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We study the fractional maximal commutators Mb,𝜂 and the commutators [b,M𝜂]
of the fractional maximal operator with b ∈ BMO(X) in the variable Lebesgue
spaces Lp(·)(X) over bounded quasi-metric measure spaces. We give necessary
and sufficient conditions for the boundedness of the operators Mb,𝜂 and [b,M𝜂]
on the spaces Lp(·)(X) when b ∈ BMO(X). Furthermore, we obtain some new
characterizations for certain subspaces of BMO(X).
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1 INTRODUCTION

Commutator estimates are known to play an important role in many applications in harmonic analysis and partial dif-
ferential equations; see e.g. Coifman et al., Grafakos, Segovia and Torrea, and Stein.1–4 Maximal commutator operator
Mb plays an important role in the study of commutators of singular integral operators (see for instance Segovia and
Torrea, Garcia-Cuerva et al., and Hu and Yang3,5,6). The commutator [b,M] of the maximal operator is used in studying
the product of H1 and BMO functions (see Bonami et al7 for instance).

The aim of this paper is to study the fractional maximal commutators Mb,𝜂 and the commutators [b,M𝜂] of the fractional
maximal operator with BMO functions in the variable Lebesgue spaces Lp(·)(X) over spaces (X , d, 𝜇) of homogeneous type.
Note that the general interest to study problems of analysis over general underlying sets, such as quasimetric measure
spaces (X , d, 𝜇), is motivated by the possibility to apply such a study to underlying sets of various geometrical nature,
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including manifolds, groups, sets of fractional dimension, etc. We refer, in particular, to the books4,8–10 on the study of
operators of harmonic analysis over quasimetric measure spaces.

For the fractional maximal operator

M𝜂𝑓 (x) = sup
B∋x

1
𝜇(B)1−𝜂 ∫B

|𝑓 (𝑦)|d𝜇(𝑦), 0 ≤ 𝜂 < 1,

the fractional maximal commutator Mb,𝜂 , generated by b ∈ L1
loc(X), is defined by

Mb,𝜂𝑓 (x) = sup
B∋x

𝜇(B)−1+𝜂 ∫B
|b(x) − b(𝑦)||𝑓 (𝑦)|d𝜇(𝑦).

If 𝜂 = 0, then we get the maximal commutator Mb,0 ≡ Mb.
The commutator, generated by a function b ∈ L1

loc(X) and the operator M𝜂 , is defined by

[b,M𝜂]𝑓 (x) = b(x)M𝜂𝑓 (x) − M𝜂(b𝑓 )(x).

Obviously, the operators Mb,𝜂 and [b,M𝜂] essentially differ from each other since Mb,𝜂 is positive and sublinear and [b,M𝜂]
is linear and not positive. The mapping properties of Mb,𝜂 and [b,M𝜂] have been studied extensively by many authors; see
for instance previous studies.5,11–17

Our interest being related to Lebesgue spaces, below we describe results on the boundedness of the commutators Mb,𝜂
and [b,M𝜂] in Lp(·)(X) for both constant and variable exponent p. Let first p be constant. The boundedness of the operator
Mb,𝜂 with 𝜂 = 0 and b ∈ BMO was studied in Grafakos2 in the Euclidean case. This was generalized to the case of
quasi-metric measure space of homogeneous type in Deng and Han,8 where the operator [b,M𝜂] was also consider. The
case 𝜂 ≥ 0 for both the commutators was studied in Zhang and Wu16 for X = Rn. As regards variable exponent p = p(x),
the commutators Mb,𝜂 and [b,M𝜂] were studied in Lp(·) in the Euclidean case in Zhang and Wu18 for 𝜂 = 0 and in Zhang
et al19 for 𝜂 ≥ 0.

In this paper, we obtain necessary and sufficient conditions for the boundedness of the commutators Mb,𝜂 and [b,M𝜂]
in the spaces Lp(·)(X) over bounded quasi-metric measure space X of homogeneous type. Furthermore, we find some new
characterizations for certain subspaces of BMO(X).

This paper is organized as follows. In Section 2, we provide necessary preliminaries on variable Lebesgue spaces Lp(·)(X)
over spaces (X , d, 𝜇) of homogeneous type. In Section 3, we obtain the necessary and sufficient conditions for the bound-
edness of M𝜂 on variable Lebesgue spaces and weak variable Lebesgue spaces. In Section 4, we give the necessary and
sufficient conditions for the boundedness of the fractional maximal commutators Mb,𝜂 on the spaces Lp(·)(X). In Section 5,
we find the necessary and sufficient conditions for the boundedness of the commutators [b,M𝜂] of the fractional maximal
operator on the spaces Lp(·)(X). As an application, we interpret our main results for the case X = Sn−1.

In the sequel, for A,B ≥ 0 by A ≲ B, we mean that A ≤ CB with some positive constant C independent of appropriate
quantities A and B. If A ≲ B and B ≲ A, we write A ≈ B and say that A and B are equivalent.

2 PRELIMINARIES

Given a set X and a function d ∶ X × X → [0,∞), we say that (X , d) is a quasi-metric space if d satisfies the following
conditions:

(1) d(x, 𝑦) = 0 if and only if x = 𝑦;
(2) d(x, 𝑦) = d(𝑦, x) for all x, 𝑦 ∈ X;
(3) d(x, 𝑦) ≤ 𝜅 (d(x, z) + d(z, 𝑦)) for all x, 𝑦, z ∈ X and some constant 𝜅 ≥ 1.

The set X may be bounded or unbounded. We denote the open ball of radius r > 0 centered at a point x in X by B(x, r) is
defined by B(x, r) = {𝑦 ∈ X ∶ d(x, 𝑦) < r}.
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The quasi-metric space (X , d, 𝜇) is said to be homogeneous, if there exists a constant K1 ≥ 1 such that for all x ∈ X and
0 < r < dX∕2, dX ∶= diam(X)

𝜇(B(x, 2r)) ≤ K1𝜇(B(x, r)). (2.1)

For more details on quasi-metric measure spaces, we refer, e.g., to Edmunds et al. and Coifman and Weiss.9,20

For a space (X , d, 𝜇) of homogeneous type, if 𝜇(X) < ∞, then there exists a positive constant R0 such that X = B(x;R0)
for all x ∈ X ; see Nakai and Yabuta.21, lemma 5.1 It follows that 𝜇(X) < ∞ if and only if diam(X) < ∞.

