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Two-weight Norm Inequalities for Some Anisotropic

Sublinear Operators

Yusuf Zeren, Vagif S. Guliyev

Abstract

In this paper, we establish several general theorems for the boundedness of
the anisotropic sublinear operators on a weighted Lebesgue space. Conditions of
these theorems are satisfied by many important operators in analysis. We also give
some applications the boundedness of the parabolic singular integral operators, and
the maximal operators associated with them from one weighted Lebesgue space to
another one. Using this results, we prove weighted embedding theorems for the

anisotropic Sobolev spaces Wi})wll" wn (R™).

Key Words: Weighted Lebesgue space, sublinear operators, anisotropic singular

integral, two-weighted inequality.

1. Introduction

Let R™ be the n-dimensional Euclidean space of points z = (1, ... ,2,) with norm

lz] = (30, x?)lm, Ry = R™\ {0} and Z be the set of integer numbers. Consider
a real n X n matrix A with eigenvalues A;, ReX; > 0, and let @) = ¢rA be its trace.
The matrix A determines a one-parameter group A; = exp(Alnt),t > 0 of nonsingular
transformations of R™. Denote by diag {a1, ... ,a,} the matrix with numbers a4, ... ,a,

on the main diagonal and zero off-diagonal elements. Associated with the group A; is the
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Ai-homogeneous metric p : R} — Ry, p(Aiz) = tp(x), which is smooth in R} .
For € R™ and r > 0 the p - ball (p - sphere) about z with radius r is defined to be
the set

B(z,r)={y: plz —y) <r} (S(z,r)={y: plx —y)=r}).
Almost everywhere positive and locally integrable function w : R™ — R will be called

a weight. We shall denote by L, ,,(R™) the set of all measurable functions f on R™ such

that the norm

1/p
iy = Wl = ([ 1f@Pwte)is) 0 1<p<oo

is finite.

We say that the weighted pair (w,ws) satisfies the Muckenhoupt’s condition A, =
Ap,(R™, p) (briefly, (w,w1) € 4,), 1 <p < o0, if there is a constant C' = C(w, p) such that
for any p - ball B C B

(|B|_1/Bw(:c)d:c> (|B|-1/Bw}—P’(x)dx> <c, %Jr% ~1. (1)

Here, B = B(p) is the collection of all p-balls B(z,r), z € R™, r > 0.
For p =1, we say (w,w1) € 4y, if

o o) (per) <

We write also w € A4,, if w = wq. It is easy to verify that, p(x)® € A, if and only if
—Q<a<Qp-1)for1<p<ooand p(z)* € A; if and only if —Q < a <0.

for any p - ball B C B.

A condition (1) was first introduced by Muckenhoupt [16] for weighted estimates of

Hardy maximal functions.

Definition 1 Function K defined on Ry, is said to be an anisotropic Calderon-Zygmund
(ACZ) kernel in the space R™ if

i) K € C=(R"\{0}) ;

i) K(Ayz) =t 9K (z), t >0,z € Ry ;

iii) fS(O,l) K(z)do(z) = 0, where do is the element of area of the p-sphere S(0,1).
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In this paper, we shall prove the boundedness of some anisotropic sublinear operators
on a weighted L, spaces. We point out that condition (2) (see below) in the isotropic
case was first introduced by Soria and Weiss in [19]. Condition (2) is satisfied by many
interesting operators in harmonic analysis, such as the anisotropic Calderon—Zygmund
operators, anisotropic Hardy—Littlewood maximal operators, anisotropic R. Fefferman’s
singular integals, anisotropic Ricci—Stein’s oscillatory singular integrals, the anisotropic

Bochner—Riesz means and so on (see, for example [19]).

We also give some applications the boundedness of the parabolic singular integral
operators and the maximal operators associated with them from one weighted Lebesgue
space to another. Using these results, we prove two-weighted inequalities for linear means
of Fourier integrals defined by a single function with support in a specially organized
set. Weighted embedding theorems are obtained for the anisotropic Sobolev spaces
WG o (R™).

