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1 | INTRODUCTION

Commutator estimates are known to play an important role in many applications in harmonic analysis and partial dif-
ferential equations; see e.g. Coifman et al., Grafakos, Segovia and Torrea, and Stein.'"* Maximal commutator operator
M}, plays an important role in the study of commutators of singular integral operators (see for instance Segovia and
Torrea, Garcia-Cuerva et al., and Hu and Yang>>%). The commutator [b, M] of the maximal operator is used in studying
the product of H; and BMO functions (see Bonami et al’ for instance).

The aim of this paper is to study the fractional maximal commutators M}, and the commutators [b, M, ] of the fractional
maximal operator with BMO functions in the variable Lebesgue spaces LP*)(X) over spaces (X, d, u) of homogeneous type.
Note that the general interest to study problems of analysis over general underlying sets, such as quasimetric measure
spaces (X, d, u), is motivated by the possibility to apply such a study to underlying sets of various geometrical nature,
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including manifolds, groups, sets of fractional dimension, etc. We refer, in particular, to the books*31° on the study of
operators of harmonic analysis over quasimetric measure spaces.
For the fractional maximal operator

M, f(x) = sup

1
P B /B FOduG).0< 1y <1,

the fractional maximal commutator My ,, generated by b € Llloc(X ), is defined by

My, f(x) = sup u(B)~1H / |b(x) — bW f(W)|duy).
>X B

If # = 0, then we get the maximal commutator My = Mp.
The commutator, generated by a function b € Llloc(X ) and the operator M,, is defined by

[b, My ]/ (x) = bO)M, f () — My(bf)(x).

Obviously, the operators M, , and [b, M, ] essentially differ from each other since My, is positive and sublinear and [b, M,;]
is linear and not positive. The mapping properties of M, and [b, M, ] have been studied extensively by many authors; see
for instance previous studies.>!1-17

Our interest being related to Lebesgue spaces, below we describe results on the boundedness of the commutators Mp ,
and [b, M, ] in LPY(X) for both constant and variable exponent p. Let first p be constant. The boundedness of the operator
My, with # = 0 and b € BMO was studied in Grafakos? in the Euclidean case. This was generalized to the case of
quasi-metric measure space of homogeneous type in Deng and Han,® where the operator [b, M, ] was also consider. The
case n > 0 for both the commutators was studied in Zhang and Wu'® for X = R". As regards variable exponent p = p(x),
the commutators M, and [b, M, ] were studied in LP") in the Euclidean case in Zhang and Wu'® for = 0 and in Zhang
et al’® fory > 0.

In this paper, we obtain necessary and sufficient conditions for the boundedness of the commutators M, , and [b, M, ]
in the spaces LP"(X) over bounded quasi-metric measure space X of homogeneous type. Furthermore, we find some new
characterizations for certain subspaces of BMO(X).

This paper is organized as follows. In Section 2, we provide necessary preliminaries on variable Lebesgue spaces LPO(X)
over spaces (X, d, 1) of homogeneous type. In Section 3, we obtain the necessary and sufficient conditions for the bound-
edness of M, on variable Lebesgue spaces and weak variable Lebesgue spaces. In Section 4, we give the necessary and
sufficient conditions for the boundedness of the fractional maximal commutators M}, , on the spaces LP*(X). In Section 5,
we find the necessary and sufficient conditions for the boundedness of the commutators [b, M,,] of the fractional maximal
operator on the spaces LP*)(X). As an application, we interpret our main results for the case X = S"1.

In the sequel, for A, B > 0 by A < B, we mean that A < CB with some positive constant C independent of appropriate
quantities A and B. If A < Band B S A, we write A ~ B and say that A and B are equivalent.

2 | PRELIMINARIES

Given a set X and a function d : X X X — [0, o), we say that (X, d) is a quasi-metric space if d satisfies the following
conditions:

(1) d(x,y) =0 ifand only if x = y;
2)d(x,y) =d(y,x) forall x,y € X;
(3)d(x,y) < k(d(x,z)+d(z,y)) forall x,y,z € X and some constant k > 1.

