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Abstract

In this paper, we find necessary and sufficient conditions for the bound-
edness of fractional maximal operator M, on Orlicz spaces. As an appli-
cation of this results we consider the boundedness of fractional maximal
commutator M, and nonlinear commutator of fractional maximal oper-
ator [b, M,] on Orlicz spaces, when b belongs to the Lipschitz space, by
which some new characterizations of the Lipschitz spaces are given.
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1 Introduction

Norm inequalities for several classical operators of harmonic analysis have been
widely studied in the context of Orlicz spaces. It is well known that many of
such operators fail to have continuity properties when they act between certain
Lebesgue spaces and, in some situations, the Orlicz spaces appear as adequate
substitutes. For example, the Hardy-Littlewood maximal operator is bounded on
LP for 1 < p < oo, but not on L', but using Orlicz spaces, we can investigate the
boundedness of the maximal operator near p = 1, see [9] 3], 5], 6] for more precise
statements.
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Let T be the classical singular integral operator, the commutator [b, T'] gen-
erated by 7" and a suitable function b is given by

[0, T]f = 0T (f) = T(bf). (1.1)

A well known result due to Coifman, Rochberg and Weiss [2] (see e.g. []])
states that b € BMO(R™) if and only if the commutator [b, 7] is bounded on
LP(R™) for 1 < p < oo. In 1978, Janson [§ gave some characterizations of
the Lipschitz space Az(R") (see Definition Bl below) via commutator [b, 7] and
proved that b € Ag(R™)(0 < 8 < 1) if and only if [b, T] is bounded from LP(R")
to LY(R") where 1 <p <n/f and 1/p —1/q = B/n (see also Paluszynski [I1]).

Let 0 < a < n. The fractional maximal operator M, is given by

Mo f(x) = sup | B|~+5 / )|y

B>z

and the fractional maximal commutator of M, with a locally integrable function
b is defined by

My f(z) = sup | B[+ / Ib() — b(y) 1 (9)dy.

B3z

where the supremum is taken over all balls B C R" containing z. If a = 0,
then M = M, is the Hardy-Littlewood maximal operator and M, = M, is the
maximal commutator of M.

On the other hand, similar to (L)), we can define the (nonlinear) commutator
of the fractional maximal operator M, with a locally integrable function b by

[0, Ma](f) (@) f = b(x) Mo (f)(x) — Ma(bS)(2).

For more details about the operators M, , and [b, M, ], where 0 < o < n, we refer
to [Il 13] and references therein.

Our main aim is to characterize the functions involved in the boundedness
on Orlicz spaces of the fractional maximal operator M,. Actually, such a char-
acterization was done in [3| Theorem 1]. But our technique of the proof and
characterization different from the ones in [3]. As an application of this result we
consider the boundedness of M, , and [b, M,] on Orlicz spaces when b belongs to
the Lipschitz space, by which some new characterizations of the Lipschitz spaces
are given.

Throughout the whole paper, the notation A < B means that there exists
a constant C' > 0 such that A < CB, where C is independent of appropriate
quantities. If C1B < A < (3B for some positive constants C; and Cy, we shall
write A ~ B.



2 Preliminaries

Before we proceed with the proofs of the main results, we shall introduce some
preliminary denitions and properties concerning Orlicz spaces.

Definition 2.1. A function ® : [0,00) — [0, 00] is called a Young function if ®
is convez, left-continuous, liIEO(I)(r) = ®(0) =0 and lim ®(r) = co.
r—s r—00

From the convexity and ®(0) = 0 it follows that any Young function is in-
creasing. The set of Young functions such that

0<®P(r) <oo for 0<r<oo

will be denoted by Y. If & € ), then ® is absolutely continuous on every closed
interval in [0, 00) and bijective from [0, c0) to itself.
For a Young function ® and 0 < s < oo, let

d(s) =inf{r > 0: ®(r) > s}.
If ® € Y, then ®~! is the usual inverse function of ®. It is well known that
r< (e (r)y <20, >0, (2.1)
where ®(r) is defined by

213(7") _ { sup{rs — <I>(Z)O: s €[0,00)} : TTGI[O(,)OOO)

A Young function ® is said to satisfy the As-condition, denoted also as ® €
Ao, if
O(2r) < CP(r), r>0

for some C' > 2. If & € Ay, then & € ). A Young function & is said to satisfy
the Vs-condition, denoted also by ® € Vs, if

1
< — >
O(r) < 20@(6’7’), r>0

for some C' > 1. We can verify the following examples: The function ®(r) = r
satisfies the As-condition but does not satisfy the Vy-condition. If 1 < p < oo,
then ®(r) = rP satisfies both the conditions. The function ®(r) = " —r — 1
satisfies the Vs-condition but does not satisfy the As-condition.