Below, we provide definitions and some basic properties of variable Lebesgue spaces. For more details, see Kokilashvili
et al.10

Define P(X) to be a set of measurable functions on X with values in [1,∞). Given an exponent p(·) ∈ P(X) by Lp(·)(X),
we denote the space of all measurable functions 𝑓 on X such that Ip(·)(𝜆𝑓 ) < ∞ for some 𝜆 = 𝜆(𝑓 ) > 0, where

Ip(·)( 𝑓 ) ∶= ∫X
|𝑓 (x)|p(x)d𝜇(x).

Equipped with the norm ||𝑓 ||Lp(·)(X) = inf
{
𝜂 > 0 ∶ Ip(·)

(
𝑓

𝜂

)
≤ 1

}
,

Lp(·)(X) is a Banach function space. By p′(x) = p(x)
p(x)−1

, x ∈ X , we denote the conjugate exponent.
The weak Lebesgue space WLp(·)(X) with variable exponent is the space of all measurable functions 𝑓 on X such that

||𝑓 ||WLp(·)(X) ∶= sup
t>0

t||𝜒{x∈X∶|𝑓 (x)|>t}𝑓 ||Lp(·)(X) < ∞.

It is easy to see that || · ||WLp(·)(X) is a quasi-norm; i.e., for any 𝑓1, 𝑓2 ∈ WLp(·)(X), we have

||𝑓1 + 𝑓2||WLp(·)(X) ≤ 2
(||𝑓1||WLp(·)(X) + ||𝑓2||WLp(·)(X)

)
.

We use the following notation:
p− = p−(X) = ess inf

x∈X
p(x), p+ = p+(X) = ess sup

x∈X
p(x).

We say that p(·) ∈ Plog(X) if p(·) ∈ P(X) and

|p(x) − p(𝑦)| ≤ C
− ln d(x, 𝑦)

, d(x, 𝑦) ≤ 1
2
, x, 𝑦 ∈ X , (2.2)

where C does not depend on x, 𝑦.
We say that p(·) ∈ P

log
𝜇 (X) if p(·) ∈ P(X) and

|p(x) − p(𝑦)| ≤ c
ln𝜇B(x, d(x, 𝑦))

, (2.3)

for all x, 𝑦 ∈ X such that 𝜇B(x, d(x, 𝑦)) < 1∕2.
If 𝜇 satisfies the growth condition, then P

log
𝜇 (X) ⊂ Plog(X). If (X , d, 𝜇) is of homogeneous type, then Plog(X) ⊂ P

log
𝜇 (X),

see Kokilashvili et al.10 lemma 2.56,
The following analogue of the Hölder inequality is known,

∫X
|𝑓 (x)g(x)|d𝜇(x) ≤ rp ||𝑓 ||Lp(·)(X) ||g||Lp′ (·)(X), (2.4)

where rp = 1 + 1
p−

− 1
p+

.
We use the following result in the proof of our theorems; see, e.g., Guliyev and Samko22, theorem 3.2 and Kokilashvili et al.10

Lemma 2.1. Let (X , d, 𝜇) be a quasi-metric measure space with finite measure and p(·) ∈ P
log
𝜇 (X). Then

||𝜒B(x,r) ||Lp(·)(X) ≈ 𝜇(B(x, r))
1

p(x)

for all x ∈ X and 0 < r < dX .
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3 FRACTIONAL MAXIMAL OPERATOR IN VARIABLE LEBESGUE SPACES

In this section, we shall give necessary and sufficient conditions for the boundedness of M𝜂 on variable Lebesgue spaces
and weak variable Lebesgue spaces over bounded quasi-metric measure spaces.

To prove our main theorems, we need the following lemma.

Lemma 3.1. Let 0 ≤ 𝜂 < 1 and B0 ∶= B(x0, r0). Then, 𝜇(B0)𝜂 ≤ M𝜂𝜒B0(x) for every x ∈ B0.

Proof. For x ∈ B0, we get

M𝜂𝜒B0(x) = sup
B∋x

𝜇(B)𝜂−1∫B
𝜒B0(𝑦)d𝜇(𝑦)

= sup
B∋x

𝜇(B)−1+𝜂𝜇(B ∩ B0) ≥ 𝜇(B0)−1+𝜂𝜇(B0 ∩ B0) = 𝜇(B0)𝜂.

We formulate the result obtained in Cruz-Uribe and Shukla23 in the following theorem for bounded X spaces.

Theorem 3.2. (23) Let 𝜇(X) < ∞, 0 ≤ 𝜂 < 1, p(·) ∈ P
log
𝜇 (X), 1 < p− ≤ p+ ≤ 1∕𝜂 and 0 ≤ 1∕p(x) − 1∕q(x) ≤ 𝜂. Then,

there exists a constant C = C(p(·), 𝜂,X) such that for all 𝑓 ∈ Lp(·)(X),

||M𝜂𝑓 ||Lq(·)(X) ≤ C||𝑓 ||Lp(·)(X). (3.1)

Theorem 3.3. (23) Let 𝜇(X) < ∞, 0 ≤ 𝜂 < 1, p(·) ∈ P
log
𝜇 (X), 1 = p− ≤ p+ ≤ 1∕𝜂 and 0 ≤ 1∕p(x) − 1∕q(x) ≤ 𝜂. Then,

there exists a constant C = C(p(·), 𝜂,X) such that for all 𝑓 ∈ Lp(·)(X),

||M𝜂𝑓 ||WLq(·)(X) ≤ C||𝑓 ||Lp(·)(X). (3.2)

Theorem 3.4. Let 𝜇(X) < ∞. Given 0 ≤ 𝜂 < 1, let p(·), q(·) ∈ P
log
𝜇 (X) and 1 < p− ≤ p+ ≤ 1∕𝜂. Then the condition

1∕p(x) − 1∕q(x) ≤ 𝜂 is necessary for the boundedness of M𝜂 from Lp(·)(X) to Lq(·)(X).