The set X may be bounded or unbounded. We denote the open ball of radius r > 0 centered at a point x in X by B(x, r) is
defined by B(x,r) = {y € X : d(x,y) < r}.
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The quasi-metric space (X, d, y) is said to be homogeneous, if there exists a constant K; > 1 such that for all x € X and
0<r< dx/z, dy := dlam(X)
u(Bx,2r)) < Ky u(B(x, ). 2.1)

For more details on quasi-metric measure spaces, we refer, e.g., to Edmunds et al. and Coifman and Weiss. 220

For a space (X, d, u) of homogeneous type, if #(X) < oo, then there exists a positive constant R, such that X = B(x; Ro)
for all x € X; see Nakai and Yabuta.?>'emma 5.1 [t follows that u(X) < oo if and only if diam(X) < co.

Below, we provide definitions and some basic properties of variable Lebesgue spaces. For more details, see Kokilashvili
etal.l®

Define P(X) to be a set of measurable functions on X with values in [1, o). Given an exponent p(-) € P(X) by LPV(X),
we denote the space of all measurable functions f on X such that I;,,(4f) < oo for some A = A( f) > 0, where

Lo(f) = /If(X)Ip(x)dy(x).
X

1S lpoocx) = inf{n >0 : Iy, (%) < 1} ,

pX)
po-1’
The weak Lebesgue space WLPO(X) with variable exponent is the space of all measurable functions f on X such that

Equipped with the norm

LPO(X) is a Banach function space. By p’(x) = X € X, we denote the conjugate exponent.

L/ lwrroe ©= Su([))t||)((x5x;‘,(x)|>,)f”LP("(X) < .
>

It is easy to see that || - |[zs0ex) i @ quasi-norm; i.e., for any fi, f» € WLPY(X), we have
/1 + fallwooco < 2 (LAllweow + L2 llweow ) -

We use the following notation:
p- =p-(X) =ess inf p(x), p; = p+(X) = ess sup p(x).
xex xex
We say that p(-) € P¢(X) if p(-) € P(X) and

[px) —p(y)| < dx,y) <=, x,yeX, (2.2)

__¢
—Ind(x,y)’
where C does not depend on x, y.

We say that p(-) € P8(X) if p(-) € P(X) and

c

|pC) — p)| < m, (2.3)

for all x, y € X such that uB(x, d(x, y)) < 1/2.

If u satisfies the growth condition, then ]P’ifg(X ) C Plog(X). If (X, d, u) is of homogeneous type, then P1°8(X) C IP’ifg(X ),
see Kokilashvili et a].10lemma2.56

The following analogue of the Holder inequality is known,

/ |7 EONAND) < o[ oo gl (24)
X

where r, = 1+pi—pi.
- +
We use the following result in the proof of our theorems; see, e.g., Guliyev and Samko?? theorem 32 and Kokilashvili et al.'

Lemma 2.1. Let (X, d, u) be a quasi-metric measure space with finite measure and p(-) € ]P’ifg(X ). Then

1
12y, o) & (B, 1)) 20

forallxe Xand0 < r < dyx.
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3 | FRACTIONAL MAXIMAL OPERATOR IN VARIABLE LEBESGUE SPACES

In this section, we shall give necessary and sufficient conditions for the boundedness of M, on variable Lebesgue spaces
and weak variable Lebesgue spaces over bounded quasi-metric measure spaces.
To prove our main theorems, we need the following lemma.

Lemma 3.1. Let0 <7 < 1and By := B(xo, ro). Then, u(Bo)" < M, ys,(x) for every x € By.
Proof. For x € By, we get

M, xg,(x) = sup u®B"! / 28,V du(y)
SX B

= sup u(B)""*"u(B N By) > u(Bo)"*" u(Bo N Bo) = u(Bo)".

Bax

We formulate the result obtained in Cruz-Uribe and Shukla? in the following theorem for bounded X spaces.

Theorem 3.2. (?*) Let u(X) < 0,0 <n <1,p() € ]P’fg(X), 1<p_<py<1/nand0 < 1/px) —1/q(x) < n. Then,
there exists a constant C = C(p(-), , X) such that for all f € LPO(X),

1My, f ooy < ClSf o 3.1

Theorem 3.3. (%) Let u(X) < 00,0 <y <1,p() € ]P’ifg(X), 1=p_<py <1/nand0 <1/p(x)—1/qx) < n. Then,
there exists a constant C = C(p(-), n, X) such that for all f € LPO(X),

1My fllwraoco < CIF e (3.2)

Theorem 3.4. Let u(X) < 0. Given 0 < 5 < 1, let p(-),q(-) € ]P’ifg(X) and1 < p_ < py < 1/n. Then the condition
1/p(x) — 1/q(x) < n is necessary for the boundedness of M,, from LPO)(X) to LI0(X).