The structure of the paper is as follows. In Section 1 we present some definitions.
In Section 2 we prove the boundedness of some anisotropic sublinear operators on a
weighted L,, spaces. In Section 3 we give some applications. The main result of the paper

is Theorem 1, established in Section 2.

For the sake of simplicity, the letter C' always denotes a positive constant which may

change from one step to the next.
2. Main theorems and their proofs

First, we shall establish the boundedness of a large class of sublinear operators in

weighted L,, spaces.

In [18], in particular is proved the following theorem.

Theorem 1 Let p € (1,00) and let T be a sublinear operator bounded from L,(R™) to
L,(R™) such that, for any f € L1(R™) with compact support and x ¢ suppf

i) < e [T &)

R

where cq is independent of f and x.
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Let also w be a positive function for which there exists a constant b> 0 such that

sup w(x) <b inf w(z), keZ
2k72§p($)<2k+1 2k—2§p(I)<2k+1

and w € Ap, then T is bounded in Ly, (R™).

Theorem 2 Let p € (1,00), T be a sublinear operator bounded from L,(R™) to L,(R™)
and satisfying (2).
Moreover, let w(z), wi(x) be weight functions on R™ and the following three conditions

are satisfied:
(a) there exists b > 0 such that

sup wi(y) <bw(z) for a.e. € R,
p(z)/4<p(y)<4p(z)

p—1
(b) A=sup (/ wl(x)p(x)_dex> (/ wl_p,(x)dx> < 00,
r>0 p(x)>2r px)<r

p—1
(¢) B=sup (/ wl(x)dx> (/ wl_p,(x)p(x)_Qp,dx> < 0.
>0 px)<r p(x)>2r

Then there exists a constant C, independent of f, such that for all f € L, ., (R™)

| rr@rads < [ P )
Moreover, condition (a) can be replaced by condition
(') and there exists b > 0 such that

w1 (z) ) <b forae xeR"

( sup —
p(x) /A< p(y) <ap(z) @ (Y)
Proof. TFor k € Z we define E, = {z € R" : 28 < p(x) <21} By, = {z e R*:
plx) <261} Epo={x e R*: 2F71 < p(x) < 2F+2} B3 = {z € R*: p(z) > 2k+2}.
Then Ey o = Ex—1 U Ey U Ei4q and the multiplicity of the covering {Ek72}keZ is equal
to 3.

Given f € L, ,(R"), we write

Tf(@)] =Y ITf(@)lxm(2) < Y T fea(@)] X, (2)

keZ keZ
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+ 3 T fr2(@)|xe (@) + D IT frs(@) xm, ()

keZz keZ

=T f(z) + Taf(z) + T3 f (), (4)

where g, is the characteristic function of the set Ey, fr: = fxE.., 1= 1,2,3.
First we shall estimate HTlfHLp . Note that for z € Ey, y € Ej1 we have p(y) <
ywi

2F=1 < p(x)/2. Moreover, Ej N suppfr1 = 0 and p(z —y) > p(z)/2. Hence by (2)

e <o ([ L)

keZz

< co / oz — )2 f()|dy
p(y)<p(z)/2

< 2%qp(x)~? / | f(y)|dy

p(y)<p(z)/2

for any « € Ej. Hence we have

[ @@ < %)’ [ ( Lo, If(y)ld:y> o) ().

Since A < oo, the Hardy inequality

wi(z)p(z) 9P r < z)|Pw(z)dx
[ wr@pi) (/p(y)gp(mwlf(y)ld:y) dr<C [ |f@pud

holds and C' < ¢/ A, where ¢ depends only on n, a and p. In fact, the condition A < oo
is necessary and sufficient for the validity of this inequality (see [2] and [12]). Hence, we

obtain
/ T @) () < / f@) P, (5)

where ¢; is independent of f.