Proof. Let B = B(x, r) and 𝑦 ∈ B. By Lemma 3.1, we have 𝜇(B)𝜂 𝜒B(𝑦) ≤ M𝜂𝜒B(𝑦). Therefore, by Lemma 2.1

𝜇(B)𝜂 ≤ ||M𝜂𝜒B||Lq(·)(X)||𝜒B ||Lq(·)(X)
≲

||𝜒B||Lp(·)(X)||𝜒B ||Lq(·)(X)
≈ 𝜇(B)

1
p(x)

𝜇(B)
1

q(x)

.

Since this is true for every r > 0, the proof is completed.

By Theorems 3.2 and 3.4, we have the following result.

Corollary 3.5. Let 𝜇(X) < ∞, 0 ≤ 𝜂 < 1, p(·), q(·) ∈ P
log
𝜇 (X) and 1 < p− ≤ p+ ≤ 1∕𝜂. Then, the condition 1∕p(x) −

1∕q(x) ≤ 𝜂 is necessary, and the condition 0 ≤ 1∕p(x) − 1∕q(x) ≤ 𝜂 is sufficient for the boundedness of M𝜂 from Lp(·)(X)
to Lq(·)(X).

Theorem 3.6. Let 𝜇(X) < ∞, 0 ≤ 𝜂 < 1, p(·), q(·) ∈ P
log
𝜇 (X) and 1 = p− ≤ p+ ≤ 1∕𝜂. Then, the condition 1∕p(x) −

1∕q(x) ≤ 𝜂 is necessary for the boundedness of M𝜂 from Lp(·)(X) to WLq(·)(X).

Proof. Let B = B(x, r) and 𝑦 ∈ B. By Lemma 3.1, we have 𝜇(B)𝜂 𝜒B(𝑦) ≤ M𝜂𝜒B(𝑦). Therefore, by Lemma 2.1

𝜇(B)𝜂 ≤ ||M𝜂𝜒B||WLq(·)(X)||𝜒B ||Lq(·)(X)
≲

||𝜒B||Lp(·)(X)||𝜒B ||Lq(·)(X)
≈ 𝜇(B)

1
p(x)

𝜇(B)
1

q(x)

.

Since this is true for every r0 > 0, the proof is completed.

By Theorems 3.3 and 3.6, we have the following result.
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Corollary 3.7. Let 𝜇(X) < ∞, 0 ≤ 𝜂 < 1, p(·), q(·) ∈ P
log
𝜇 (X) and 1 ≤ p− ≤ p+ ≤ 1∕𝜂. Then, the condition 1∕p(x) −

1∕q(x) ≤ 𝜂 is necessary and the condition 0 ≤ 1∕p(x) − 1∕q(x) ≤ 𝜂 is sufficient for the boundedness of M𝜂 from Lp(·)(X)
to WLq(·)(X).

4 FRACTIONAL MAXIMAL COMMUTATOR IN VARIABLE LEBESGUE
SPACES

In this section, we find the necessary and sufficient conditions for the boundedness of the fractional maximal commutator
Mb,𝜂 with b ∈ BMO(X) on variable Lebesgue spaces over bounded quasi-metric measure spaces.

A function b ∈ L1
loc(X) is said to be in BMO(X) if the seminorm given by

||b||∗ = sup
B

1
𝜇(B)∫B

|b(x) − bB|d𝜇(x)
is finite, where bB = 𝜇(B)−1∫Bb(x)d𝜇(x).

By the generalized Hölder's inequality in Orlicz spaces (see Rao and Ren24, p. 58) and John-Nirenberg's inequality, we
get (see also Lerner et al.25, 2.14).

1|B|∫B
|b(x) − bB| |g(x)|d𝜇(x) ≲ ||b||BMO ||g||L(log L),B. (4.1)

Lemma 4.1. (26, lemma 7.1) Let b ∈ BMO(X). Then

||bB(x,r) − bB(x,t)|| ≤ C||b||∗ ln t
r

for 0 < 2r < t, (4.2)

where C does not depend on b, x, r, and t.

We refer for instance to Long and Yang27 for details on the BMO space.
For a given ball B and 0 ≤ 𝜂 < 1, we define the following maximal function:

M𝜂,B𝑓 (x) = sup
B⊇B′∋x

𝜇(B′)−1+𝜂∫B′
|𝑓 (𝑦)|d𝜇(𝑦),

where the supremum is taken over all ball B′ such that x ∈ B′ ⊆ B. We also denote MB = M0,B.

Lemma 4.2. Let b ∈ L1
loc(X). Then the following statements are equivalent:

1. b ∈ BMO(X);
2. there exists an s ∈ [1,∞) such that

sup
B

‖‖(b − MB(b))𝜒B
‖‖Ls(X)||𝜒B ||Ls(X)

≤ C;

3. (4.2) hold for all s ∈ [1,∞).

Proof. Since the proof is similar to the corresponding one in Bastero et al,12 we omit the proof.

Lemma 4.3. (28,29) Let b ∈ BMO(X), p(·) ∈ P
log
𝜇 (X) and 1 < p− ≤ p+ < ∞. Then

||b||∗⊼ sup
B

‖‖(b − bB)𝜒B
‖‖Lp(·)(X)||𝜒B ||Lp(·)(X)

. (4.3)

From Lemmas 4.2 and 4.3, we get
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Lemma 4.4. Let b ∈ L1
loc(X). Then, the following statements are equivalent:

1. b ∈ BMO(X).
2. There exists p(·) ∈ P

log
𝜇 (X), 1 ≤ p− ≤ p+ < ∞ such that

sup
B

‖‖(b − MB(b)(·))𝜒B
‖‖Lp(·)(X)||𝜒B ||Lp(·)(X)

≤ C. (4.4)

3. For all p(·) ∈ P
log
𝜇 (X), 1 ≤ p− ≤ p+ < ∞, we have (4.4).

Theorem 4.5. (11) Let b ∈ BMO(X), p(·) ∈ P
log
𝜇 (X) and 1 < p− ≤ p+ < ∞. Then, the operator Mb is bounded on Lp(·)(X),

and the inequality ||Mb𝑓 ||Lp(·)(X) ≤ C0||b||∗||𝑓 ||Lp(·)(X) (4.5)

holds with the constant C0 independent of 𝑓 .