Proof. Let B= B(x,r)and y € B. By Lemma 3.1, we have u(B)" y,(y) < M, ys(y). Therefore, by Lemma 2.1

1
IM,, xBllLaox) < LxBllroc - H(B)r

HBY' < < n B2
||}(B||Lq(~>(X) ||)(B||Lq(~)(X) M(B)%

Since this is true for every r > 0, the proof is completed. O
By Theorems 3.2 and 3.4, we have the following result.

Corollary 3.5. Let u(X) < 00,0 <7 < 1,p(-),q(-) € IP)IMOg(X) and1 < p_ < py < 1/#n. Then, the condition 1/p(x) —
1/q(x) < n is necessary, and the condition 0 < 1/p(x) — 1/q(x) < n is sufficient for the boundedness of M,, from LP*)(X)
to LIO(X).

Theorem 3.6. Let u(X) < 00,0 <75 < 1,p(-),q(-) € IP’I,fg(X) and 1 = p_ < p; < 1/n. Then, the condition 1/p(x) —
1/q(x) < n is necessary for the boundedness of M, from LPY(X) to WLIO(X).

Proof. Let B = B(x,r)and y € B. By Lemma 3.1, we have u(B)" y,(») < M, ys(y). Therefore, by Lemma 2.1

L
M(B)” < ”MnXB”WLq(-)(X) < ”,YB”LP(»)(X) N M(B)p(x)

||)(B ||Lq<~>(X) ~ ||)(B ”LW(X) M(B)$

Since this is true for every ry > 0, the proof is completed. O

By Theorems 3.3 and 3.6, we have the following result.
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Corollary 3.7. Let u(X) < 00,0 <75 < 1, p(-),q(-) € IP’ifg(X) and1 < p_ < py < 1/n. Then, the condition 1/p(x) —
1/q(x) < n is necessary and the condition 0 < 1/p(x) — 1/q(x) < n is sufficient for the boundedness of M,, from LPO(X)
to WLI1O(X).

4 | FRACTIONAL MAXIMAL COMMUTATOR IN VARIABLE LEBESGUE
SPACES

In this section, we find the necessary and sufficient conditions for the boundedness of the fractional maximal commutator
M, with b € BMO(X) on variable Lebesgue spaces over bounded quasi-metric measure spaces.
A function b € Llloc(X ) is said to be in BMO(X) if the seminorm given by

1
bl = sup /B 1) — bylduC)

is finite, where bg = u(B)™! [,b()du(x).
By the generalized Hélder's inequality in Orlicz spaces (see Rao and Ren?*P-38) and John-Nirenberg's inequality, we
get (see also Lerner et al.?> 214),

1
" / 160) = bl 18C1duG0) S [1Bllasio gl zcogr 1)
B
Lemma 4.1. (%6 lemma 7.1) ot b € BMO(X). Then

t
|bBe.r) — bas| < ClIbIL. ln; for 0<2r<t, (4.2)

where C does not depend on b, x, r, and t.

We refer for instance to Long and Yang?’ for details on the BMO space.
For a given ball Band 0 < < 1, we define the following maximal function:

M,pf(x)= sup u(B)'* / [ fW]du(y),
Bl

B2B'ax

where the supremum is taken over all ball B’ such that x € B’ C B. We also denote Mg = My 3.

Lemma 4.2. Letb € L}OC(X ). Then the following statements are equivalent:

1. b € BMO(X);
2. there existsan s € [1, co) such that

[|(b = My(b)) ){B”LS(X) <c

s

B L, 1sco
3. (4.2) hold for all s € [1, o).

