| tntt 2r J|z— :E0|<t tn+1
3jn > dt 3in —_n_
<2 [ lnmogrr <25 [ 1w 5
So,
(G (o) < 2505 [l 5. (17)
Combining (15)), () and (17), we have
|Gz (F)llos) S 29CE+ 15 / 1Py £t (18)
Thus,
\ o dn
195 0 (D)l Les) S NGaflliem + )2 NG s (H)l o) (19)

Since A > 3 + g, by (14), (18) and (19), we have the desired lemma.
n

Proof of Theorem 1.2
From inequality (20) we have

> in
1950 (N)llamer < NGafllares +> 27 [Gooi (f)[arrees. (20)
j=1

By Theorem 1.1, we have

1Gafllarez S I fllarmer (21)

In the following, we will estimate |G, 9; (f)||ar-#2. Thus, by substitution of variables
and Theorem 2.1, we get

(o @]

s(3n _ _n_1

G0 (Fllagrez S 2P sup  y(a0,7) 1/ 1l B@oent » dt =
zoER™ r>0 r
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=2 s a7 [l 7 e S
zoER™ ,r>0
. 3n N n (2
SPE a0, iy = 2l
zg€ER™ r>0

Since A > 3 + g, by (20), (21) and (), we have the desired theorem.
n

Lemma 3.5. Let 1 <p<oo,0<a<1andbe BMO.
Then the inequality

I Gl lioiy 75 [0 (e + 1) 1 loncaony ¢5

holds for any ball B = B(zq,r) and for all f € Li (R™).
Proof. We decompose f = f; + fa, where f1 = fxop and fo = f — f1. Then

116, Galfllr () < b, GalfillLe(sy + 11b: Gal f2ll (i)
By Lemma 3.2, we have that
116 Galfillrsy S N0l 1 fille = 0l 1 fll r2) S
SIbl % [ 1l €57t

For the second part, we divide it into two parts.

nalpt = ([ [ e
<(f e[
(S

Therefore

1

2
dydt) _
tn—i—l —

1
2 dydt \ 2
tn+1
2 dydt

th) = A(z) + B(x).

[ @) = sty - D fa(edds

/ () — bsldy(y — 2) fol2)d

/ (2) = bpln(y — 2) fa(2)d2

116: Galfallr () < NAC) o8y + 1Bl Lr(m)
First, for A(z), we find that

st = ol (f[ o |,

From (4) and the inequality (), we can get

2 dydt
tn+1

¢i(y — 2) f2(2)dz > = [b(7)—bp|Gafa().

4G oy = ([ o) =0 G o) dx)P <

1
P _n__
s(/ |b<x>—bB|de) L U8 ot <
B 2r
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< Bl / 1l Bany 5.

For B(x), since |y — x| < t, we get |z — z| < 2¢t. Thus, by Minkowski’s inequality,

2 2

dydt

b — b(2)| | fo(2)ld= <
//F(a:) /|$—z|<2t tintl
2
e dt
UL e bln@e] g | <
0 lx—z|<2t t

dz
<[ b

For B(z), using the inequality |z — 2| > 3|z — g/, we have

dz
< — - <
B(z) 5 /|zo—z|>2r () — be||f(2)] PRTES

dt
< b(=) — bl £(2)] <[] b | (=) e
/|a:o—z>27‘ |zo—2| tn+1 2r J2r<|zo— z\<t tr+l

Applying Holder’s inequality and from (4), we get

1

n [ / v dt
1Bl <% [ (/ |b<z>—b3|pdz> 17 l2r a0 oy
2r B(zo,t)

Sl [ (e D) I loncoay £

2r

Thus,

[e.o]

n t _n_
116, Gl Fllogy S lbllo / (e + =) I ooyt >t

2r

Proof of Theorem 1.3
By substitution of variables, we obtain

_ 0 t _n_
I10.Galflamos S 1ol s ofanr)™ [ (e L) Il incoeay 5t S
zoER™ r>0 2r r

—1

_ " 1 n_
S R e R N GRS N PR
0 r

zo€ER” r>0

—1\— 1 " r n_
= sup |blega(zo,r™ ) S [ (et ) Ifle(Bosry t?dt S
t
rJo

z€R™ r>0

Sblle sup oy (@o, 7 )T | f I Lo (B
zoER™ r>0

= bl sup  @y(zo, )7 (| FllLo(Blaos)) = 0l [ fl|arrer
zg€ER™ ,r>0
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By using the argument as similar as the above proofs and that of Theorem 1.2,
we can also show the boundedness of [b, g3 ].

The research of V. Guliyev were partiaﬂy supported by the grant of Ahi Evran
University Scientific Research Projects (PYO.FEN.4003.13.003) and (PYO.FEN.4003-
2.13.007).
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