Theorem 4.6. Let b ∈ L1
loc(X), p(·) ∈ P

log
𝜇 (X) and 1 < p− ≤ p+ < ∞. Then, the condition b ∈ BMO(X) is necessary for

the boundedness of MB on Lp(·)(X).

Proof. Suppose that MB is bounded from Lp(·)(X) to Lp(·)(X). Choose any ball B = B(x, r) in X . We have

1
𝜇(B)∫B

|b(𝑦) − bB|d𝜇(𝑦) ≤ 1
𝜇(B)∫B

1
𝜇(B)∫B

|b(𝑦) − b(z)|𝜒B(z)d𝜇(z)d𝜇(𝑦)

≤ 1
𝜇(B)∫B

MB
(
𝜒B

)
(𝑦)d𝜇(𝑦) = 1

𝜇(B)∫B
MB

(
𝜒B

)
(𝑦)𝜒B(𝑦)d𝜇(𝑦)

≤ 2
𝜇(B)

||MB
(
𝜒B

) ||Lp(·)(X)||𝜒B ||Lp′(·)(X)

≤ 2
𝜇(B)

||𝜒B

‖‖‖‖Lp(·)(X)
||𝜒B ||Lp′ (·)(X) ≤ C.

Thus, b ∈ BMO(X).

By Theorems 4.5 and 4.6, we have the following result.

Corollary 4.7. Let p(·) ∈ P
log
𝜇 (X) and 1 < p− ≤ p+ < ∞. Then, the condition b ∈ BMO(X) is necessary and sufficient

for the boundedness of MB on Lp(·)(X).

To prove our main results, we need the following lemma.

Lemma 4.8. Let 0 ≤ 𝜂 < 1, b ∈ L1
loc(X) and B0 ∶= B(x0, r0). Then

𝜇(B0)𝜂 |b(x) − bB0 | ≤ Mb,𝜂𝜒B0(x) for every x ∈ B0.

Proof. For x ∈ B0, we get

Mb,𝜂𝜒B0(x) = sup
B∋x

𝜇(B)−1+𝜂∫B
|b(x) − b(𝑦)|𝜒B0(𝑦)d𝜇(𝑦)

= sup
B∋x

𝜇(B)−1+𝜂∫B∩B0

|b(x) − b(𝑦)|d𝜇(𝑦) ≥ 𝜇(B0)−1+𝜂∫B0∩B0

|b(x) − b(𝑦)|d𝜇(𝑦)
≥ 𝜇(B0)−1+𝜂

|||||∫B0

(b(x) − b(𝑦))d𝜇(𝑦)
||||| = 𝜇(B0)𝜂 |b(x) − bB0 |.

Lemma 4.9. (30,31) Let 0 ≤ 𝜂 < 1 and b ∈ BMO(X). Then, there exists a positive constant C such that

Mb,𝜂𝑓 (x) ≤ C||b||∗ (M
(

M𝜂𝑓
)
(x) + M𝜂(M𝑓 )(x)

)
for almost every x ∈ X and for all functions from 𝑓 ∈ L1

loc(X).



GULIYEV AND SAMKO 7

The following theorem gives necessary and sufficient conditions for the boundedness of the operator Mb,𝜂 from Lp(·)(X)
to Lq(·)(X) when b belongs to the BMO space.

Theorem 4.10. Let 𝜇(X) < ∞, 0 < 𝜂 < 1 and b ∈ BMO(X). Let also p(·), q(·) ∈ P
log
𝜇 (X) and 1 < p− ≤ p+ ≤ 1∕𝜂. Then

the condition 1∕p(x)−1∕q(x) ≤ 𝜂 is necessary and the condition 0 ≤ 1∕p(x)−1∕q(x) ≤ 𝜂 is sufficient for the boundedness
of Mb,𝜂 from Lp(·)(X) to Lq(·)(X).

Proof.

1. Let 0 < 𝜂 < 1 and b ∈ BMO(X). Then, from Lemma 4.9, we have

Mb,𝜂𝑓 ≲ ||b||∗ (M
(

M𝜂𝑓
)
(x) + M𝜂(M𝑓 )(x)

)
(4.6)

for almost every x ∈ X and all functions 𝑓 ∈ L1
loc(X).

Combining Theorem 3.2 and inequality (4.6), we get

||Mb,𝜂𝑓 ||Lq(·)(B) ≲ ||b||∗ ||M (
M𝜂𝑓

)
+ M𝜂(M𝑓 )||Lq(·)(X)

≲ ||b||∗ (||M (
M𝜂𝑓

) ||Lq(·)(X) + ||M𝜂(M𝑓 )||Lq(·)(X)
)

≲ ||b||∗ (||M𝜂𝑓 ||Lq(·)(X) + ||M𝑓 ||Lp(·)(X)
)

≲ ||b||∗||𝑓 ||Lp(·)(X).

2. Suppose that Mb,𝜂 is bounded from Lp(·)(X) to Lq(·)(X), B0 = B(x0, r0) and x ∈ B0. By Lemma 4.8, we have
𝜇(B0)𝜂 |b(x) − bB0 | ≤ Mb,𝜂𝜒B0(x). Therefore, by Lemmas 2.1 and 4.3, we get

𝜇(B0)𝜂 ≲
||Mb,𝜂𝜒B0 ||Lq(·)(B0)||b − bB0 ||Lq(·)(B0)

≲
||Mb,𝜂𝜒B0 ||Lq(·)(B0)|| (b − bB)𝜒B ||Lq(·)(X)

≲
||Mb,𝜂𝜒B0 ||Lq(·)(X)||𝜒B0

||Lq(·)(X)
≲

||𝜒B0 ||Lp(·)(X)||𝜒B0
||Lq(·)(X)

≈ 𝜇(B0)
1

p(x0)

𝜇(B0)
1

q(x0)

.

Since this is true for every r0 > 0, the proof of second part is completed.
3. The proof of the third statement of the theorem follows from the first and second parts.

If we take p(·) ≡ p and q(·) ≡ q in Theorem 4.10, we get the following corollary.

Corollary 4.11. Let 𝜇(X) < ∞, 0 ≤ 𝜂 < 1, 1 < p ≤ 1∕𝜂 and b ∈ BMO(X). Then, the condition 1
p
− 1

q
≤ 𝜂 is necessary,

and the condition 0 ≤ 1
p
− 1

q
≤ 𝜂 is sufficient for the boundedness of Mb,𝜂 from Lp(X) to Lq(X).

