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Abstract

In this paper, we obtain generalized weighted Sobolev-Morrey estimates with weights
from the Muckenhoupt class A, by establishing boundedness of several important oper-
ators in harmonic analysis such as Hardy-Littlewood operators and Calderén-Zygmund
singular integral operators in generalized weighted Morrey spaces. As a consequence, a
priori estimates for the weak solutions Dirichlet boundary problem uniformly elliptic equa-
tions of higher order in generalized weighted Sobolev-Morrey spaces in a smooth bounded
domain ©2 C R™ are obtained.

1. Introduction

The classical Morrey spaces Ly, » are originally introduced in order to
study the local behavior of solutions to elliptic partial differential equations.
In fact, the better inclusion between the Morrey and Holder spaces permits
to obtain regularity of the solution to elliptic boundary value problems. For
the properties and applications of the classical Morrey spaces we refer the
readers to [36,41].

Moreover, various Morrey spaces are defined in the process of study.
Guliyev, Mizuhara and Nakai [18,38,39] introduce generalized Morrey spaces

M, ,. Komori and Shirai [35] define weighted Morrey spaces L, .(w);
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THE DIRICHLET PROBLEM FOR THE UNIFORMLY ELLIPTIC EQUATION 69

Guliyev [22] give a concept of the generalized weighted Morrey spaces
M, ,(w) which could be viewed as extension of both M, , and L, .(w),
study the boundedness of the classical operators and their commutators in
spaces M, ,(w) was studied (see, also [25,34]).

The reason to study continuity properties of these integrals in various
functional spaces is that they permit to investigate the regularity of solutions
to linear elliptic and parabolic partial differential equations and systems in
terms of the data of the corresponding problems. The method, associated
to the names of A. Calderén and A. Zygmund (see [4,5]) uses explicit rep-
resentation formula for the highest-order derivatives of the solution in terms
of singular integrals acting on the known right-hand side plus another one
acting on the very same derivatives. This last term appears in a commu-
tator which norm can be made small enough if the coefficients have small
oscillation over small balls. This way, suitable "integral continuity” of the
principal coefficients ensure boundedness of the commutator and therefore
validity of the corresponding a priori estimate. The Sarason class of func-
tions with vanishing mean oscillation verifies this requirement although they
could be discontinuous. Their good behavior on small balls allows to extend
the classical theory of elliptic and parabolic equations and systems with con-
tinuous coefficients to operators with discontinuous coefficients (see [7, 8]).
A vast number of works are dedicated to boundary value problems for linear
elliptic and parabolic operators with VMO coefficients in the framework of
Sobolev and Sobolev-Morrey spaces (see [9,10,23,24,29,30,32,40]).

As a starting point of the Calderén-Zygmund theory to partial differen-
tial equations involving discontinuous coefficients, both interior and bound-
ary W2P estimates were first established by Chiarenza et al. [7,8] for nondi-
vergence linear elliptic equations when each a;j(z) belongs to VMO spaces
for every i,5 =1,...,n

In series of works, the first author studies the continuity in generalized
Morrey spaces of sublinear operators generated by various integral operators
as Calderon-Zygmund, Riesz and others (see [3,18-20]). The following the-
orem obtained in [18,20] extends the results of Nakai in generalized Morrey
spaces WM, ,(R™).

THEOREM A ([20, Theorem 6.2]). Let 1 < p < oo and (¢1,p2) satisfy

the condition
oo

d
[0 < Cortan),

where C' does not depend on x and r. Then the Calderon-Zygmund operator
T is bound from My ,, (R™) to My ,,(R™) for p>1 and from M, (R™) to
the weak generalized Morrey space W My, o, (R™).

This result is extended on spaces with weaker condition on the weight
pair (p1,¢2) (see [3]). A further development of the generalized Morrey
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spaces can be found in the works [3,21] and the references therein. In [3,21],
Guliyev et al. introduced a weaker condition on the pair (@1, ¢2) under which
boundedness of the classical integral operators from M, ,,, (R™) to M), o, (R™)
is proved. Precisely, if

n

%0 ess supyi (z, §)s»

(1.1) t<5<°°tﬁ — dt < Cepo(z,7),
p

r

then the Calderon-Zygmund operators are bound from M, (R") to
M, -, (R™) for p > 1 and from M; ,, (R") to the weak space WM, ,,(R").