Proof. Since the proof is similar to the corresponding one in Bastero et al,!? we omit the proof. O

Lemma 4.3. (?*%°) Let b € BMO(X), p(-) € ]P)ifg(X) and1 < p_ < py < co. Then

”(b — bg) ){B”LP(‘)(X)
||}(B ”LP(')(X)

(1Bl A sup (4.3)

From Lemmas 4.2 and 4.3, we get
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Lemma4.4. Letb € L}OC(X ). Then, the following statements are equivalent:
1. b € BMOX).
2. There exists p(-) € Pifg(X), 1 < p_ < p,; < oo such that
|6 = Ma®)) 2, || oy

(4.4)
B I g ”LP(')(X)

3. Forallp(-) € IP’ifg(X), 1 < p- < p4 < o0, we have (4.4).

Theorem 4.5. ('!) Letb € BMO(X), p(-) € IP’LOg(X) and1 < p_ < p; < 0. Then, the operator My, is bounded on LPO(X),
and the inequality

My f ooy < CollDllell £l eox) (4.5)

holds with the constant Cy independent of f.

Theorem 4.6. Letb € Llloc(X), p() € ]P’if’g(X) and 1 < p_ < p; < oo. Then, the condition b € BMO(X) is necessary for
the boundedness of My on LPO(X).

Proof. Suppose that Mg is bounded from LP)(X) to LP*(X). Choose any ball B = B(x, r) in X. We have
! 1 1
M(B)/B| (») — bpldu(y) < M(B)/BM(B)/Bl ) — b@)| x,(2) du)du(y)
1 1
—= | M du(y) = — [ M d
=B /B 5 () Wdu) = /B 5 (1) 1) 2,)du()

2
< ——IMg (x,) lloo L2, Lo

)
T 1z, llos < C
=B o) ooy = L.

Thus, b € BMO(X). O

By Theorems 4.5 and 4.6, we have the following result.

Corollary 4.7. Let p(-) € ]P’ifg(X) and 1 < p_ < p; < 0. Then, the condition b € BMO(X) is necessary and sufficient
for the boundedness of My on LPO(X).

To prove our main results, we need the following lemma.

Lemma4.8. Let0 <y <1,be€ L, (X)andB, := B(xo, o). Then
#(Bo)" |b(x) — bg,| < My, xg,(x) forevery x € By.

Proof. For x € By, we get
My, B, (%) = sup u(B)~H / |bCx) = b(y)| x5, (W)du(y)
SX B

= sup u(B)~*" / |b(x) — b(y)|du(y) > u(Bo)*" / |b(x) — b(y)|du(y)
BB, BynB,

Box

> u(Bo)™ " = u(Bo)"|b(x) — b, |.

(b(x) — b(y)du(y)
BO

Lemma 4.9. (°*31) Let 0 < < 1 and b € BMO(X). Then, there exists a positive constant C such that
My, f(x) < C|Ibll. (M (M, f) (x) + M,(M f)(x))

: 1
for almost every x € X and for all functions from f € L, (X).
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The following theorem gives necessary and sufficient conditions for the boundedness of the operator M}, from LPO(X)
to LI0)(X) when b belongs to the BMO space.

Theorem 4.10. Let u(X) < 00,0 < n < 1and b € BMO(X). Let also p(-), q(-) € ]P’if’g(X) and1 < p_ < p, <1/n. Then
the condition 1/p(x)—1/q(x) < n is necessary and the condition 0 < 1/p(x)—1/q(x) < n is sufficient for the boundedness
of My, from LPO(X) to LIO(X).

Proof.

1. Let0 <5 < 1and b € BMO(X). Then, from Lemma 4.9, we have
My, f S 1Iblls (M (M, f) ) + M,(Mf)(x)) (4.6)

for almost every x € X and all functions f € L (X).

loc

Combining Theorem 3.2 and inequality (4.6), we get

(M, f | ooy S NIl 1M (Mnf) + M,(M )|l eoxy
S bl (1M (M, ) a0 + 1My M| a0 cx))
S bl (1M £ llzsoco + IM S o))
S bILALF Nzeox)-

2. Suppose that M, is bounded from LPY(X) to LY9(X), By = B(xo,ro) and x € B,. By Lemma 4.8, we have
u(Bo)" |b(x) — bp,| < My, xs,(X). Therefore, by Lemmas 2.1 and 4.3, we get

||Mb,n)(B0||Lq<-)(BO) < ||Mb,r;)(Bo||Lq(->(Bo)
Ib = b, llaoi, ~ 1l (b= bp) x,llLow)

H(Bo)" S

1
| M, 28, |l oo x) < 1B, Il zeo x) __ H(Bg)ro

||)(B0 ”L‘I(')(X) ||)(BO ||th->(X) M(Bo)q(%o)

Since this is true for every ry, > 0, the proof of second part is completed.
3. The proof of the third statement of the theorem follows from the first and second parts. 0

If we take p(-) = p and q(-) = q in Theorem 4.10, we get the following corollary.