The following theorem is valid.

Theorem 4.12. Let 0 < 𝜂 < 1, b ∈ L1
loc(X), p(·), q(·) ∈ P

log
𝜇 (X), 1 < p− ≤ p+ ≤ 1∕𝜂. If 0 ≤ 1∕p(x) − 1∕q(x) ≤ 𝜂, then the

condition b ∈ BMO(X) is sufficient for the boundedness of Mb,𝜂 from Lp(·)(X) to Lq(·)(X). If 1∕p(x) − 1∕q(x) = 𝜂, then the
condition b ∈ BMO(X) is necessary for the boundedness of Mb,𝜂 from Lp(·)(X) to Lq(·)(X).

Proof.

1. The sufficient part of the theorem follows from the first part of Theorem 4.10.
2. We shall now prove the necessity part of the theorem. Suppose that Mb,𝜂 is bounded from Lp(·)(X) to Lq(·)(X).

Choose any ball B = B(x, r) in X . By (2.4)
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1
𝜇(B)∫B

|b(𝑦) − bB|d𝜇(𝑦) = 1
𝜇(B)∫B

|||| 1
𝜇(B)∫B

(b(𝑦) − b(z))d𝜇(z)
|||| d𝜇(𝑦)

≤ 1
𝜇(B)2 ∫B∫B

|b(𝑦) − b(z)|d𝜇(z)d𝜇(𝑦)
= 1

𝜇(B)1+𝜂 ∫B

1
𝜇(B)1−𝜂 ∫B

|b(𝑦) − b(z)|𝜒B(z)d𝜇(z)d𝜇(𝑦)

≤ 1
𝜇(B)1+𝜂 ∫B

Mb,𝜂
(
𝜒B

)
(𝑦)d𝑦 ≤ 2

𝜇(B)1+𝜂 ||Mb,𝜂
(
𝜒B

) ||Lq(·)(B)||1||Lq′(·)(B)

≤ 2
𝜇(B)1+𝜂 ||Mb,𝜂

(
𝜒B

) ||Lq(·)(X)||𝜒B ||Lq′(·)(X)

≲
1

𝜇(B)1+𝜂 ||𝜒B ||Lp(·)(X)||𝜒B ||Lq′(·)(X)

≈ 𝜇(B)
1

p(x) −
1

q(x) −𝜂 = 1.

Thus, b ∈ BMO(X).
3. The proof of the third statement of the theorem follows from the first and second parts of the theorem.

Let Sn−1 = {x ∈ Rn ∶ |x| = 1} be the unit sphere in Rn. As an example X = Sn−1 for theorems obtained in this section,
we consider the space of homogeneous type (Sn−1, d, 𝜇), where d(x, 𝑦) is the cord distance between points x, 𝑦 ∈ Sn−1 and
𝜇 the surface Lebesgue measure on Sn−1.

In the variable Lebesgue spaces Lp(·)(Sn−1), we consider the spherical fractional maximal operator

M𝜂𝑓 (x) = sup
0<r<2

1|S(x, r)|1−𝜂 ∫S(x,r)
|𝑓 (𝜎)|d𝜎, x ∈ S

n−1,

where S(x, r) ∶= {𝜎 ∈ Sn−1 ∶ |𝜎 − x| < r} is a spherical “cap,” |S(x, r)| ≃ rn−1 and d𝜎 stands for the surface Lebesgue
measure on Sn−1.

For more details on the spherical integral operators, see Samko.32, chapter 6

From Theorems 4.10 and 4.12 for the space Lp(·)(Sn−1), we derive the following statements.

Theorem 4.13. Let 0 < 𝜂 < 1 and b ∈ BMO(Sn−1). Let also p(·), q(·) ∈ Plog(Sn−1) and 1 < p− ≤ p+ ≤ 1∕𝜂. Then, the
condition 1∕p(x) − 1∕q(x) ≤ 𝜂 is necessary and the condition 0 ≤ 1∕p(x) − 1∕q(x) ≤ 𝜂 is sufficient for the boundedness
of Mb,𝜂 from Lp(·)(Sn−1) to Lq(·)(Sn−1).

Theorem 4.14. Let 0 < 𝜂 < 1, b ∈ L1
loc(S

n−1), p(·), q(·) ∈ Plog(Sn−1) and 1 < p− ≤ p+ ≤ 1∕𝜂. If 0 ≤ 1∕p(x)−1∕q(x) ≤ 𝜂,
then the condition b ∈ BMO(Sn−1) is sufficient for the boundedness of Mb,𝜂 from Lp(·)(Sn−1) to Lq(·)(Sn−1). If 1∕p(x) −
1∕q(x) = 𝜂, then the condition b ∈ BMO(Sn−1) is necessary for the boundedness of Mb,𝜂 from Lp(·)(Sn−1) to Lq(·)(Sn−1).

5 COMMUTATORS OF FRACTIONAL MAXIMAL FUNCTION IN VARIABLE
LEBESGUE SPACES

In this section, we find the necessary and sufficient conditions for the boundedness of the commutator [b,M𝜂] of the
fractional maximal operator with b ∈ BMO(X) on variable Lebesgue spaces over bounded quasi-metric measure spaces.

For a function b defined on X , we define

b−(x) ∶=

{
0 , if b(x) ≥ 0,|b(x)|, if b(x) < 0,

(5.1)

and b+(x) ∶= |b(x)| − b−(x). Obviously, b+(x) − b−(x) = b(x).
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Let b be any non-negative locally integrable function. Then, for all 𝑓 ∈ L1
loc(X) and x ∈ X , the following inequality is

valid ||[b,M𝜂]𝑓 (x)|| = ||b(x)M𝜂𝑓 (x) − M𝜂(b𝑓 )(x)||
= ||M𝜂(b(x)𝑓 )(x) − M𝜂(b𝑓 )(x)|| ≤ M𝜂(|b(x) − b|𝑓 )(x) ≤ Mb,𝜂( 𝑓 )(x).