Next we estimate |15 f| ., - As it is easy to verify, for x € Ej, y € Ej 3 we have

p(y) > 2p(x) and p(x —y) > p(y)/2. Since Ejy N suppfi,s = 0, for z € Ej by (2), we
obtain

|J ( )l Q -Q
T5f ——=d 2 f P dy.
’ (x) = 0 /p(y)>2p(;E) p(LL' y) v= = “ /p(y)>2p(w) | (y)l (y) Y
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Hence we have

/n T3 f(x)[Pwi (z)dz < (2Q00)p/n (/( ot )If(y)lp(y)‘Qdy> wi (z)dz.

Since B < oo, the Hardy inequality

wi(z -Q r < z)|Pw(z)dx
Il (>(/p(y)>2pm|f<y>|p<y> dy> dr<C [ |f@pu

holds and C < ¢/B, where ¢’ depends only on n and p. In fact the condition B < oo is
necessary and sufficient for the validity of this inequality (see [2] and [12]). Hence, we

obtain
[ mi@ra@ds < [ (P, (6)

where ¢z is independent of f.
Finally, we estimate [|T3f]|, . By the L,(R") boundedness of T" and condition (a)

we have

| mf@pad = | (Z 17 i) X (o >) r(@)da

kez

= /n (Z T fr2(2)[" xE, (2 >w1 )dx = Z/ \T fi2(2) P wi (z)dz

keZ keZ

<X s wnle) [ [Tha@P e < TP Y swpn(a) [ o)l da

kez "Bk ey EE

P Y sw i) [ If(e)eds,
B2

kez YEEK

where |T|| = || T, &)1, @) Since, for z € Epa 2871 < p(z) < 2872, we have by

condition (a)

sup wi(y) = sup wi(y) < sup wi(y) < bw(xw)
YyEEK 2k <p(y)<2k+2 p(x)/4<p(y)<dp(z)
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for almost all z € Ej 2. Therefore

[ i@l @

<Y [ @ls@d <e [ (@, @

keZz

where c3 = 3||T||Pb, since the multiplicity of covering { Ey 2}, ., is equal to 3.
Inequalities (4), (5), (6) and (7) imply (3) which completes the proof. O

Similarly we prove the following weak variant of Theorem 2.

Theorem 3 Let p € [1,00) and let T be a sublinear operator bounded from L,(R™) to
WL,(R"), i.e.,

C
/ de < — [ |f(z)[Pdx
{w€R™ : |Tf(x)|>\} AP Jrn

and satisfying (2). Moreover, let w(xz), wi(x) be weight functions on R™ and conditions
(a), (b), (c) be satisfied.

Then there exists a constant C1, independent of f, such that for all f € L ., (R™)
Gy

wi(z)de < — |f(z)Pw(x)de. (8)

/{wew ST f(w)|>2} A g

Let K be an ACZ kernel and T be the corresponding integral operator

Tf(z)=pov. | K(z—y)fly)dy = lim K(z —y)f(y)dy.
R"™ =Y JR"\B(z,r)

Then T satisfies the condition (2). See [19] for details. Thus, we have the following
corollary.

Corollary 1 Letp € (1,00) (p € [1,)), K be an ACZ kernel and T be the corresponding
integral operator. Moreover, let w(x), wi(x) be weight functions on R™ and conditions
(a), (b), (c) be satisfied. Then inequality (3) ((8)) holds.
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Remark 1 A sufficient condition for the Calderon—Zygmund operator T : L, ,(R™) —
Ly, (R™) was found by N. Fuji [11], however the condition he introduced is not easy to
check for given weights. Recently, Guliyev [9] and Edmunds and Kokilashvili [15] found
new sufficient conditions easily verifiable for Calderon—Zygmund operator T : L, ,,(R"™) —
Ly, (R™), whenever w(-) and w1(-) are radial monotone weights. In the paper by Y.
Rakotondratsimba [23], Corollary 1 was proved for Calderon—Zygmund operator T. Note
that, for singular integral operators, defined on homogeneous groups analog, Corollary 1
was proved in [15] and [8] (see also [10], [1], [3] and [9]).