Corollary 4.11. Let u(X) < 00,0 <n < 1,1 < p <1/nandb € BMO(X). Then, the condition p% - é < n is necessary,
and the condition 0 < 11) - é < n is sufficient for the boundedness of My, from LP(X) to L4(X).

The following theorem is valid.

Theorem 4.12. LetO<n<1,be Llloc(X), p().q(-) € IP’Log(X), 1<p_-<p:<1/n.If0<1/pkx)—1/q(x) <n, then the

condition b € BMO(X) is sufficient for the boundedness of My, from LPO(X) to Li(X). If 1/p(x) — 1/q(x) = n, then the
condition b € BMO(X) is necessary for the boundedness of My, , from LPO(X) to L10(X).

Proof.

1. The sufficient part of the theorem follows from the first part of Theorem 4.10.
2. We shall now prove the necessity part of the theorem. Suppose that M, is bounded from LPO(X) to L10(X).

Choose any ball B = B(x, r) in X. By (2.4)
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1 1 1
”(B>/B| O M(B)/B‘MB)/B( )= bRNAU| du)

1
< b(y) - b(z)|du(z)d
< M(B)Z/B-/Bl (») = b@)|duz)du(y)

= /B B /B 1B ~ b(@) |1, Qdu@)du()

1 2
W/}gMb,n (1) Wdy < B 1M (2,) lzso@ 1111 oo )

IA

2
< u(B)1+n [1Mb. ()(B) ||L‘1("(X)”)(B||Lq’(->(X)

1
u(B)+

1 1
~ uB)r w0 =1

S L2, W ro oo 1Lt oo xy

Thus, b € BMO(X).

3. The proof of the third statement of the theorem follows from the first and second parts of the theorem. 0

Let S*! = {x € R" : |x| = 1} be the unit sphere in R". As an example X = S"~! for theorems obtained in this section,
we consider the space of homogeneous type (S*1, d, u), where d(x, y) is the cord distance between points x, y € S*~! and
u the surface Lebesgue measure on S"71,

In the variable Lebesgue spaces LPO(S" 1), we consider the spherical fractional maximal operator

1
M, f(x) = sup —/ |f(0)|do, x € S*1,
! o<r<2 |SCG DM [ s
where S(x,r) := {c € S*! : |6 — x| < r} is a spherical “cap,” |S(x, r)| =~ r*~! and do stands for the surface Lebesgue
measure on S"71,
For more details on the spherical integral operators, see Samko.? chapter 6
From Theorems 4.10 and 4.12 for the space LPO(S"1), we derive the following statements.

Theorem 4.13. Let0 < n < 1 and b € BMO(S™ ™). Let also p(-),q(-) € P°¢(S* Y and 1 < p_ < py < 1/n. Then, the
condition 1/p(x) — 1/q(x) < # is necessary and the condition 0 < 1/p(x) — 1/q(x) < n is sufficient for the boundedness
of My, from LPO(S"1) to LIO(S"1).

Theorem4.14. Let0O <y <1,be L, ("), p(-),q() € PlogS"Yand1l < p_ <py <1/n.If0 <1/p(x)—1/q(x) <1,
then the condition b € BMO(S"™!) is sufficient for the boundedness of My, from LPO(S"1) to LIO(S"1). If 1/p(x) —
1/q(x) = n, then the condition b € BMO(S" ') is necessary for the boundedness of My, , from LPO(S""1) to LIO(S"1).

5 1 COMMUTATORS OF FRACTIONAL MAXIMAL FUNCTION IN VARIABLE
LEBESGUE SPACES

In this section, we find the necessary and sufficient conditions for the boundedness of the commutator [b, M,] of the
fractional maximal operator with b € BMO(X) on variable Lebesgue spaces over bounded quasi-metric measure spaces.
For a function b defined on X, we define

- 0, if b(x) >0,
= 5.1
* {Ib(x)l, if b(x) <0, (5.1)

and bt (x) := |b(x)| — b~(x). Obviously, b*(x) — b~(x) = b(x).
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Let b be any non-negative locally integrable function. Then, for all f € Llloc(X ) and x € X, the following inequality is
valid

|[b, My 1f ()| = [bOOM, £ (x) = My(b /)())|
= | M, (b(x) £)(x) = M (b)(x)| < Myy(|b(x) — b £)(x) < Mp,( f)(X).
If b is any locally integrable function on X, then

[[b, My1f ()| < Mp,( /)() + 2b~ ()M, f (x), xeX (5.2)
holds for all f € L] (X) (see, e.g., Zhang et al. and Deringoz et al.'”*?).
By (5.2) and Theorems 3.2 and 4.10, we get the following corollary.