We used this integral inequality to obtain the Calderon-Zygmund type
estimate for the M), ,-regularity of the solution. These results allow to study
the regularity of the solutions of various linear elliptic and parabolic bound-
ary value problems in M, , (see [23,24,42]).

Later these results are extended on the generalized weighted Morrey
spaces, which is obtained the boundedness of the Calderon-Zygmund op-
erators from one generalized weighted Morrey space M, (w) to another
M, o, (w) (see [22,26]), if the pair functions (g1, ¢2) satisfy the following
condition

1
ess inf ¢ (z, s)w(B(x,s))?
/t<s<oo . ﬁ S CQDQ(ZL‘,’I“),
w(B(x,s))» t

(1.2)

r

where C does not depend on « and 7.

Let ng(ﬂ) be the standard notation for Sobolev spaces. In [1] for the
solutions of uniformly elliptic equations in a smooth domain €2 the following
a priori estimate

(1.3) lullwzm @) < CllfllL, @)

were obtained. In [37] on a bounded domain © with smooth boundary 9
for the Laplace equation with weight w(z) belonging to the Muckenhoupt
class A, (see [6]) was proved the following a priori estimate

lullwz@uw) < Cllf L, @)

Weighted estimates for a wide class of singular integral operators has
been obtained for weights in the class of Muckenhoupt A,. Therefore, it
is a natural question whether analogous weighted a priori estimates can be
proved for the derivativies of solutions elliptic equations. In [13] the previous
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results of [6] (also [15-17]) for powers of the Laplacian operator with homo-
geneous Dirichlet boundary conditions were extended to weighted Sobolev
spaces, i.e., it is proved that

lullwzm@uw) < Clf Ly @.w),

for w € A, where the constant C' depends on 2, m, n and w.

In [29,33], Guliyev, Gadjiev and Galandarova study the boundedness of
the sublinear operators generated by Calderon-Zygmund operators in local
generalized Morrey spaces. By using these results they prove the solvabil-
ity of the Dirichlet boundary value problem for a polyharmonic equation
in modified local generalized Sobolev-Morrey spaces and obtain a priori es-
timates for the solutions of the Dirichlet boundary value problems for the
uniformly elliptic equations in modified local generalized Sobolev-Morrey
spaces defined on bounded smooth domains.

Main purpose of this paper is to generalize Calderon-Zygmund type es-
timates of weak solution in generalized weighted Sobolev-Morrey spaces.
These estimates play an important role in regularity theory with Holder
estimates, studies have examined for classical L, estimates or their gener-
alizations. We apply these estimates to study the regularity of the solu-
tion of Dirichlet problem for linear elliptic partial differential equations (see
[14,27,28,32]). The presented results are generalization of previous works
[11-13,31,33].

The goal of this paper is to extend the results of [29,33] for generalized
weighted Morrey spaces. The main ideas for the proof of these estimates
was the Calderon-Zygmund theory for singular integral operators in gener-
alized weighted Morrey spaces and we also is study regularity properties of
solutions this problem.

The paper is organized as follows. We will complete section 1 some infor-
mation about previous results. In section 2 we will some definitions and some
auxiliary results. In section 3 we will the estimates of the Green function and
the Poisson kernels. We will show applications to regularity estimates and
we is study in generalized weighted Morrey spaces boundedness of the sub-
linear operators, solvability in generalized weighted Sobolev-Morrey spaces.
In section 4 we solvability uniformly elliptic boundary value problem in gen-
eralized weighted Sobolev- Morrey space is proved.

2. Preliminaries

Let we consider the homogeneous problem

(=A)"u = f in
(21) (8 Jj o . .
%) u=0 in 00 0<j<m-—1,
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where 8% is the normal derivative, in a bounded domain Q with smooth

boundary 9. The solution of (2.1) is given by

(2.2) u(z) = / G, 9) f(4)d,
Q

where G, (z,y) is the Green function of the operator in € which can be
written as

where I'(x — y) is a fundamental solution, h(z,y) satisfies

(_Az)mh(l'ay) = Ovl‘ € Q)

2\’ 2\’ .
<8U> h(x7y>__(av> P(x_y)axeas)?()gjém_la

for each fixed y € €2. Then

——m_l ; 9 : — x)ds,
ha,9) = goaé K00 () TP a)a

where K;(y,p) are the Poisson kernels, ds denotes the surface measure on
0f2. We have the known estimates of the Green function G,,(x,y) and the
Poisson kernels Kj(z,y):

(2.4) | DG (2, y)| < Cy, for |a] <2m —n,

2 diam(§2
(2.5) | DG (z,y)| < Cslog <‘;ain?§‘)) , for |a| =2m —n,
(26)  |DEGm(r,9)| < Colw =y, for |a] > 2m —n,

1 d m
(2.7) rDsGmm)rscﬁ-mm{l, (y)} | for [a] = 2m,
|z —y[" |z —yl

dx
o =TT

(2.8) |Kj(z,y)| < Cr for0<j<m-—1,
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where d(z) = dist(x,09) (see [12,13]).