Definition 2.2. (Orlicz Space). For a Young function ®, the set
L*(R") = {f € Li (R") : / O(k|f(x)|)dx < oo for some k >0 }

is called Orlicz space. If ®(r) = r?, 1 < p < oo, then L®(R") = LP(R"). If
O(r) =0, (0 <r <1)and &(r) = oo, (r > 1), then L*(R") = L>®(R"). The
space L (R™) is defined as the set of all functions f such that fx, € L*(R")

loc

for all balls B C R™.



L?(R™) is a Banach space with respect to the norm

1o = inf{)\ >0 /n®<@>d$ < 1}.

For a measurable set (0 C R", a measurable function f and t > 0, let
m(Q, f, t) = {z € Q: |f(x)] > t}|. In the case 2 = R", we shortly denote
it by m(f, t).

Definition 2.3. The weak Orlicz space
WLP(R") = {f € Lige(R") = [| fllwre < oo}
is defined by the norm

I fllwre = inf{)\ >0 : sup@(t)m({, t) < 1},

t>0

We note that || f|lwre < || fllLe,
sup @(t)m(Q, f, t) =suptm(Q, f, <I>_1(t)) =suptm(Q, ®(|f]), t)
>0 >0

>0
and
/@(M>d:§ <1, supcl>(t)m<(2, A t) <1, (22
o Mo >0 1 fllw e @)
where Hf||L‘1>(Q) = [|fXqllLe and Hf||WL<1>(Q) = [l xallwere-

The following analogue of the Hélder’s inequality is well known (see, for ex-
ample, [12]).

Theorem 2.4. Let Q2 C R" be a measurable set and functions f and g measurable
on Q. For a Young function ® and its complementary function ®, the following
inequality is valid

[ r@gtalde < 20 e llalla 0

By elementary calculations we have the following property.

Lemma 2.5. Let ® be a Young function and B be a set in R™ with finite Lebesgue

measure. Then )

o1 (|BI7!)
By Theorem 24 Lemma 25 and (21]) we get the following estimate.

sl = [Ixsllwee =

Lemma 2.6. For a Young function ® and B = B(x,r), the following inequality
15 valid:

/B FWldy < 21B1S (1BI) |10,



3 The boundedness of fractional maximal operator

In this section, we shall give a necessary and sufficient condition for the bound-
edness of M, on Orlicz spaces and weak Orlicz spaces. We begin with the bound-
edness of the maximal operator on Orlicz spaces.

Theorem 3.1. [10] Let ® be a Young function.
(i) The operator M is bounded from L®(R™) to W L*(R"), and the inequality

M fllwre < Collfl| e (3.1)

holds with constant Cy independent of f.
(ii) The operator M is bounded on L®(R™), and the inequality

[Mflle < CollflLe (32)
holds with constant Cy independent of f if and only if ® € V.

We recall that, for functions ¢ and ¥ from [0, 00) into [0, co], the function
¥ is said to dominate ® globally if there exists a positive constant ¢ such that
P(s) < U(cs) for all s > 0.

In the theorem below we also use the notation

R R 33)
0
where 1 < P < oo and \if\;(s) is the Young conjugate funtion to Wp(s), where

B;'(s) is inverses to
Ut
Bp(s) = /0 tHLP),dt.

In [3], Cianchi found the necessary and sufficient conditions for the bounded-
ness of M, on Orlicz spaces.

Theorem 3.2. Let 0 < o < n.
(i) M, is bounded from L®(R™) to WLY(R"™) if and only if

® dominates globally the function @), (3.4)
whose inverse is given by
Q' (r) = " (r).
(ii) M, is bounded from L®(R™) to L¥(R") if and only if
R 10)
/ Wdt < oo and ® dominates globally the function ¥, . (3.5)
0

Here, W, /o is the Young function defined as in (33)).

bt



In order to prove our main theorem, we also need the following lemma.

Lemma 3.3. If By := B(xg, 1), then |Bo|n < Muxs,(z) for every x € By.