Theorem 4 Let p € (1,00), T be a sublinear operator bounded from L,(R™) to L,(R™)
and satisfying (2).

1) Let w(t) be a weight function on (0,00), wi(t) be a positive increasing function on
(0,00) and the weighted pair (w(p(x)), wi(p(x))) satisfies conditions (a), (b). Then there
exists a constant C, independent of f, such that for all f € Ly ,(p(z))(R™)

[ rs@papands < [ 1f@)Popa)ds. (9)

n

2) Let w(t) be a weight function on (0,00), wi(t) be a positive decreasing function on
(0,00) and the weighted pair (w(p(x)), wi(p(x))) satisfies the conditions (a), (¢). Then
inequality (9) is valid.

Proof. 1) Suppose that f € L, ,(R"™), w(t) be a weight function on (0,00) and w; is

a positive increasing function on (0, 00) and (w(p(z)), wi(p(x))) satisfies conditions (a),
(b)-

Without the loss of generality we can suppose that w; may be represented by

w1 (t) = w1 (04) +/0 PY(A)dA,

where w1 (0+) = lims—,ow1(¢) and wy(t) > 0 on (0,00). In fact there exists a sequence of

increasing absolutely continuous functions w,, such that @, (t) < wy(t) and lim w,(t) =
n—oo

w1 (t) for any ¢ € (0,00) (see [7] and [9] for details).
We have

[ 1rs@paptands =oio0) [ i@
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p(x)
+/ T f (@) ( w()\)d)\> de = Ji 4+ T,
n 0

If w1(0+) = 0, then J; = 0. If w1 (0+) # 0, then by the boundedness of T in L,(R™),

thanks to (a), we have

Ty < | T]Pwr (04) / (@) Pdz <

n

<717 [ 1@ Pepde <bITI? [ (5GP

R

After changing the order of integration in Jy we have

= [ Ty ( / - ITf(w)Ipdw> ar <

< 2p‘1/0 B(A) (/p(m)>A IT(fX{p(a)>a/2) (@)Pda +

+ / |T(fX{p(m)g,\/2})($)|pd$> d\ = 207" (Jo1 + Jaa).
p(x)>A

Using the boundedness of T in L,(R™) and condition (a) we have

oy < T / b(t) ( / . If(y)lpd:y> t
ply

2p(y)
=171 [ 1rwp ( / wmcu) Iy

<7 [ 1P ety

<ozl [ 1w Pty

Let us estimate Jao. For p(x) > A and p(y) < A/2 we have p(z)/2 < plx —y) <
3p(x)/2, and so

. U\
Jaz < 04/0 v </P(w)>>\ </P(y)§2A plz —y)? dy) ’ ) "
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e ~ ’ )" 9Pdx
<o / P(N) ( /p(w ( /p(y)gzklf(y)ldy> p(2) d)cu

= - A)A~@PTe dy | d.
s / ey (/p(y)gmlf(y)l y>

The Hardy inequality

/ T pa-ara ( / If(y)ldy> aA
0 p(y)<A/2

<c [ Ifrutol)y

for p € (1, 00) is characterized by the condition C' < ¢/ A’ (see [2], [12], see also [5], [14]),

where
0o p—l
A’ = sup ( w(t)t_QpJ“QdT) / WP (z)da < 0.
7>0 27 plx)<t
Note that

o0

w(T)T_Qp+QdT
2t

— Q-1 [ v / T Aa-1-argy

2t

%) A
:Q(p—l)/z AQ-1=@r gy 5 (T)dT

t

<Qp-1) /oo AQTI=QP, (N)dA

2t

=c wi(p(z))p(x)~ 9Pdx.
—cr / oy ealoaptn)

Condition (b) of the theorem guarantees that A" < ¢7.A < co. Hence, applying the
Hardy inequality, we obtain

T <as [ |f(e)Puple)da.
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By the combining estimates of J; and Ja, we get (9) for wi(t) = w1(0+) + fo T)dT.
By Fatou’s theorem on passing to the limit under the Lebesgue integral sign, this implies
(9). The first part of the Theorem 4 is proved.