Also we give known results by point wise estimates.

LEMMA 2.1 ([29]). Let u(z) be the solution of the problem (2.1) and
|a| < 2m —n. Then there exists a constant C' depending on n,m and §) for
all x € Q such that

D°u(2)| < CM f(a).

LEMMA 2.2 ([13]). Let f, g be measurable functions on €, |a| = 2m and
D={(z,y) e A xQ: |z —y| >d(z)}. Then there exists a constant C de-
pending on n,m and ) such that

/ID“Gm(fc,y)f(y)g(:B)ldfcdy <C /Mf(y)lg(y)ldy+/Mg(y)lf(y)ldy :
D

D

In order to see how to estimate Dh(x,y) in Q\ D, we consider separately
the functions h(x,y) and I'(z,y) involved in G, (x,y).

LEMMA 2.3 ([13]). If |a| > 2m —n + 1, then there exists a constant C
such that
(2.9) Dgh(@,y)| < €™ @) for o —y| < d(x).

Let T be a Calderon-Zygmund singular integral operator, briefly a
Calderon-Zygmund operator is a linear operator bounded from Lo(R™) to
Ly (R™) taking all infinitely continuously differentiable functions f with com-

pact support to functions in LP¢(R™), represented for such functions by

Tf(z) = / K(z,9)f(y)dy,
J

here K (z,y) is a continuous function which satisfies the standard estimates.

It follows from the previous lemmas that for each z € 2 and || > 2m —
n + 1 we have D{h(z,y) is bounded uniformly in a neighborhood of z and
SO

(2.10) 02 [ W) )y = [ D21 )y

Q Q

On the other hand, although DST'(z,y) is a singular kernel for |a| = 2m,
taking [ such that |3| = 2m — 1, we have that

(2.11) De / DET(x — ) f(y)dy = Tf(z) + al) (x),
Q
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where a(x) is a bounded function and T is a Calderon-Zygmund operator
given by

Tf(a) =l Tf (@) with Tf(e) = [ DST(@ ~ ) /)y
R7\ B(z,e)

We will also make use of the maximal singular operator T*f(x) =

sup |T- f(x)|. Here and in what follows we consider f defined in R™ extending
e>0

the original f by zero.

LEMMA 2.4 ([13]). Let g(x) be a measurable function on Q and |a| = 2m.
Then there exists a constant C depending only on n,m and ) such that

/IDO‘U(I‘)Q(I)WE <C /T*f(w) Ig(l‘)ldﬂch/Mf(ﬂf) lg(2)|d
Q Q

Q
+/Mg(w)|f(x)|dw+/If(w)llg(w)ldw
Q Q

We define the genralized weighted Morrey spaces.

DEFINITION 2.1. Let 1 < p < 00, ¢ be a positive measurable function on
R™ x (0,00) and w be nonnegative measurable function on R". We denote by
M, ,(w) the generalized weighted Morrey spaces, the space of all functions

fe L;J‘ffu (R™) with finite norm

_1
12ty oy = sup @ N, r), w(B(@,m)) 2| fll L0 (Blaw):
zeR™,r>0

where Ly, ,,(B(z,r)) denotes the weighted L,-space of measurable functions
f for which

1
P
11y w5y = o oy w e = / () Puy)dy
(z,r)

Furthermore, by WM, ,(w) we denote the weak generalized weighted Mor-
rey space of all functions f € WL (R™) for wnich

_1
£ llw sy () = eﬂSglipmwfl(fC,T),w(B(xﬂ“)) PNl WLy (Bar)) < OO
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where WL, .,(B(z,r)) denotes the weak L, ,,-space of measurable functions
f for which

RS

1 IW Ly (B = 1 fxsm WLy @) = Sup w(y)dy
€B(z,r): |f(y)|>t

Remark 2.1. 1. If w=1, then M, ,(Q,1) = M, () is the generalized
Morrey space.