Proof. For x € By, we get

BN By| > |Bo| ™% | By N Bo| = | Bol™.

Moxp,(x) = sup |B|7'*%
B>z

0

The following result completely characterizes the boundedness of M, on Orlicz
spaces.

Theorem 3.4. Let 0 < o < n, &,V be Young functions and ® € Y. The
condition

rad(r) < CUT(r) (3.6)

for all r > 0, where C' > 0 does not depend on r, is necessary and sufficient
for the boundedness of M, from L*(R") to WLY(R™). Moreover, if ® € Vo,
the condition ([B.6]) is necessary and sufficient for the boundedness of M, from
L®(R™) to LY(R™).
Proof. For a ball B = B(x,r), let fi = fXB@an, fo = f— fi and y be an
arbitrary point in B. If B(y,t) N E(B(x, 2r)) # 0, then ¢t > r. Indeed, if z €
B(y,t)N E(B(:z, 2r)),thent > ly—z| > |x —z| = |z —y| >2r—r =r.

On the other hand, B(y,t) N C(B(x,Qr)) C B(x,2t). Indeed, if z € B(y,t) N
C(B(x, 2r)), then we get |[x — 2| < |y — z| + |z —y| <t +r < 2t.

Hence by Lemma

1

Mafoly) S 50p = e / F(2)ld=
>0 |B(y, )| nJ Bly)nY(B(x,2r))
1

< su —_— z)|dz
S swp s /( 7(2)
< Wlle sup 1 8Bl 0.

r<t<oo

Consequently from Hedberg’s trick, see [7], and the last inequality, we have

Mo f(y) SreMf(y) + || fllps sup t*®~ (™).

r<t<oo

Thus, by (B6) we obtain

M F0)] S MF(0) ot ) e w7 ),

Hrn)



Choose r > 0 so that ®~!(r™) = Cﬁf” . Then

“I(pmy MF(y)
Collfll Lo

iy (U7 o @) (i)
- .

Therefore, we get for all y € B
Mf(y) )

M, <C U lod)( —122L ).
Mo )] < Cull e (07 0 ) (G
Let Cy be as in ([BI). Then by Theorem B we have

3515‘1’“)”1(3%”) suprm (5, ‘I’(%;HL@) ')
<

<supron(8. (g s )7) < a0 (o) <1

ie.
IMafllwrem) S 1 fllze- (3.7)
By taking supremum over B in ([B.1), we get

[ Mo fllwre S 1 flce,

since the constants in (3.7)) don’t depend on z and r.
Let Cp be as in [B.2). Since ¢ € V4, by Theorem Bl we have

IMaf(y)|) / < Mf(y) ) / < Mf(2) )
g (2 WIN g o (2 ) gy« oo (2B ) g < g
/B <Cl||f||m 5 \Collfllze no \ M [l

Mo fllpes) S 1] ce- (3.8)
By taking supremum over B in (B.8]), we get

[Mofllze S [1fllze,

since the constants in (3.8) don’t depend on = and r.
We shall now prove the necessity. Let By = B(xg, 1) and x € By. By Lemma
B3 we have r(‘)l < CM,xp,(x). Therefore, by Lemma 2.5 we have

S U Bol DI Maxsolweese <O (1Bol ™) Maxslwe

UH(rg")
—1 B —1 < 0
(1Bl % i)

1.e.

and
S ‘If‘1<lBo\‘1>llMaxBoHmBo) S UT(|Bo| )| Mo, v
\If_l(r_”)
“HIBol Hlxs, e S WO)

Since this is true for every ry > 0, we are done. 0J
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We recover the following well known result by taking ®(t) = t at Theorem

B4

Corollary 3.5. Let 0 < o« < n and 1 < p < n/a. Then the condition 1/q =
1/p — a/n is necessary and sufficient for the boundedness of M, from LP(R™) to
W LY(R"™) and for p > 1 from LP(R™) to LI(R™).

From Theorems and [34] we have the following corollary.

Corollary 3.6. Let 0 < a <n, ®, ¥ be Young functions and ® € Y, then:
1) Condition [BA) holds if and only if condition ([3.6]) holds.
2) Moreover if ® € Vy, then condition ([B3)) holds if and only if [B.4) holds.