2) Without loss of generality we can suppose that wq may be represented by

w1(£) = wi (+00) + / "y

where wy(+00) = tlim w1 (t) and wy(t) > 0 on (0, 00). In fact there exists a sequence of de-

creasing absolutely continuous fuctions w, such that w, (t) < w1 (¢) and lim,, o @, (t) =
w1 () for any ¢ € (0,00)(see [7] and [9] for details).
We have

[ 1w r@peoip)ds = (+oc) [ (T4 pdes

+/ |Tf(£L')|p ( - w(T)dT> de =1 + I>.
" p(x)

If wi(+00) =0, then I; = 0. If wq(400) # 0, by the boundedness of T in L, (R™) and

condition (a) we have
B < |Tlalo0) [ |fta)ida <
]Rn
<7 [ 1@Parlptes

< bHTH/ x)[Pw(p(z))dz.

After changing the order of integration in Jo, we have

o — /0 ey ( / - ITf(w)Ipdw> aA

< 2p_1/ P(A) (/ |T(fx{p($)<2)\})(x)|pdx
0 p(z)<A
- / |T(fX{p(I)Z2>\})($)|pd$> dX\ = Jo1 + Jaa.
plx) <A
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Using the boundedness of T in L,(R™) and condition (a’), we obtain

T < 1T / ) ( / o If(y)lpd:y> dt
vy / ( / (ywwmcu) dy

<ITI [ 1P (plo)/2)dy
BT [ Ity

Let us estimate Joo. For p(x) < Aand p(y) > 2X we have p(y)/2 < p(z—y) < 3p(y)/2,

and so
= £ ()| '
Joz < Cs/o v (/p(m)<,\ (/p(y)>2,\ p(z y)Q dy) dw) A=
<2 08/0 PY(N) (/pm<A (/p(y)z2A p(y) "= 1f (y)|dy dw) )

The Hardy inequality

/ww»@ (/ p<y>-Q|f<y>|dy> ir<C / F @) Pw(p(y))dy
0 p(y) =2 n

for p € (1, 00) is characterized by the condition C < B8’ ([2], [12], see also [5], [14]), where

p—1
= Q 1-p’ —-Qp’
zo([[vonear) ([, oy @) <o
T T t
Qdt = dt | \9ld) =
/Owt)t : Q/O b(t) t/o

Note that
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T t T
=Q / N / G(r)dr < Q / AN (A)dA =
0 A 0

=g /p(;v)<‘r wi(p(x))dz.

Condition (c) of the theorem guarantees that B’ < ¢ < co. Hence, applying the Hardy

inequality, we obtain

T < e [ 1f@)Pulple)ds

Combining the estimates of J; and Ja, we get (9) for w1 (t) = wi(+00) + [~ ¢(r)dr. By
Fatou’s theorem on passing to the limit under the Lebesgue integral sign, this implies
(9). The theorem is proved. O

Corollary 2 Letp € (1,00), K be ACZ kernel and T be the corresponding operator.

1) Let w(t) be a weight function on (0,00), wi(t) be a positive increasing function
on (0,00) and the weighted pair (w(p(x)), wi(p(x))) satisfies conditions (a), (b). Then
inequality (9) is valid.

2) Let w(t) be a weight function on (0,00), wi(t) be a positive decreasing function
on (0,00) and the weighted pair (w(p(x)), wi(p(x))) satisfies conditions (a), (c¢). Then
inequality (9) is valid.

Similarly we prove the following weak variant Theorem 4.