—
2. If p(x,r) = w(B(:E,r))Tl, then M), (2, w) = Ly k(w) is the weighted
Morrey space.

3. If p(x,r) = 0(B(x,r))%w(B(:c,r))7%, then M, ,(Q, w) = Ly, (Y, w) is
the two weighted Morrey space.

A—n
4. Ifw=1and p(z,r) =r » with 0 < A <mn, then M, ,(w) = L, »(R™)
is the classical Morrey space and WM, ,(w) = WL, y(R") is the weak
Morrey space.

5. If o(x,r) = w(B(z, r))fi, then M, ,(Q,w) = Ly, (R"™) is the weighted
Lebesgue space.

For any bounded domain § we define M, ,(Q2) taking f € L, ,(Q2) and Q,

instead of B(z,r) in the norm above and €, = QN B(z,r). The generalized

weighted Sobolev-Morrey space W, () consists of all Sobolev functions

u € W (€2) with distributional derivatives D*u € M, (€2, w), endowed with
the norm

lllwrnsy = S 1D%ullas o)
0<|s|<m

o
The space W™ M, ,(Q,w) N CG(Q) = W™ M, (2, w).
Suppose that Ty represents a linear or a sublinear operator, which satis-
fies, for any f € L1(R™) with compact support and x # supp f

|z —

W)l
(2.12) Tof(@)| < C R/ oy

where C' is independent of f and .
For a function b, suppose that the commutator operator Tp; represents
a linear or a sublinear operator, which satisfies that for any f € Lq(R™) with
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compact support and x # supp f

/()]

|z —y|"

(213) T (@) <€ [ o) = b0) 22y
Rn
where C' is independent of f and =x.

THEOREM 2.1 ([22]). Let 1 <p < oo, w € A, and (p1,92) satisfy the
condition

1
o

/ ess inf 1 (z, s)w(B(z, s))» dt

(2.14) t<s<oo .
w(B(z,s))r

r

where C does not depend on x and r. Let Ty be a sublinear operator sat-
isfying condition (2.12) bounded on Ly ,,(R™) for p > 1, and bounded from
L1,,(R™) to WLy ,,(R™). Then the operator Ty is bounded from M, ,, (w) to
M, o, (w) for p>1 and from M o, (w) to WM p,(w).

THEOREM 2.2 ([22]). Let 1<p<oo, we A, be BMO(R") and
(p1,92) satisfy the condition

(2.15)

1
B esinf (@ shu(B(.s)?
/ <1 +1n > fess T - < Cpa(z, ),
" w(B(z, s))»

where C' does not depend on x and r. Let Ty be a sublinear operator satisfy-
ing condition (2.13) bounded on Ly, .,(R™). Then the operator Ty, is bounded
from My o, (w) to Mp g, (w).

k-1

For ¢1(z,7) = po(x,7) = w(B(z,7)) # , from Theorems 2.1 and 2.2 we
have the following results.

THEOREM 2.3 ([35]). Letl <p<oo, Let1 <k <1andw e Ap. Let also
Ty be a sublinear operator satisfying condition (2.12) bounded on Ly .,(R™)
forp > 1, and bounded from Lj ,(R™) to WLy ,,(R™). Then the commutator
of sublinear operator Ty is bounded on Ly ,(w) for p > 1, and bounded from
Ly p(w) to WLy p(w).

THEOREM 2.4 ([35]). Let 1 <p<oo, Let1 <k <1,be BMOR") and
we Ay Let also Ty be a sublinear operator satisfying condition (2.13)
bounded on Ly.(R"™). Then the sublinear commutator operator Typ is
bounded on Ly, (w).
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COROLLARY 2.1. Note that from Theorem 2.3 we get that for the max-
imal commutator operator My, the commutator of Calderon-Zygmund op-
erators [b,T] and the commutator of mazximal singular operators [b,T*]
are bounded on generalized weight Morrey space, i.e. are bounded from
Mp,p, (2, w) to My, (2, w).

We recall the definition of A, class for 1 < p < co. A non-negative locally
integrable function w(x) belongs to A, if there exists a constant Cj; such
that

p—1
1

ﬁQ’Q/w(m)dQ; |Ql|Q/w_P—1(:E)dx < Ch,

for all cube @ C R™.

3. Main result

We can now state and prove our main result.

