
Partial Diϱerential Equations in Applied Mathematics 11 (2024) 100720 

A
2
n

Contents lists available at ScienceDirect

Partial Differential Equations in Applied Mathematics

journal homepage: www.elsevier.com/locate/padiff

Fractional calculus of modified special functions involving the generalized
M-series in their kernels and illustrative examples
Enes Ata a, İ Onur Kıymaz a, Praveen Agarwal b,c,∗, Shilpi Jain d, Shaher Momani c,e

a Department of Mathematics, Kırşehir Ahi Evran University, Kırşehir, 40100, Turkey
b Department of Mathematics, Anand International College of Engineering, Jaipur 303012, India
c Nonlinear Dynamics Research Center (NDRC), Ajman University, Ajman, United Arab Emirates
d Department of Mathematics, Poornima College of Engineering, Jaipur 302022, India
e Faculty of Science, The University of Jordan, Amman 11942, Jordan

A R T I C L E I N F O

Keywords:
Fractional derivatives and integrals
Fractional differential equations
Beta function
Gauss hypergeometric function
Confluent hypergeometric function

A B S T R A C T

In this paper we apply the Riemann–Liouville, Erdelyi–Kober and Caputo fractional operators to the modified
beta, modified Gauss hypergeometric and modified confluent hypergeometric functions in which the general-
ized M-series are included in their kernels. Furthermore, as examples, we obtain solutions of some fractional
differential equations involving the above modified special functions.
1. Introduction and preliminaries

The concept of fractional calculus was first introduced in 1695
through correspondence between Leibniz and L’Hospital, as evidenced
by sources such as Refs. 1–4. The letters discuss the formula

𝐷𝑛𝑓 (𝑥) =
𝑑𝑛𝑓 (𝑥)
𝑑𝑥𝑛

, for 𝑛 > 0

and the question of whether the number 𝑛 can be extended to fractional
numbers. The question’s answer resulted in the creation of a new theory
by scientists known as fractional calculus. Numerous studies have been
conducted on fractional calculus, as seen in Refs. 5–12.

The Riemann–Liouville fractional integral (RLFI)1 of order 𝜀 ∈ C is
given by
[

𝐼𝜀0+𝑓
]

(𝜌) = 1
𝛤 (𝜀) ∫

𝜌

0
(𝜌 − 𝜔)𝜀−1𝑓 (𝜔)𝑑𝜔,

where 𝜌 > 0,ℜ(𝜀) > 0.

The Erdelyi–Kober fractional integral (EKFI)1 for 𝜎 > 0, 𝜇 ∈ C is
defined by
[

𝐼𝜀0+;𝜎,𝜇𝑓
]

(𝜌) =
𝜎𝜌−𝜎(𝜀+𝜇)

𝛤 (𝜀) ∫

𝜌

0
(𝜌𝜎 − 𝜔𝜎 )𝜀−1 𝜔𝜎𝜇+𝜎−1𝑓 (𝜔)𝑑𝜔, (1)

where 𝜌 > 0,ℜ(𝜀) > 0.
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In this paper, we will use the following Erdelyi–Kober fractional
integral (EKFI) for 𝜎 = 1 in Eq. (1):
[

𝐼𝜀0+;𝜇𝑓
]

(𝜌) =
𝜌−𝜀−𝜇

𝛤 (𝜀) ∫

𝜌

0
(𝜌 − 𝜔)𝜀−1𝜔𝜇𝑓 (𝜔)𝑑𝜔,

where 𝜌 > 0,ℜ(𝜀) > 0.

The Riemann–Liouville fractional derivative (RLFD)1 of order 𝜀 ∈ C
for 𝑚 − 1 < ℜ(𝜀) < 𝑚, 𝑚 ∈ N is given by
[

𝐷𝜀
0+𝑓

]

(𝜌) = 1
𝛤 (𝑚 − 𝜀)

𝑑𝑚

𝑑𝜌𝑚 ∫

𝜌

0
(𝜌 − 𝜔)𝑚−𝜀−1𝑓 (𝜔)𝑑𝜔,

where 𝜌 > 0,ℜ(𝜀) > 0.

The Caputo fractional derivative (CFD)1 for 𝑚−1 < ℜ(𝜀) < 𝑚, 𝑚 ∈ N
is defined by
[

𝑐𝐷𝜀
0+𝑓

]

(𝜌) = 1
𝛤 (𝑚 − 𝜀) ∫

𝜌

0
(𝜌 − 𝜔)𝑚−𝜀−1𝑓 (𝑚)(𝜔)𝑑𝜔,

where 𝜌 > 0,ℜ(𝜀) > 0.

Special functions have been in the focus of attention of scientists
due to their popularity in disciplines such as mathematics, physics,
engineering. Many scientists have published quite a lot of studies in
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recent years on various generalizations of special functions, see for
example Refs. 13–33 and the reference therein.