Theorem 5 Letp € [1,00), T be a sublinear operator bounded from L,(R™) to W L,(R"™)
and satisfying (2).

1) Let w(t) be a weight function on (0,00), wi(t) be a positive increasing function on
(0,00) and the weighted pair (w(p(x)), wi(p(x))) satisfies conditions (a), (b). Then there
exists a constant c, independent of f, such that for all f € Ly, o (p(z)) (R™)

wi(p(a))dz < — [ |f(@)[Pw(p(z))de. (10)

/{wew ST ()| >A} A g

2) Let w(t) be a weight function on (0,00), wi(t) be a positive decreasing function
on (0,00) and the weighted pair (w(p(x)), wi(p(x))) satisfies conditions (a), (¢). Then
inequality (10) is valid.
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Corollary 3 Letp € [1,00), K be ACZ kernel and T be the corresponding operator.
1) Let w(t) be a weight function on (0,00), wi(t) be a positive increasing function

on (0,00) and the weighted pair (w(p(x)), wi(p(x))) satisfies conditions (a), (b). Then
inequality (10) is valid.

2) Let w(t) be a weight function on (0,00), wi(t) be a positive decreasing function

on (0,00) and the weighted pair (w(p(x)), wi(p(x))) satisfies conditions (a), (¢). Then
inequality (10) is valid.

Example 1 Let

w(t) = tQ(P—1) |pP %, for te€ (0, %)
B (2P ImP 2) 8, for te [3,00),

=1 for te (0,%)
1) = ) 9 )
w1 (t) { 20 Pt for te [§,00),

where 0 < a < 3 < Q(p—1). Then the pair (w(p(x)), wi(p(x))) satisfies the condition of
Theorem 4.

Example 2 Let

= & In" 1, for t<d
w( ) —Q—ap? 1) 1«
(d In 3) t*,  for t>d

t—lglnﬁ %, for t<d,
wl(t) = (d

—Q=A P é) A, for t>d,

where f<v <0, -Q<A<a<0,d= ¢@. Then the pair (w(p(x)), wi(p(x))) satisfies
the condition of Theorem 4.

3. Some applications
In this section, we will give some applications of Theorem 1 in section 2.
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3.1. The Euclidean space

In [17] the weak and strong estimates in weighted L,, spaces are obtained for linear means
of Fourier integrals defined by a single function with support in a specially organized set.
For a function f integrable on the n-dimensional Euclidean space R™, written f in

L1 (R™), its Fourier transform is well defined

f)y=[ flye ™y,

R

where = (21, ... ,2n), y= (Y1,---,Yn) ER", 2y =21y1 + ... + TpYn. Let

/D f(x)e™¥da

be the partial Fourier integral defined by a set D. The behavior of partial Fourier integrals
with respect to a specifically organized family of such sets characterizes approximation
properties of f. It is natural to define such a family as a sequence of dilations of a fixed

set D. This has been extensively studied when D is the cube (cubic case)
D={zeR" : |z;| <1, j=1,...,n}

or the ball (spherical case)
D={zeR" : |z|<1}.

Their R-dilations are
RD={zeR" : |zj|<R, j=1,...,n}

and
RD ={z eR" : |z| < R},

respectively. The other example of a family of sets is the family of rectangles
{LL’ER” : |£L'J| SRJ‘, Rj >0,7=1,... ,7’1,}

that cannot be expressed as a family of dilations of a fixed set. Numerous results on
these (as well as references) may be found, e.g., in [24], Chapter 17 or [22], where similar

problems are studied for multiple Fourier series as well.
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Paper [17] considered linear means of multiple Fourier integrals rather than partial
sums, and efined them by the family of dilations of a set D from some special class. The
latter is closer to the spherical case rather than to the other ones. The estimates are
obtained for the weighted L, spaces.