Corollary 5.1. Let u(X) < 0,0 < 5 < 1,b € BMO(X), b~ € L(X), p(-),q() € P*(X) and 1 < p_ < p, < 1/n. Let
also the condition 1/p(x) — 1/q(x) < n be satisfied. Then the operator [b, M, is bounded from LPO(X) to L1 (X).

In the following, we characterize the boundedness of the commutator operator [b, M, ] for b € BMO(X) and b~ € L*(X).

Theorem 5.2. Let u(X) < 0,0<n<1,be L (X),p(),q(-) € ]P’ifg(X), 1<p_-<py<1/pandl/px)—-1/q(x) =n.

loc
Then, the following statements are equivalent:

~

. b e BMOX) and b~ € L*(X);
[b, M, ] is bounded from LPO(X) to L1O(X);
3. there exists a constant C > 0 such that

N

b — Mg(b '
”( B( )))(B”Lq()(x) <c (5.3)

B ||)(B||La<-)(X)

4. there exists a constant C > 0 such that

SI;P uB)7HIb() — Mpb)OlpH) < C. (5.4)

Proof. Since the implication “(1) = (2)” follows readily by Corollary 5.1 and the equivalence of (1) and (4) follows
from Lemma 4.4, it only needs to prove the implications “(2) = (3)” and “(3) = (4).”

(2) = (3). We divide the proof into two cases according to the range of a.

Case 1. Assume 7 = 0. For any fixed ball B and x € B, we have

b(x) — Mp(b)(x) = b)M (x,) (x) — M (by,) (x) = [b,M] (,) ).
Since in this case, we assume p(-) = q(-) and [b, M] is bounded on LP"(X), then we have

”(b_MB(b)) )(B”L‘I(')(X) _ ”[b’M])(B”L‘I(')(X) < ”%”L«»(X) _
”}(E”LP(')(X) ”)(B”L‘I(')(X) ~ ||)(B”L‘1<'>(X)

s

which implies (5.3).
Case 2. Assume 0 < 5 < 1. For any fixed ball B,

[|(b — Mp(b)) ){B”L‘I(')(X) _1bC¢) = Mp(b)()ll Lo sy

| e ||L‘I('>(X) | e ||Lq<->(X)
16C) = uB) "My 5| ooy |MBDIC) = u(B)Y "My 5(1D)C) | Lo s, (5.5)
- ||)(B||Lq<->(X) - ||)(B ||Lq<~>(X)
=5L + L.

For I. From the definition of M, , it is not difficult to check that M, gy, (x) = u(B)" for all x € B.
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Note that, for any x € B, M, (by,) (x) = M, 5(b)(x) (see, e.g., Zhang and Wu'®) and then M, (,) (¥) = My px,(x) =

uB)".
Then, for any x € B,

b(x) — u(B) "M, p(b)(x) = u(B)™" (b(x)u(B)" — M, p(b)(x))
= u(B)™" (M, 51,0 = M, (bz,) (x)) = u(B)™"[b,M,] (x,) .

Since [b, M, ] is bounded from LPO(X) to LIV(X), then

I ”b() - M(B)_”MW,B(b)(')||Lq(v)(B) (B)_” “[b’M”] ()(B) LIO(B)
1 = =
I, | oo cx) 12, M a0 ) (5.6)
< ﬂ(B)—n””ﬂ (B)p(x) q(x) M _ 1,
||)(B||Lq<>(X)

where in the last step we have applied Lemma 2.1 and the hypothesis 1/p(x) — 1/q(x) < 5.
Now, let us prove b € BMO(X) and b~ € L®(X). Foranyball B,let E={y € B : b(y) < bg}andE = {y € B : b(y) >
bp}. The following equality is true (see Bastero et al.}% Pase 3331);

[[160) = beldu = | 1) = balducy)
E F
Since b(y) < bg < |bg| < u(B)™"M, g(b)(y) for any y € E, we obtain

|b(y) — bg| < |b(y) — u(B)""M, 5(b)()| . y € E.