THEOREM 3.1. Let Q2 C R" be a bounded domain with smooth boundary
09 and ¢ satisfy the condition

1
Fess inf (x, s)w(B(z,s))r
/t<s<oo @ < C(p(.TU,?“),

(3.1) -
w(B(z,s)) t

T

where C' does not depend on x and r. If we A,(Q), f e My, (Q,w) and
u(z) a weak solution of (2.1), then there exists a constant C' depending only
n,m,w and ) such that

[ullwzmar, o @w) = ClFll, o)

PROOF. Since M is a bounded operator in M, ({2, w), by Lemma 2.1
and Theorem 2.1 it follows that

> Dl 0w S IMFlla, o) S 1 llagy o @)-
|| <2m—1

Therefore, it only remains to estimate ||D°‘uH§/[p () for |a| = 2m.
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Let w € A,(Q) and g(z) = (D%u(x))P 1w(z). By Lemma 2.4 we see that

D%ull a1, (20)
1/p

zeQ,r>0

= sup o N, r)w(Qz,r)" VP /Do‘u(y)\g(y)]dy
Q(z,r)

(32) £ sup o Nz, r)w(Qw,r) P /T*f(y)lg(y)!dy
zeQ,r>0 o)

1/p

+ /Mf(y)lg(y)dy+ /Mg(y)lf(y)ldy+ /If(y)llg(y)ldy

Q) Qz,r) Qz,r)
ST4+I1+HI+1V.

By the definition of g(z)

/ Igi:/r)\p'dx: / | D%u(z)[Pu()de.

Q(z,r v Q(z,r)

) we ()

Since T* and M are bounded operators in M), ,(£2,w), by Corollary 2.1
applying the Holder inequality, it follows that
(3.3)

3=

I= sup o (2, r)w(@r) / T £ (4)lg()|dy
zeQ,r>0 Qo)

” O\

< sup ¢ (z,r)w(Q(z,r)) (T f(y)Pw(y)dy Ay

zeQ,r>0 w;(y>
Q(z,r) Q(z,r)

1

pl

(a2, Py (Qz, r)) / D*u(y) P w(y)dy
Q(z,r)

=

1
ST 1 My (@) SUP ¢

1

1
1 =
5 ‘|f||]1(4p7¢(ﬂ7w) ”DaUH]IhpM(Q,w)a

1,1 _
where p+p, 1.
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In the same way, we obtain that

(3.4)

M= sup ¢ '(z,r)w((
zeQ,r>0

zeQ,r>0

l —
<ML, () SUP ¢

zeQ,r>0

S

1
. 7
S e A

and

(3.5)

III = sup gofl(iv,r)w(ﬂ(l’ar))i

z€Q,r>0

< sup o Nz, r)w
zeQ,r>0

)supcp

1
é ||f||]1;4p,4,(9,w zeQ,r>0

1
S 1

1
o, 1P
. D%ul[y,

W(va) ||

< sup cp_l(x, r)w(Q(x, r))_%

(Q(ZL‘7

P,

1/p
) [ M@)oy
Q(z,r)
sy lsw)i” g,
Q(z,r) ey WF Y)

|~

1

(. Pyw(Sa, r) "7

~

P

/\ Du(y)|"w(y)dy
)

(Quw)’

-

3 =

/ F@)ll9(v)Idy
Q(z,r)

r))_% /

Q(z,r

fopuw) | [ 92,
) @y )

1

p/

/ | Du(y)|"w(y)dy

Q(z,r)

1 1
ol B

7, r)w((z, )

()"

/

For the last term in (3.2), taking into account that wr e Ay (), we have

that

Unauthenticated | Downloaded 05/27/20 10:11 PM UTC



80 T. S. GADJIEV, V. S. GULIYEV and K. G. SULEYMANOVA

(3.6)

B =

V= sup ¢ l(z,r)w@a,r) /Mg(y)lf(y)ldy

zeQ,r>0
(1)

< s g @) [twrema| | [ My,

zeQ,r>0

1 _ _ 1
<115, S0 07 (@ryul@er) | [ Do) Py
Q(z,r)

=

)

1 1

1 =
S IR @, Pl b, )

Then, by (3.3), (3.4), (3.5) and (3.6) we have

1 1
D v
1D%ullaty s(01) < O (I D°ulZ oy

Then, we obtain
(3.7) D%l ar,, ,w) S N llaty (92,0
and the theorem is proved for u € W2™M,, , (2, w).