Let A be a function whose support is the closure of D and that is C*-smooth inside
D, of the form

where ¢ € C¥(R") and does not vanish on dD and p is a regularized distance to the
boundary (see [20], Chapter 6, Theorem 2), that is p € C*° outside D and
Cydist(z, dD) < p(x) < Codist(z, D)

for some positive constants C; and Cs. In addition, assume that p(x) = 0 when z ¢ D.

Define the linear means of the Fourier integral

Pr(fiw) = Pa(fiesh) = @m)7" | J(@ —y)R"A(-Ry)dy.

Set
®.(f;2) = sup |Pr(f; 2)]
R>0

In [17] was proved the following result.

Theorem 6 Let (w,w1) € Ay, p > 1; then
[Ny, <ClfllL,.. p>1 (11)

If we have in addition N\(0) = 1, then for every f € L, N Ly ., the estimate (11) is

equivalent to

i [ @(f) ~ fl,. =0. (12)

Lemma 1 [17] The following inequality
P.(f;x) < Cf* (),

holds, where f* is the Hardy-Littlewood mazximal functions.
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From Lemma 1 and the Theorem 2 we get the following theorem.

Theorem 7 Let w(z), wi(x) be weight functions on R™ and conditions (a), (b), (c) be
satisfied for Q = n, p > 1; then the estimate (11) is valid.
If we have in addition A\(0) =1, then for every f € L, N Ly ., the estimate (11) is
equivalent to (12).
3.2. The parabolic Euclidean space
Let us now endow R”*! with the following parabolic metric. For
T = (xlvt) = (xlv cee ,.’En,t), Y= (ylvs) = (y17 cee 7yn78) € Rn+17

we define

LL'I2+ $I4+4t2
dz,y) = plo—y),  where p(w)z\/ e (13)

Obviously, R**! with its usual additive structure and the following parabolic dilation
= (2, t) — 8o = (ra,r?t)

becomes a homogeneous group. The above metric p is admissible with this homogeneous
group structure of R**!. This homogeneous group has a special meaning for the study
on the solvability of parabolic equations. We will study the variable Calderon—Zygmund

singular integrals on it. First, we present the following definition.

Definition 2 A function K is said to be a parabolic Calderon—Zygmund kernel (for short,
PCZ kernel) on R"*! endowed with the above parabolic metric p, if

i) K € C*(R"1\ {0});

i) K(ra',r?t) = r 2K (2/,t), for any r >0, x € R"™1\ {0} ;

iii) [, K(z)do(x) =0, where do is the element of area of the ellipsoid

S ={xeR": p(x) =1}

Let K be a PCZ kernel. We denote by Kf the corresponding principle value singular

integral operator:

Kf(z) = pov. / K(x —y) f(y) dy.

Rn+1

From our results for Kf we get the following corollary.
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Corollary 4 Let p € (1,00), K be an PCZ kernel and Kf be the corresponding integral
operator. Moreover, let w(x), wi(xz) be weight functions on R™*1 and conditions (a), (b),
(c) be satisfied for Q = n+ 2. Then

/}Rn+1 |Kf (z)[Pw; (x)dz < c/ | f()|Pw(z)dz.

Rn+1

3.3. The anisotropic Euclidean space

Corollary 5 Let p € (1,00), K be a function defined on Ry the following properties:
there exists C > 0 such that |K(x)| < Cp(x)~9, x € R and for all x, y € R™ satisfying

p(r) > 2p(y)

K- - K@) < 06 (20 ) )2,
where ¢ : [0,1] — [0, 00) is a non-decreasing function such that, $(0) = 0, ¢(2s) < Ce(s)
for any s > 0 and fol (b(t)% < oo.
Moreover, let w(x), wi(x) be weight functions on R™ and conditions (a), (b), (c) be
satisfied. Then the operator T : f — p.v. Kxf is bounded from Ly, ,(R™) to Ly, (R™).