If b is any locally integrable function on X , then

|[b,M𝜂]𝑓 (x)| ≤ Mb,𝜂(𝑓 )(x) + 2b−(x)M𝜂𝑓 (x), x ∈ X (5.2)

holds for all 𝑓 ∈ L1
loc(X) (see, e.g., Zhang et al. and Deringoz et al.17,33).

By (5.2) and Theorems 3.2 and 4.10, we get the following corollary.

Corollary 5.1. Let 𝜇(X) < ∞, 0 ≤ 𝜂 < 1, b ∈ BMO(X), b− ∈ L∞(X), p(·), q(·) ∈ P
log
𝜇 (X) and 1 < p− ≤ p+ ≤ 1∕𝜂. Let

also the condition 1∕p(x) − 1∕q(x) ≤ 𝜂 be satisfied. Then the operator [b,M𝜂] is bounded from Lp(·)(X) to Lq(·)(X).

In the following, we characterize the boundedness of the commutator operator [b,M𝜂] for b ∈ BMO(X) and b− ∈ L∞(X).

Theorem 5.2. Let 𝜇(X) < ∞, 0 ≤ 𝜂 < 1, b ∈ L1
loc(X), p(·), q(·) ∈ P

log
𝜇 (X), 1 < p− ≤ p+ ≤ 1∕𝜂 and 1∕p(x) − 1∕q(x) = 𝜂.

Then, the following statements are equivalent:

1. b ∈ BMO(X) and b− ∈ L∞(X);
2. [b,M𝜂] is bounded from Lp(·)(X) to Lq(·)(X);
3. there exists a constant C > 0 such that

sup
B

‖‖(b − MB(b))𝜒B
‖‖Lq(·)(X)||𝜒B ||Lq(·)(X)

≤ C; (5.3)

4. there exists a constant C > 0 such that

sup
B

𝜇(B)−1‖b(·) − MB(b)(·)‖L1(B) ≤ C. (5.4)

Proof. Since the implication “(1) ⇒ (2)” follows readily by Corollary 5.1 and the equivalence of (1) and (4) follows
from Lemma 4.4, it only needs to prove the implications “(2) ⇒ (3)” and “(3) ⇒ (4).”
(2) ⇒ (3). We divide the proof into two cases according to the range of 𝛼.
Case 1. Assume 𝜂 = 0. For any fixed ball B and x ∈ B, we have

b(x) − MB(b)(x) = b(x)M
(
𝜒B

)
(x) − M

(
b𝜒B

)
(x) = [b,M]

(
𝜒B

)
(x).

Since in this case, we assume p(·) ≡ q(·) and [b,M] is bounded on Lp(·)(X), then we have

‖‖(b − MB(b))𝜒B
‖‖Lq(·)(X)||𝜒B ||Lp(·)(X)

=
‖‖[b,M]𝜒B

‖‖Lq(·)(X)||𝜒B ||Lq(·)(X)
≲

‖‖𝜒B
‖‖Lq(·)(X)||𝜒B ||Lq(·)(X)

= 1,

which implies (5.3).
Case 2. Assume 0 < 𝜂 < 1. For any fixed ball B,

‖‖(b − MB(b))𝜒B
‖‖Lq(·)(X)||𝜒B ||Lq(·)(X)

=
‖b(·) − MB(b)(·)‖Lq(·)(B)||𝜒B ||Lq(·)(X)

≤
‖‖b(·) − 𝜇(B)−𝜂M𝜂,B(b)(·)‖‖Lq(·)(B)||𝜒B ||Lq(·)(X)

+
‖‖MB(b)(·) − 𝜇(B)−𝜂M𝜂,B(b)(·)‖‖Lq(·)(B)||𝜒B ||Lq(·)(X)

∶= I1 + I2.

(5.5)

For I1. From the definition of M𝜂,B, it is not difficult to check that M𝜂,B𝜒B(x) = 𝜇(B)𝜂 for all x ∈ B.
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Note that, for any x ∈ B, M𝜂

(
b𝜒B

)
(x) = M𝜂,B(b)(x) (see, e.g., Zhang and Wu16) and then M𝜂

(
𝜒B

)
(x) = M𝜂,B𝜒B(x) =

𝜇(B)𝜂 .
Then, for any x ∈ B,

b(x) − 𝜇(B)−𝜂M𝜂,B(b)(x) = 𝜇(B)−𝜂
(

b(x)𝜇(B)𝜂 − M𝜂,B(b)(x)
)

= 𝜇(B)−𝜂
(

b(x)M𝜂,B𝜒B(x) − M𝜂

(
b𝜒B

)
(x)

)
= 𝜇(B)−𝜂[b,M𝜂]

(
𝜒B

)
(x).

Since [b,M𝜂] is bounded from Lp(·)(X) to Lq(·)(X), then

I1 =
‖‖b(·) − 𝜇(B)−𝜂M𝜂,B(b)(·)‖‖Lq(·)(B)||𝜒B ||Lq(·)(X)

= 𝜇(B)−𝜂
‖‖‖[b,M𝜂]

(
𝜒B

)‖‖‖Lq(·)(B)||𝜒B ||Lq(·)(X)

≲ 𝜇(B)−𝜂
‖‖𝜒B

‖‖Lp(·)(X)||𝜒B ||Lq(·)(X)
≈ 𝜇(B)

1
p(x) −

1
q(x) −𝜂 = 1,

(5.6)

where in the last step we have applied Lemma 2.1 and the hypothesis 1∕p(x) − 1∕q(x) ≤ 𝜂.
Now, let us prove b ∈ BMO(X) and b− ∈ L∞(X). For any ball B, let E = {𝑦 ∈ B ∶ b(𝑦) ≤ bB} and E = {𝑦 ∈ B ∶ b(𝑦) >

bB}. The following equality is true (see Bastero et al.12, page 3331):

∫E
|b(𝑦) − bB|d𝜇(𝑦) = ∫F

|b(𝑦) − bB|d𝜇(𝑦).
Since b(𝑦) ≤ bB ≤ |bB| ≤ 𝜇(B)−𝜂M𝜂,B(b)(𝑦) for any 𝑦 ∈ E, we obtain

|b(𝑦) − bB| ≤ ||b(𝑦) − 𝜇(B)−𝜂M𝜂,B(b)(𝑦)|| , 𝑦 ∈ E.