It is easy to show that by using classical trace theorems in Sobolev
spaces and the definition of w € A, the weak solution u of (2.1) belongs

to W2 M, (2, w). O

4. Estimates for any order uniformly elliptic equations.

Consider a weak solution of Dirichlet problem

Lu=f inQ,
(4.1) {Bju:0 in 092, 0<j<m-—1,

where L =Y aqoD® - is uniformly elliptic and B; = ) b,D%,0<j <

la|<2m lal<j
m — 1 are the boundary operators defined in [1].

Unauthenticated | Downloaded 05/27/20 10:11 PM UTC



THE DIRICHLET PROBLEM FOR THE UNIFORMLY ELLIPTIC EQUATION 81

There exists a constant v such that

v w@)EP < > aal@)éals < yw(a)lE),

la|<2m

a.e. z € ), V&€ € R™ and matrix aq(x) is real symmetrical matrix.
We define I1 > max(2m — j) and Iy = max(2m — j). If a, € C1TH(Q),
J j

la] < 2m, by € C1H1(00Q), 0< 5 <m — 1, and 9Q € Cht™+1 then we have
Green function G, and Poisson kernels K; for 0 < j < m — 1 exist whenever
l1 >2(lp+1) forn=2and [} > %lo for n > 3.

Moreover, whenever they are defined, Green function and Poisson kernels
of the operator L with these boundary conditions satisfy the estimates (2.4),
(2.5), (2.6), (2.7) and (2.8) (see [11] and [12]). Then the following result is
valid for weak solution of problem (4.1).

THEOREM 4.1. Let Q@ C R"™ be a bounded domain with smooth bound-
ary 0) and the coefficients of operators L and B; satisfy the conditions
ae € CLH(Q), |al <2m, b, € CHHHOQ), 0<j<m—1. If we Ay(Q),
f e M, (Qw), ¢ satisfies the condition (3.1) and u(x) is a weak solution
of (4.1), then there exists a constant C depending only on n,m,w and 2
such that

(4.2) ullwzmar, o @w) < ClFlln, o)

The proof Theorem 4.1 is a consequence of the above estimates of the
Green function and Lemma 2.4. Corollary 2.1 implies that the operators M
and T* are bounded in M, ,(€2,w). Therefore statement of the Theorem 4.1
and estimate (4.2) are immediately consequence of inequalities in Lemma
2.4 and Corollary 2.1. Thus the theorem is proved.

From Theorems 2.1 and 4.1, and estimates in Lemma 2.4 we get the
following corollary.

COROLLARY 4.1. Let Q C R" be a bounded domain with smooth bound-
ary 02 and the coefficients of operators L and B; satisfy the conditions
ae € CHH(Q), |al < 2m, b, € CHHHOQ), 0<j<m—1. If we Ay(Q),
f € My, (2,w), the pair (1, p2) satisfies the condition (2.14) and u(x) is
a weak solution of (4.1), then there exists a constant C' depending only on
n,m,w and § such that

lullwzm g, o, @) < CllF 0,4, (w)-
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5. Boundary estimates of solutions elliptic equations with VMO
coefficients.

DEFINITION 5.1. Let © be open set in R” and a(-) € L}, (). We say
that a(-) € BMO (bounded mean oscillation) if

1
lall« = sup

100z ) a(y) — ag(s pldy < oo,
z€Q,p>0 |Q($,p)‘ / | ( ) Q( »P)|

Q(z,p)

where ag = @H fQ a(y)dy is the mean integral of a(-). The quantity ||al|. is

a norm in BMO of function a(-) and BMO is a Banach space.
We say that a(-) € VMO(Q) (vanishing mean oscillation) if a € BMO(2)
and 7 > 0 define

1 /
r) = sup 1575 a\y) — aq(x dy<oo7
Z,p

and

1
limn(r) =lim sup ———— / a(y) — aqz.|dy = 0.
r—>017( ) TéoxEQ,EST ‘Q(x7p)|9( ) | (y) Q( 7P)| Y

z,p

The quantity n(r) is called VMO - modulus of a.