4 Characterization of Lipschitz spaces via com-
mutators

In this section, as an application of Theorem [B.4] we consider the boundedness
of My, and [b, M,] on Orlicz spaces when b belongs to the Lipschitz space, by
which some new characterizations of the Lipschitz spaces are given.

Definition 4.1. Let 0 < 8 < 1, we say a function b belongs to the Lipschitz space
Ag(R™) if there exists a constant C' such that for all z,y € R™,

[b(z) —b(y)| < Clz —yl”.

The smallest such constant C' is called the Ag(R™) norm of b and is denoted by
.

To prove the theorems, we need auxiliary results. The first one is the following
characterizations of Lipschitz space, which is due to DeVore and Sharply [4].

Lemma 4.2. Let 0 < ﬁ < 1, we have
] ~ su 71 xr) — d

where i = & [, (y)dy.

Lemma 4.3. Let 0 < f<1,0<a<n, 0 <a+ S <n andb e Ag(R"), then
the following pointwise estimate holds:

Mo f(z) < ClIbll i, @) Mass f(2)-



Proof. If b € Az(R"), then

Mya(f)(x) = sup | B2 /|b ) — b(y)||f()ldy

B3z

14 otB
< OBl a0 B F [ 170y
B>z B
= Clbls aoy Mot ().

]
Lemma 4.4. Ifb € L} _(R™) and By := B(xo,70), then
|Bo| ™ |b(z) — bg,| < Myaxn, () for every x € By.
Proof. For x € By, we get
My () = sup | B| 1 / 1be) — b(y) s (v)dy
— sup | B+ / b(z) — b(y)|dy > |Bo| 2 / b(z) — b(y)|dy
B>z BNBy BoNBg
> [|Bo| 15 /B (b() — b(y))dy| = | Bol% 1b(z) — b |
]

The following theorem is valid.

Theorem 4.5. Let 0 < < 1,0<a<n, 0<a+B<n,be L, (R"), &,V be
Young functions and ® € ).
1. If ® € V5 and the condition

EETN() < CTT(1), (4.1)

holds for all t > 0, where C' > 0 does not depend on t, then the condition
b e Ag(R™) is sufficient for the boundedness of My from L®(R") to L¥(R™).
2. If the condition
Ul(1) < OB () (4.2)
holds for all t > 0, where C' > 0 does not depend on t, then the condition
b € Ag(R™) is necessary for the boundedness of My, from L®(R") to LY (R™).
3. If® € Vy and U~'(t) = &~ 1(t)t="2", then the condition b € Ag(R™) is
necessary and sufficient for the boundedness of My, from L*(R™) to L¥(R™).



Proof. (1) The first statement of the theorem follows from Theorem B4l and
Lemma [£.3]

(2) We shall now prove the second part. Suppose that W=1(t) < &=L (¢)¢—(@+A)/n
and M, is bounded from L*(R") to LY(R"). Choose any ball B in R", by Lem-
mas [2.5] and

\B|1+B/| ~ baldy = ‘1+“+ﬁ/’|3| / y) — b(z))dz|dy

— [ Mya(x,)(W)dy

|B|1+ B
B 1
< % Mo (X5) I Lv(m)
¢ v (Bl

<C.

= B e (B[

Thus by Lemma E2 we get b € Ag(R™).
(3) The third statement of the theorem follows from the first and second parts
of the theorem. O

If we take a = 0 at Theorem [L.5] we have the following result.

Corollary 4.6. Let 0 < 8 < 1, b € L] _(R"), ®,¥ be Young functions and
de).

1. If ® € Vy and the condition ®~1(t)t=5/" < U~(t) holds, then the condition
b e Ag(R™) is suﬁﬁczent for the boundedness of M, from L‘I’(R") to LY(R™).

2. If U=L(t) < & H(t)t=P/" then the condition b € Ag(R™) is necessary for
the boundedness of M, from LQ’(R") to LY(R™).

3. If® € Vy and V' (t) = & 1(t)t9/", then the condition b € Az(R") is
necessary and sufficient for the boundedness of M, from L®(R™) to LY(R").

If we take ®(t) = t? and W(t) = 9 with 1 < p < co and 1 < ¢ < o0 at
Theorem [4.5], we have the following result.