Then, from (2.4) and (5.6), we have

1
𝜇(B)∫B

|b(𝑦) − bB|d𝜇(𝑦) = 2
𝜇(B)∫E

|b(𝑦) − bB|d𝜇(𝑦)
≤ 2

𝜇(B)∫E

||b(𝑦) − 𝜇(B)−𝜂M𝜂,B(b)(𝑦)|| d𝜇(𝑦)

≤ 2
𝜇(B)∫B

||b(𝑦) − 𝜇(B)−𝜂M𝜂,B(b)(𝑦)|| d𝜇(𝑦)

≤ C𝜇(B)−1‖‖b(·) − 𝜇(B)−𝜂M𝜂,B(b)(·)‖‖Lq(·)(B) ||𝜒B ||Lq′(·)(X)

≤ C𝜇(B)−1||𝜒B ||Lq(·)(X) ||𝜒B ||Lq′(·)(X) ≤ C.

So, using the definition of BMO(X), we have b ∈ BMO(X).
Now, let us show that b− ∈ L∞(X). Observe that 0 ≤ b+(𝑦) ≤ |b(𝑦)| ≤ MB(b)(𝑦) for 𝑦 ∈ B; therefore, for any 𝑦 ∈ B,

the following holds
0 ≤ b−(𝑦) ≤ MB(b)(𝑦) − b+(𝑦) + b−(𝑦) = MB(b)(𝑦) − b(𝑦).

Then, for any ball B, we have

1
𝜇(B)∫B

b−(𝑦)d𝜇(𝑦) ≤ 1
𝜇(B)∫B

(MB(b)(𝑦) − b(𝑦)) d𝜇(𝑦)

= 1
𝜇(B)∫B

|b(𝑦) − MB(b)(𝑦)| d𝜇(𝑦) ≤ C.

Let 𝜇(B) → 0 with x ∈ B. Lebesgue's differentiation theorem assures that

0 ≤ b−(x) = lim
𝜇(B)→0

1
𝜇(B)∫B

b−(𝑦)d𝜇(𝑦) ≤ C.
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Thus, b ∈ BMO(X) and b− ∈ L∞(X).
Next, we estimate I2. For any x ∈ B, MB

(
𝜒B

)
(x) =

(
𝜒B

)
(x) (see, e.g., Zhang and Wu16) and then M

(
𝜒B

)
(x) =(

𝜒B

)
(x) and M

(
b𝜒B

)
(x) = MB(b)(x) for any x ∈ B. Then

||𝜇(B)−𝜂M𝜂,B(b)(x) − MB(b)(x)|| = 𝜇(B)−𝜂 ||M𝜂,B(b)(x) − 𝜇(B)𝜂MB(b)(x)||
= 𝜇(B)−𝜂 |||M𝜂

(
b𝜒B

)
(x) − M𝜂

(
𝜒B

)
(x)M

(
b𝜒B

)
(x)|||

= 𝜇(B)−𝜂 |||M𝜂

(
b𝜒B

)
(x) − |b(x)|M𝜂

(
𝜒B

)
(x)|||

+ 𝜇(B)−𝜂 ||||b(x)|M𝜂

(
𝜒B

)
(x) − M𝜂

(
𝜒B

)
(x)M

(
b𝜒B

)
(x)|||

= 𝜇(B)−𝜂 |||M𝜂

(|b|𝜒B

)
(x) − |b(x)|M𝜂

(
𝜒B

)
(x)|||

+ 𝜇(B)−𝜂M𝜂

(
𝜒B

)
(x) ||||b(x)|M (

𝜒B

)
(x) − M

(
b𝜒B

)
(x)|||

= 𝜇(B)−𝜂 |||[|b|,M𝜂]
(
𝜒B

)
(x)||| + |||[|b|,M]

(
𝜒B

)
(x)||| .

(5.7)

Thus b ∈ BMO(X) and b− ∈ L∞(X).
From (5.7), we obtain, for any x ∈ B,

||𝜇(B)−𝜂M𝜂,B(b)(x) − MB(b)(x)|| ≤ 𝜇(B)−𝜂 |||[|b|,M𝜂]
(
𝜒B

)
(x)||| + |||[|b|,M]

(
𝜒B

)
(x)||| .

Then, it follows from Lemma 2.1 that

I2 =
‖‖MB(b)(·) − 𝜇(B)−𝜂M𝜂,B(b)(·)‖‖Lq(·)(B)||𝜒B ||Lq(·)(X)

≲ 𝜇(B)−𝜂
‖‖‖[|b|,M𝜂]

(
𝜒B

)‖‖‖Lq(·)(B)||𝜒B ||Lq(·)(X)
+

‖‖‖[|b|,M]
(
𝜒B

)‖‖‖Lq(·)(B)||𝜒B ||Lq(·)(X)

≲ ||b||∗𝜇(B)−𝜂 ‖‖𝜒B
‖‖Lp(·)(B)||𝜒B ||Lq(·)(X)

+ ||b||∗𝜇(B)−𝜂 ‖‖𝜒B
‖‖Lp(·)(X)||𝜒B ||Lq(·)(X)

≈ 𝜇(B)
1

p(x) −
1

q(x) −𝜂 = 1.

(5.8)

By (5.5), (5.6), and (5.8), we get ‖‖(b − MB(b))𝜒B
‖‖Lq(·)(X)||𝜒B ||Lq(·)(X)

≲ ||b||∗,
which leads us to (5.3) since B is arbitrary.
(3) ⇒ (4). We deduce (5.4) from (5.3). Assume (5.3) holds, then for any fixed ball B, it follows from (2.4) and (5.3)

that
𝜇(B)−1‖b(·) − MB(b)(·)‖L1(B) ≤ C𝜇(B)−1‖b(·) − MB(b)(·)‖Lq(·)(B)

‖‖𝜒B
‖‖Lq′(·)(X)

≤ C𝜇(B)−1‖‖𝜒B
‖‖Lq(·)(B)

‖‖𝜒B
‖‖Lq′(·)(X) ≤ C.

where the constant C is independent of B. So we obtain (5.4).
The proof of Theorem 5.2 is completed.