We formulate the problem (4.1) again. We consider Dirichlet problem
for linear nondivergent equation order 2m

Lu(z)= Y aap(x)D*Dlu(z) = f(x), weQ,
(5.1) lal,[B]<m
WA (Qw) W™y (Qw),  pe (1,00

subject to the following conditions: there exists a constant A > 0 such that

ATHEP™ < Y aapéals < AP
(5.2) ol B1<m

aaﬁ(l‘) = aﬂa(x)v |Oé|, |B’ <m,
i.d. the operator L uniform elliptic. The last assumption implies imme-

diately essential boundedness of the coefficients ang € Loo(£2) and anp €
VMO(Q), f € My ,(2,w) with 1 < p < oo, ¢: Q xRy — Ry is measurable.
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To prove a local boundary estimate for the norm D*DPu we define
the space Wan°(B;F) as a closure of Cyo = {u € C(B(2°r)): Du(x) =
0 for =z, <0} with respect to the norm of sz’jj

THEOREM 5.1 (Boundary Estimate). Suppose that u € Wew ™ (B;") and
Lu € My ,(B;,w) with 1 < p < oo and ¢ satisfies (2.14). Then D*DPu €
My, (B, w), |al,|8] < m and for each € > 0 there exists ro(e) such that

(5.3) ||DaDBu”M o(BFw <CHL“HMW(BT+,w)

for any r € (0,79).
PROOF. For u € W °(B;) the boundary representation formula holds
(see [29])

D*DPu(x) = P.V. / DDPI(x,z — y) Lu(y)dy

BY

(5.4) + PV [D°DT (0. = )laas (&) — s )10 DPuly)dy

B+
+ Lu(x) / DT (x,y)yidoy + 1o p(x),
S 1

Vi =1,n, |a|,|8] < m, where we have set

L s(z) = / DDAz, T(x) — y) Lu(y)dy

B

+ [ DD T (@)~ 9)laas(s) — aaa0))D*DPulw)dy

B

‘Oé‘,|ﬂ| S m — 17

L) = La(z) = / DODPT(x, T(z) — 4)(D™ T (x))"
B
% {[a0(x) — aap (1)) D°DPu(y) + Lu(y)}hdy,
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L () = / DDPI (2, T (x) — y)(D™T ()" (D™ T (x))*
B

x{[aas(x) — aas(y)/D*DPu(y) + Lu(y)}dy,

where D™T (z) = (DT ()Y, ..., (DT (2))") = T (n, ). Now we give
some estimates singular and nonsingular integral operators.
The singular integral

Rf(x) = PV. / K(z,z - 4)f(y)dy

and its commutators
[a, R f(x) := P-V-/K(w, z—y)f(y)la(z) —a(y)ldy = a(z)Rf (z) — R(af)(z)
Rn

are bounded in L,(R"™) (see [8]). Moreover

K (2, )] < J¢[ 7K (2] < e[

"¢l

Then we have

Ri(@) < C / |9‘Cf_(y;|‘ndy,

" |<0/ra DIFEI,

yl”

where the constants C' are independent of f.

LEMMA 5.1. Let the function p: R®™ x Ry — Ry satisfy the condition
(2.14) and 1 < p < co. Then for any f € My ,(w) and a € BMO there exist
constants depending on n,p, @ and the kernel such that

1RSI0y, (0) < CUF 1My 0 )
@, R)fllagy ) < CH“H*HfHMp,w(w)a

where constants are independent of f.

For studying regularity properties of the solution of the Dirichlet prob-
lem (5.1) we need also of some additional local results.
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LEMMA 5.2. Let Q C R™ be a bounded domain and a € BMO(Q2). Sup-
pose the function ¢: R™ x Ry — Ry satisfy the condition (2.14) and f €
M, o(Q,w) with 1 < p < co. Then

RS2, (20) < CllFlIaty, (@)

(5.5)
Ila; R fllaz, o) < Cllallll Iz, o @)

where C' = C(n,p, p,Q, K) is independent of f.

LEMMA 5.3. Let the conditions of Lemma 5.1 satisfy and a € VMO(RY)
with VM O-modulus v,. Then for any € > 0 there exists a positive number
po = pol€,Ya) such that for any ball B, with a radius r € (0, pg) and all f €
M, (B, w) the following inequality holds

(5.6) [a, R]f”Mp,@(Bi,w) < CE”JC”MPW(B;QW)

with C' = C(n,p,p,Q, K) independent of f.

To obtain above estimates it is sufficient to extend K(x,-) and f(-) as
zero outside ). This extension keeps its BMO norm or VMO modulus
according to [23].

For any z,y € R}, = (2/, —x,,) define the generalized reflection 7 (z, y)
as

ans(y)
ali(y)’
T(z)=T(z,z): R} - R?,

T(CE, y) =z -2z,

where a5 is the last row of the coefficients matrix (aqp)a,3. Then there
exist positive a constant C' depending on n and A, such that

CHz—y| <|T@)|<Clz—yl, Va,yeR].