Remark 2 Note that, the operator T : f — p.v. Kx{ is satisfies the condition (2). It
is known, that this operator is bounded on Ly, (R™) for 1 <p < o0, ifw € A, (see [18]
and [21]).

Therefore, the Corollary 5 implies from Theorem 2.

Let l=(l1,...,l,), v=(v1,...,Vn) €ENJ and a = (a1,...,a,),a; >0,2=1,...,n,
0
la] = Y7, ai. The weighted anisotropic Sobolev space Wl iI» —  (R"), is defined as

the collection of all functions f € L{°*(R"), having the generalized derivatives Dﬁ" f with

the finite norm

)
Lvai (]Rn)

where 1 < p < 0.
We recall the I’in-Besov integral representation of a function f in R(I) via its gener-

alized derivatives (see [4]):

n h
f(z) = fra(z) + Z/ v lddy [ Dl f(z +y)®i(yh~*)dy, ©eR",
=170 R
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where a; = 1/l;, i = 1,...,n, fra(x) = h"“'/ Do(yh™ %) f(z + y)dy is the average of

n

f and / ®g(z)dx = 1. Here ®; € C§°(R™) are concentrated in an arbitrary previously

specified cube in the first coordinate angle and are such that

/ O;(x)dx =0, i=1,...,n.
By virtue of this integral representation we prove the following imbedding theorems.

Theorem 8 Leta = 1/, 1 < p < g < o0, &= w+1/p—1/¢,1/l) <1, and & =
(v,1/1) = 1, where v = (v1,...,vy), and v; are nonnegative integer number. Suppose
717

that the weight pairs (w,w;) j = 0,1,...,n, the conditions (a), (b), (¢) are satisfied for

Q = lal.

Then the continuous imbedding

D*Wyisitn, (R™) Cr Ly w(R™)

D,wo,... ,Wn

1s valid.

Further, the inequality

HDUfHLq,w(]R") <C HfHWIljl """ (R

WO sy

holds, with a constant C' is independent of f.
Proof. Applying the differentiation operation D" to equality

n h
for(@) = fir(a) 4+ Yo [ 9N [ 10 (9%) Do+ )y
=1 e R
and the Remark 2, we get

h
/ 19|A|—<"7A>d19/ L (07y) Dl f(a + y)dy < C| D fll,..,. zn)-
€ n

Lp,w(R™)

Besides,

D" furll Ly o@®ny < Cllfll Ly 0y ®n)-
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Thus, combining the estimates, we obtain

|‘Duf£>‘HLp,w(R”) < CHfHWIljl """ In o (R

WO W1

To conclude the proof of the theorem two facts are established: first, it is proved that
DY f.» converges to some element of L, ,(R™) for ¢ — 0, second, it is proved that this
limit element is the generalized derivative D" f of the function f to which the f.x converge
for e — 0.

For the proved of converges D” f.x to some element of L, ,,(R™) for ¢ — 0, it is proved
that the sequence {D" f.1} is fundamental at norm L, ., (R™).

We have

L
1D For = D" bl iy < €3 [0l g, e | Sl o) <
i=1"¢

< Cn' D} fllLy.o, @)

where 0 < e < n.

Then by theorem Lebesgue we conclude that the sequence {D” fg‘} is a Cauchy
sequence.

Hence in view of the fact that the space Ly ., (R™) is complete, then D” f_» converges
to some element g of L, ,,(R™) for ¢ — 0. By the definition of generalized derivative in

the sense of Sobolev at each a fixed ¢ for arbitrary function ¢ € C§°(R™) the equality

D¥ () for (x)dz = (—1)"| | 4p(2) D for(z)da

R™ R™
holds.
Taking into account that f € L!°¢(R™) and mean f.» — f in L{Y¢(R™), and passing
to the limit for e — 0, we give
D)) = ()" [ w@ig(ods,

n

R

and from that imply the limit element g of the sequence {D” f.x} is generalized derivative
DY f function f.

Theorem 8 is proved. O
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