Corollary 4.7. Let 0 < B < 1,0 < a <n, 0 < a+f <mn,be L, (R"),
1<p<q<ooand 1 - l = ‘HB. Then the condition b € Ag(R”) is necessary

and sufficient for the boundedness of My, from LP(R™) to LI(R™).
Remark 4.8. For a = 0, Corollary[{.7 was proved in [15].
The following theorem is valid.

Theorem 4.9. Let 0 < 3<1,0<a<n, 0<a+p<n,be L. (R"), T be
Young functions and ® € ).

1. If condition (I)) holds, then the condition b € Ag(R™) is sufficient for the
boundedness of My, from L*(R™) to WLY(R™).
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2. If condition (L2) holds and % is almost decreasing for some ¢ > 0, then

the condition b € Ag(R™) is necessary for the boundedness of My from L*(R™)
to WLY(R™).

3. IfU~Ht) = &~ (1)t~ @B/ gnd % is almost decreasing for some € > 0,
then the condition b € Agz(R™) is necessary and sufficient for the boundedness of
My from L®(R™) to WLY(R").

Proof. (1) The first statement of the theorem follows from Theorem B4 and

Lemma 43|

(2) For any fixed ball By such that 2 € By by LemmaAlwe have | By|*/™|b(x)—
bg,| < My.aXp,(z). This together with the boundedness of M, ,, from L®(R™) to
WLY(R") and Lemma

{2 € Bo | Bol*/"b(x) — bi,| > A} < {z € By : Myaxsy(z) > A}
1 1

A N AP—1(|Bo|- 1)
‘I’(c||x_30||;) q’( c )

Let ¢ > 0 be a constant to be determined later, then

IN

|b(x) — bp,|dx = |BO|_°‘/"/ [{x € By : |b(z) — bp,| > |Bo| /" \}|d\

Bo 0

t
- |BO\“1/"/ {x € By : |b(z) — bg,| > | Bo|~*/"\}|d\
0

+ |BO|—a/"/ [{a € By : [b(x) — b, | > | Bo|"*/"A}|dA
t

o 1
1—a/n —a/n
S ==
C

|BO|—a/nt
@ 1((Bol 1))
v ()

where we use almost decreasingness of & -

1+e
v(t)
Set t = C'| By % in the above estimate, we have

5 t|BO|1—a/n +

in the last step.

|b(z) — bp, |dz < [Bo| 7",
By

Thus by Lemma we get b € AB(]R") since By is an arbitrary ball in R™.
(3) The third statement of the theorem follows from the first and second parts
of the theorem. O

If we take a = 0 at Theorem [1.9] we have the following result.

11



Corollary 4.10. Let 0 < 8 < 1, b € LL .(R"), ®,¥ be Young functions and
el

1. If the condition ®~1(t)t=7/™ < W=L(t) holds, then the condition b € Az(R™)
is sufficient for the boundedness of M, from L®(R™) to W LY(R™).

2. IfU~Ht) S ()t P/ and % is almost decreasing for some ¢ > 0, then

the condition b € Ag(R™) is necessary for the boundedness of My, from L®(R") to
WLY(R").

3. IfUTN(t) m @ ()" and 55
the condition b € AB(]R") 1s necessary and sufficient for the boundedness of M,
from L®(R™) to WLY(R").

1s almost decreasing for some € > 0, then

If we take ®(t) = t” and W(t) = t? with 1 < p < oo and 1 < ¢ < oo at
Theorem [£.9] we have the following result.

Corollary 4.11. Let 0 < f<1l,0<a<n 0<a+f<n be L (R,
1<p<q<ooand 1 —== O‘+B. Then the condition b € Ag(R”) is necessary

and sufficient for the boundedness of My, from LP(R™) to W LY(R").
Remark 4.12. For a =0, Corollary[{.11 was proved in [15].

To state our results, we recall the definition of the maximal operator with
respect to a ball. For a fixed ball By, the fractional maximal function with
respect to By of a function f is given by

Mo po(f)(@) = sup / Fldy,  0<a<n,

Bo2OB>3x |BO
where the supremum is taken over all the balls B with B C By and x € B.

Theorem 4.13. Let 0 < B < 1,0 < a<n, 0 < a+8 < nandbd be a
locally integrable non-negative function. Suppose that ®, ¥ be Young functions,
® € YNV, and U1(t) =~ & L(t)t~%". Then the following statements are
equivalent:

1. be Ag(R™).

2. [b, M,] is bounded from L*(R™) to LY (R").