Then, from (2.4) and (5.6), we have

e / |b(y) — bgldu(y) = e / [b(y) — bgldu(y)

2 _
(B) |b(y) — u(B)™"M, 5(b)(»)| du(y)

< — [ |b(y) — u(B)™"M, g(b d

<2 /B 1) — (B "My 5(B))| di(»)

< CuB7|b() - M(B)_"Mq,B(b)(')||Lq<->(3) L2, Lo
< CuB) M, e L2, I rox < C.

So, using the definition of BMO(X), we have b € BMO(X).
Now, let us show that b~ € L®(X). Observe that 0 < b*(y) < |b(y)| < Mp(b)(y) for y € B; therefore, for any y € B,
the following holds

0 < b™(y) < Mp(b)(y) — b*(y) + b~ () = Mp(b)(y) — b(y).
Then, for any ball B, we have

1 1
_ — [ (Mg(b -b d
) / “Mdu(y) < e / (Mp(b)(¥) — b(») du(y)

= — b(y) — Mg(b d C.
M(B)/Bl » (DY) du(y) <

Let u(B) — 0 with x € B. Lebesgue's differentiation theorem assures that

PN U
0<b (x) —M(llggo ”(B)/Bb »duy) < C.
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Thus, b € BMO(X) and b~ € L*(X).
Next, we estimate I,. For any x € B, Mg (z,) ) = (x,) ) (see, e.g., Zhang and Wu'®) and then M (y,) (x) =
(x,) @ and M (by,) (x) = Mp(b)(x) for any x € B. Then
|H(B) "My 5(b)(X) — Mp(b)X)| = #(B)™" [My3(b)(x) — u(B) Mp(b))]
= (B M, (bz,) @) = My (1,) M (bz,) )|
= u(B)" My (bx,) () = 1bCIM, (7,) )|
+ uB |Ib)IM, (7,) ) = M, (1,) M (b, ) )| (57)
= (B M, (1blx,) () = 1bEIM, (1,) 0|
+ uB) "M, (7,) 0 |IBEIM (,) 0 = M (bx,) )|
= (B |[1B1. M, (,) | + [[1B1. M1 (1,) ()]

Thus b € BMO(X) and b~ € L*(X).
From (5.7), we obtain, for any x € B,

|H(BY "M, (b)(x) — Mp(®)0)| < w(BY" |[1B1, M, ] (,) 00| + |U1b1, M1 (,) )]
Then, it follows from Lemma 2.1 that

IM®)C) = 4B "My 5D)O)| 1o,

) =

||)(B||Lq<->(X)
)]y [0 ),
S u®B™
1, 1l a0 ) 1, 1l o ) (5.8)
_ ”}(B”LP(‘)(B) _ ”}(B”LP(‘)(X)
S bl u(B) ™" o———— + ||b]|s p(B) " ———
| Xy ”L‘I(')(X) | Xy ”L‘I(')(X)
~ u(B)R W " = 1,
By (5.5), (5.6), and (5.8), we get
(b — M) 1, || 1
” B||Lq<>(X) S ||b||*,

||){B ”LQW(X)
which leads us to (5.3) since B is arbitrary.
(3) = (4). We deduce (5.4) from (5.3). Assume (5.3) holds, then for any fixed ball B, it follows from (2.4) and (5.3)
that

u@B)Ib() - Mpb))lLp) < CuB)Ib) - M)l || 2, ”Lq’(-)(X)
< C'M(B)_l“)(B“L'Z(')(B)“)(B“Lq’(')(X) <C

where the constant C is independent of B. So we obtain (5.4).
The proof of Theorem 5.2 is completed. O

Corollary 5.3. Let u(X) < o0, b € L}OC(X), p() € ]P’ifg(X) and1 < p_ < p; < 0. Then, the following statements are
equivalent:

b € BMO(X) and b~ € L*(X);

[b, M] is bounded on LPO(X);

there exists a constant C > 0 such that condition (5.3) holds;
there exists a constant C > 0 such that condition (5.4) hold.