Corollary 5.3. Let 𝜇(X) < ∞, b ∈ L1
loc(X), p(·) ∈ P

log
𝜇 (X) and 1 < p− ≤ p+ < ∞. Then, the following statements are

equivalent:

1. b ∈ BMO(X) and b− ∈ L∞(X);
2. [b,M] is bounded on Lp(·)(X);
3. there exists a constant C > 0 such that condition (5.3) holds;
4. there exists a constant C > 0 such that condition (5.4) hold.



12 GULIYEV AND SAMKO

Remark 5.4. Note that, in the case p(·) ≡ const Corollary 5.3 was proved in Fu et al.28, theorem 2.1

Theorem 5.5. Let 𝜇(X) < ∞, 0 ≤ 𝜂 < 1, b ∈ L1
loc(X), p(·), q(·) ∈ P

log
𝜇 (X), 1 < p− ≤ p+ ≤ 1∕𝜂 and 1∕p(x) − 1∕q(x) = 𝜂.

Then ,the following statements are equivalent:

1. b ∈ BMO(X) and b− ∈ L∞(X).
2. [b,M𝜂] is bounded from Lp(·)(X) to Lq(·)(X).
3. There exists a constant C > 0 such that

sup
B

‖‖(b − bB)𝜒B
‖‖Lq(·)(X)||𝜒B ||Lq(·)(X)

≤ C. (5.9)

4. There exists a constant C > 0 such that

sup
B

𝜇(B)−1‖b(·) − bB‖L1(B) ≤ C. (5.10)

Proof. Part “(1) ⇐⇒ (2)” follows from Theorem 5.2, the implication “(1) ⇒ (4)” follows readily from Guliyev
et al.15, theorem 4.5 and Lemma 4.4, respectively. Since “(3) ⇒ (4)” follows from Lemma 4.4 directly, then it is sufficient
to prove the implication “(2) ⇒ (3)”:

For any given ball B, we have for all x ∈ B,

|b(x) − bB| ≤ 1
𝜇(B)∫B

||b(x) − b(𝑦)|d𝜇(𝑦)
≤ 1

𝜇(B)𝜂
1

𝜇(B)1−𝜂 ∫B
|b(x) − b(𝑦)|𝜒B(𝑦)d𝑦 ≤ 𝜇(B)−𝜂Mb,𝜂

(
𝜒B

)
(x).

Since Mb,𝜂 is bounded from Lp(·)(X) to Lq(·)(X), by applying Lemma 4.4 and noting that 1∕p(x) − 1∕q(x) ≤ 𝜂, we have

‖‖(b − bB)𝜒B
‖‖Lq(·)(X)||𝜒B ||Lq(·)(X)

≤ 𝜇(B)−𝜂
‖‖‖Mb,𝜂

(
𝜒B

)‖‖‖Lq(·)(X)||𝜒B ||Lq(·)(X)

≤ ||b||∗𝜇(B)−𝜂 ‖‖𝜒B
‖‖Lp(·)(X)||𝜒B ||Lq(·)(X)

≈ ||b||∗𝜇(B) 1
p(x) −

1
q(x) −𝜂 = ||b||∗,

which leads us to (5.9) since B is arbitrary and the constant C does not depend on B.

Corollary 5.6. Let 𝜇(X) < ∞, b ∈ L1
loc(X), p(·) ∈ P

log
𝜇 (X) and 1 < p− ≤ p+ < ∞. Then, the following statements are

equivalent:

1. b ∈ BMO(X) and b− ∈ L∞(X).
2. [b,M] is bounded on Lp(·)(X).
3. There exists a constant C > 0 such that condition (5.9) holds.
4. There exists a constant C > 0 such that condition (5.10) holds.

For a given spherical “cap” S and 0 ≤ 𝜂 < 1, we define the following spherical maximal function:

M𝜂,S𝑓 (x) = sup
S⊇S′∋x

|S′|−1+𝜂∫S′
|𝑓 (𝜎)|d𝜎,

where the supremum is taken over all caps S′ such that x ∈ S′ ⊆ S. We also denote MS = M0,S.
From Theorems 5.2 and 5.5, for the space Lp(·)(Sn−1), we derive the following statements. Recall that b− was defined

in (5.1).
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Theorem 5.7. Let 0 ≤ 𝜂 < 1, b ∈ L1
loc(S

n−1), p(·), q(·) ∈ Plog(Sn−1), 1 < p− ≤ p+ ≤ 1∕𝜂 and 1∕p(x) − 1∕q(x) = 𝜂. Then,
the following statements are equivalent:

1. b ∈ BMO(Sn−1) and b− ∈ L∞(Sn−1);
2. [b,M𝜂] is bounded from Lp(·)(Sn−1) to Lq(·)(Sn−1);
3. there exists a constant C > 0 such that

sup
S

‖‖(b − MS(b))𝜒S
‖‖Lq(·)(Sn−1)||𝜒S ||Lq(·)(Sn−1)

≤ C;

4. there exists a constant C > 0 such that

sup
S

|S|−1‖b(·) − MS(b)(·)‖L1(S) ≤ C.

Theorem 5.8. Let 0 ≤ 𝜂 < 1, b ∈ L1
loc(S

n−1), p(·), q(·) ∈ P
log
𝜇 (Sn−1), 1 < p− ≤ p+ ≤ 1∕𝜂 and 1∕p(x) − 1∕q(x) = 𝜂. Then,

the following statements are equivalent:

1. b ∈ BMO(Sn−1) and b− ∈ L∞(Sn−1).
2. [b,M𝜂] is bounded from Lp(·)(Sn−1) to Lq(·)(Sn−1).
3. There exists a constant C > 0 such that

sup
S

‖‖(b − bS)𝜒S
‖‖Lq(·)(Sn−1)||𝜒S ||Lq(·)(Sn−1)

≤ C.

4. There exists a constant C > 0 such that

sup
S

|S|−1‖b(·) − bS‖L1(S) ≤ C.

6 CONCLUSION

We obtained necessary and sufficient conditions for the boundedness of the fractional maximal commutators Mb,𝜂 and
the commutators [b,M𝜂] of the fractional maximal operator with b ∈ BMO(X) on variable Lebesgue spaces Lp(·)(X) over
quasi metric measure spaces (X , d, 𝜇), which provides some characterizations for certain subspace of BMO(X). As an
application, we interpret our main results for the case X = Sn−1.
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