3. There exists a constant C' > 0 such that

sup Bl (1B 16C) = 1Bl " Ma,s (D) (v < C. - (4.3)

Proof. (1) = (2): The following estimate was proved in [I4]. Let b be any non-
negative locally integrable function. Then

b, Mo](f)(2)] < Myo(f)(x), — xeR" (4.4)

holds for all f € L{ (R™).

12



It follows from (44 and Theorem that [b, M,] is bounded from L®(R™)
to LY(R™) since b € Ag(R").
(2) = (3): For any fixed ball B C R" and all € B, we have (see (2.4) in
[L3]).
Ma(xp)(z) = B|*"  and  Ma(bxs)(z) = Ma,5(b)(2).

Then,
|BI=mu L (|BI7Y)[[b(-) — | B~/ Mo 5 (5) () | o)
:|B\ ”‘I’ (\B| 1)||b() (XB)() Ma(bXB>('>HL‘I’(B)
= [BI75 U (1Bl I[b, Ma)(x5) e () (4.5)
< O|BI= 5w (1B I xsll e
<C

which implies (3) since the ball B C R™ is arbitrary.
(3) = (1): From [14] we have,

1 2 —o/n
|B|1+ﬁ/B|b(:c>—bB\dxs |B|1+B/B\b(x)—|3\ /" My (b) ()| .

it follows from Lemma 2.6l and (£3) that

|B‘1+ /|

Thus by Lemma B2 we get b € Ag(R™). 0O

(BT [16() = B~ Ma,(5) ()| L5y < C.

If we take o = 0 at Theorem .13] we have the following result.

Corollary 4.14. Let 0 < f < 1 and b be a locally integrable non-negative func-
tion. Suppose that ®, W be Young functions, ® € YNVy and U=1(t) ~ d=1(£)t~ 5.
Then the following statements are equivalent:

2. [b, M] is bounded from L®(R™) to LY(R").

3. There exists a constant C' > 0 such that

sup | BI2mw (1B [16() = Mp(0) ()| s) < C.
If we take ®(t) = t? and W(t) = 9 with 1 < p < co and 1 < ¢ < o0 at
Theorem [13] we have the following result.

Corollary 4.15. Let0< <1, 0<a<n,0<a+p<n, bELlOC( "), b bea
locally integrable non-negative function, 1 < p < q < oo and ; E = O‘:B. Then
the following statements are equivalent:

13



1. be Ag(R™).
2. [b, M,] is bounded from LP(R™) to L4(R™).
3. There exists a constant C' > 0 such that

1 1 1/q
— | — — —a/n q <
s%p B <|B| /B |b(x) — | B| M, 5(b)(z)] dI) <C.

Remark 4.16. For a =0, Corollary[{.1] was proved in [15].

Remark 4.17. From the proof of Theorem[].13 one can see that the assumption
b > 0 is not used in (2) = (3) and (3) = (1). This means (2) and (3) are
sufficient conditions for b € Ag(R"™). But we don’t know if (2) and (3) are
necessary for b € Ag(R™).

Indeed, we have obtained the following result.

Corollary 4.18. Let 0 < S < 1,0 < a <n, 0 < a+p <nandb be a
locally integrable function. Suppose that ®, ¥ be Young functions, ® € Y N Vy
and U(t) = O~L ()%, If one of the following statements is true, then b €
1. [b, M,] is bounded from L*(R") to LY(R™).
2. There exists a constant C' > 0 such that

sup |BI77mw (1B 16C) = 1Bl Mo, (0) ()l 12 3) < C.

Theorem 4.19. Let b > 0 be a locally integrable function, 0 < 5 <1,0 < a <mn,
0<a+pf <nandbe Ag(R™). Suppose that ©, ¥ be Young functions, ® € Y
and condition &1 holds. Then [b, M) is bounded from L*(R"™) to W L¥(R").

Proof. Obviously, it follows from (£4]) and Theorem O

If we take ®(t) = t? and W(t) = 9 with 1 < p < co and 1 < ¢ < o0 at
Theorem [£19] we have the following result.

Corollary 4.20. Let b > 0 be a locally integrable function, 0 < 5 < 1,0 < a <mn,
0<a+f<n belAgR"), 1<p<q<ooandt—1=28 Then b M,] is
bounded from LP(R"™) to W LI(R™).

Remark 4.21. For a = 0, Corollary [{.20 was proved in [1]].
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