For any f € M, ,(R",w) and a € BMO(R"}) consider the nonsingular inte-
gral operators

Rf(r) = / K, T(x) — ) f(5)dy,
s}

[, R]f(z) = a(x)Rf(z) - R(af)(x).

The kernel K(z,7 (z) —y): R" x R — R is not singular and verifies the
conditions 1 — b and 2 from Calderén-Zygmund kernel. Moreover

(K (2, T () —y)| < M|T (2) —y|™" < Clo—y[™"
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implies

Bl /()
71 )'SCRZ i

" |<c/‘a DI,

yl"

where constants C' are independent of f.
The following estimates are simple consequence of the previous results.

LEMMA 5.4. Let ¢ be measurable function satisfying condition (5.5) and

a € BMO(Q), p € (1,00). Then the operator Rf and |a, R]f are continuous
in My (R, w) and for all f € M, ,(R"},w) the following holds

IR0y o (7 ) < ClSFllagy o (R7 0)

(5.7) -
lla, BIf I m,, o & 0y < Cllallsll fllag, 7 w)

where constants C' are dependent on known quantities only.

LEMMA 5.5. Let ¢ be measurable function satisfying condition (5.5),
a € VMO(RY) with VMO-modulus vy, and p € (1,00). Then for any e >0

there exists a positive number py = po(g,va) such that for any ball B with
a radius v € (0, po) and all f € M, ,(B;,w) the following holds

(5.8) [a, E]f”MPW(Bi,w) < CE”JC”MPW(B;QW)

where C' is independent of €, f and r.

The proof is as [23].
Taking into account the VMO properties of the coefficients a,g’s, it is
possible to choose 79 so small that

ID°DPullyy gty < ClLully, 5

T ’w)

for each r <. For arbitrary matrix function w= {w;;}}';_; €
My o (B w)]"™ define

Sijap(Wap)(x) = |aag, BijlWap(), i,j = 1,n,la] <m,|B] < m,
S’Vijaﬁ(waﬁ)(x) = [aaﬁvgij]waﬁ(x)v iaj = 13” - 17 |Oé| < m, |5| < m,
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Sinas(Wap) (@) = [aag, BijlWas(DaT (), 4,5 =T1,n,|a] <m,|8] <m,
Snnas(Wap)(2) = [aag, Bes)Wap(DaT(2)) (DaT(2))%,  |a] < m,|B] < m,

From (5.6) and (5.8) we can take r so small that

(5.9) Yo D ISias + Siasll < 1.

i.5=11al,[8|<m

Now given u € Wp®(B;F) with Lu € M, ,(B;", w) we set

H(z) = RLu(z) + RLu(x) + RLu(x) (D, T (z))'+

+ ResLu(2) (DT () (DaT (@) + Lu(z) / DT (, y)yidor,.
Snfl

Then estimates (5.5) and (5.7) imply H € M, ,(B;",w). Define the operator

n

Uw=14 > (Sijaﬁ<wa,3) + Sijas(Was) + ﬁz‘j(x))

o |8]<m it

By virtue of (5.9) it is a contraction mapping in [M1,7g(,(B7fr,LLJ)]7L2 and
there is a unique fixed point w = {VNVQB}TLLWEm such that Uw =w. On
the other hand, it follows from the representation formula (5.4) that also
DeDPy = {DO‘DfBu}|a|,‘5|Sm is a fixed point of U. Hence D*Du =W,
D®DPu € M, ,(B;}) and estimate (5.3) holds. Thus theorem is proved. O

THEOREM 5.2. Let operator L in problem (5.1) be uniformly elliptic and

ang € VMO(Q). Then for any function f € M, ,(Q, w) the unique solution
of the problem (5.1) has 2m derivatives in My (2, w) . Moreover

(5100 | > D*D’ully, @uw) < C (lulla, p@w) + 1134 0 @)

o[ Bl<m

with the constant C' depends on known quantities.

PROOF. Since M), ,(2,w) C Ly ,(£2) the problem (5.1) is uniquely solv-
able in the Sobolev space W27 (Q2) N W, (Q) according to [2] and [8]. By
local flattering of the boundary, covering with semi-balls, taking a partition

of unity subordinated to that covering and applying of estimate (5.3) we get
a boundary a priori estimate validity of (5.10). O
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