A Wb~
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Remark 5.4. Note that, in the case p(-) = const Corollary 5.3 was proved in Fu et a].2% theorem 2.1

Theorem 5.5. Let u(X) < 0,0<n<1,be L (X),p()q(-) € ]P’ifg(X), 1<p-<py<1/pandl/px)-1/q(x) =n.

loc
Then ,the following statements are equivalent:

1. b € BMO(X) and b~ € L*(X).
2. [b,M,] is bounded from LPO(X) to L1 (X).
3. There exists a constant C > 0 such that

[|(b = bs) 7, ”L‘I(')(X)

sup <C. (5.9)
B ||)(B||Lq(~>(X)
4. There exists a constant C > 0 such that
sup uB)HIb() = ballpis < C. (5.10)

Proof. Part “(1) < (2)” follows from Theorem 5.2, the implication “(1) = (4)” follows readily from Guliyev

et al.15 theorem 4.5 4 Lemma 4.4, respectively. Since “(3) = (4)” follows from Lemma 4.4 directly, then it is sufficient
to prove the implication “(2) = (3)”:

For any given ball B, we have for all x € B,

1
b0~ bl < /B 1) - b Idu()

1 1 )
= 2BY u (B /B 1b(x) — b x,(»dy < u(B) "My, (1,) X).

Since M}, is bounded from LPO(X) to L49(X), by applying Lemma 4.4 and noting that 1/p(x) — 1/q(x) < 5, we have

16— 0 2 llwo) _ . M ()]0
||)(B ||Lq<-)(X) ||)(B ||Lq<->(X)
_ “){B”LP(')(X)
< |Ibll« p(B) " ———
||)(B||Lq<->(X)

L1
R |Ibll.c u(B)r "5 ™" = ||bl|,
which leads us to (5.9) since B is arbitrary and the constant C does not depend on B. O

Corollary 5.6. Let u(X) < o0, b € Llloc(X), p() € ]P’ifg(X) and1 < p_ < p; < 0. Then, the following statements are
equivalent:

b € BMO(X) and b~ € L®(X).

[b, M] is bounded on LPO(X).

There exists a constant C > 0 such that condition (5.9) holds.
There exists a constant C > 0 such that condition (5.10) holds.

A Wb~

For a given spherical “cap” S and 0 < < 1, we define the following spherical maximal function:

M,sf(x)= sup |S'|7™*" [ |f(0)ldo,
Sl

NsNEYY

where the supremum is taken over all caps S’ such that x € §’ C S. We also denote Mg = M s.

From Theorems 5.2 and 5.5, for the space LP®)(S""1), we derive the following statements. Recall that b~ was defined
in (5.1).
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Theorem 5.7. LetO<n < 1,be Ll (S*1), p(-),q(-) € P¢(S* 1), 1 < p_ < p, <1/nand1/p(x) —1/q(x) = n. Then,

loc
the following statements are equivalent:

~

b € BMO(S" ') and b~ € L®(S"1);
[b, M,] is bounded from LPO(S"1) to LIO(S"1);
there exists a constant C > 0 such that

w N

[|(b — Ms(b)) x, ”Lq(')(S’H) <C

] ’

s 1t | oo 1y

4. there exists a constant C > 0 such that

Sl;P IS|7H 1) = Ms(B)OIpis) < C.

Theorem 5.8. Let0 <y <1,be Ll (S, p(),q() € IP’i:)g(S”‘l), 1<p_<py<1/nand1/p(x)—1/q(x) = n. Then,

loc
the following statements are equivalent:
1. be BMO(S" Y and b~ € L®(S*).
2. [b,M,] is bounded from LPO(S"1) to LIO(S"1).
3. There exists a constant C > 0 such that

”(b B bS) ){S ”Lq(-)(Sn—l)
sup <
N ||)(S ”LQ(-)(Sn—l)

4. There exists a constant C > 0 such that

sup ISI7H1bC) = bsllps) < C.

6 | CONCLUSION

We obtained necessary and sufficient conditions for the boundedness of the fractional maximal commutators M, and
the commutators [b, M,] of the fractional maximal operator with b € BMO(X) on variable Lebesgue spaces LP"(X) over
quasi metric measure spaces (X, d, u), which provides some characterizations for certain subspace of BMO(X). As an
application, we interpret our main results for the case X = S"~!,
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