One of the popular special function is 𝑝
𝛼𝑀𝛽

𝑞 which defined for
ℜ(𝛼) > 0 as

𝑝
𝛼𝑀𝛽

𝑞(𝑧) = 𝑝
𝛼𝑀𝛽

𝑞(𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ; 𝑧) =
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛

𝑧𝑛

𝛤 (𝛼𝑛 + 𝛽)
, (2)

where 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞). If 𝑝 ≤ 𝑞 then (2) is
onvergent for all 𝑧. If 𝑝 = 𝑞 + 1 it is also convergent for |𝑧| < 𝛿 = 𝛼𝛼 ,
ut if 𝑝 > 𝑞 + 1 it is divergent. If 𝑝 = 𝑞 + 1, (2) can be convergent for
𝑧| = 𝛿 depending on the conditions of the parameters34. 𝑝𝛼𝑀𝛽

𝑞 is also
nown as the generalized M-series.

emark 1. Here, it is important to note that the generalized M-series
s a special case of the Wright generalized hypergeometric function
𝜓𝑞(𝑧); it is easy to find its relationship with various classical special
nd trigonometric functions that is why it is more general in nature. It is
lso important because its basic cases are followed by the Mittag-Leffler
unction and the hypergeometric functions, and all these functions have
ndeed found key applications in solving problems in applied sciences,
hemistry, physics and biology.

The symbol (⋅)𝑛 used to denote the Pochhammer symbol35, which
efined by

𝜁 )𝑛 =
𝛤 (𝜁 + 𝑛)
𝛤 (𝜁 )

=

{

𝜁 (𝜁 + 1)… (𝜁 + 𝑛 − 1), 𝑛 = 1, 2,… ,
1, 𝑛 = 0.

(3)

The modified gamma and beta functions for ℜ(𝜌) > 0, ℜ(𝑥) > 0,
ℜ(𝑦) > 0, ℜ(𝛼) > 0 was introduced by Ata in Ref. 16, respectively, as
follows:
𝑀𝛤 (𝛼,𝛽)

𝑝,𝑞 (𝑥; 𝜌) = 𝑀𝛤 (𝛼,𝛽)
𝑝,𝑞 (𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ; 𝑥; 𝜌)

= ∫

∞

0
𝛥𝑥−1 𝑝

𝛼𝑀𝛽
𝑞

(

𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ; −𝛥 −
𝜌
𝛥

)

𝑑𝛥

and
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌) = 𝑀𝐵(𝛼,𝛽)
𝑝,𝑞 (𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ; 𝑥, 𝑦; 𝜌)

= ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1 𝑝

𝛼𝑀𝛽
𝑞

(

𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ;
−𝜌

𝛥(1 − 𝛥)

)

𝑑𝛥,

here 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).
In the same paper the author used the modified beta function to

efined the modified Gauss and confluent hypergeometric functions for
(𝜒3) > ℜ(𝜒2) > 0, ℜ(𝛼) > 0, ℜ(𝜌) > 0, respectively, as follows:

𝑀𝐹 (𝛼,𝛽)
𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌) = 𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ;𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)

=
∞
∑

𝑛=0
(𝜒1)𝑛

𝑀𝐵(𝛼,𝛽)
𝑝,𝑞 (𝜒2 + 𝑛, 𝜒3 − 𝜒2; 𝜌)
𝐵(𝜒2, 𝜒3 − 𝜒2)

𝑧𝑛

𝑛!
, (|𝑧| < 1)

and
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌) = 𝑀𝛷(𝛼,𝛽)
𝑝,𝑞 (𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ;𝜒2;𝜒3; 𝑧; 𝜌)

=
∞
∑

𝑛=0

𝑀𝐵(𝛼,𝛽)
𝑝,𝑞 (𝜒2 + 𝑛, 𝜒3 − 𝜒2; 𝜌)
𝐵(𝜒2, 𝜒3 − 𝜒2)

𝑧𝑛

𝑛!
,

where 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).
If we take 𝜌 = 0 and 𝑝 = 𝑞 = 𝜉1 = 𝜂1 = 𝛼 = 𝛽 = 1 in the

modified special functions given above, we get the classic forms of
corresponding special functions35. Additionally, the author called the
modified gamma, modified beta, modified Gauss hypergeometric, and
modified confluent hypergeometric functions as the M-gamma, M-beta,
M-Gauss hypergeometric, and M-confluent hypergeometric functions,
respectively.

It should be noted that the relationship between the classic gamma
and beta functions, as described in Ref. 35, is as follows:

𝐵(𝑥, 𝑦) =
𝛤 (𝑥)𝛤 (𝑦)

, (ℜ(𝑥) > 0,ℜ(𝑦) > 0) . (4)

𝛤 (𝑥 + 𝑦)

2 
The paper proposes the use of modified special functions involving
generalized M-series, which contain more parameters. It is expected
that this will expand the application areas.

The remainder of this paper is planned as follows: In Section 2, we
apply Riemann–Liouville, Caputo and Erdelyi–Kober fractional opera-
tors to M-beta, M-Gauss hypergeometric and M-confluent hypergeomet-
ric functions. In Section 3, we obtain solutions of fractional differential
equations including M-beta, M-Gauss hypergeometric and M-confluent
hypergeometric functions.

2. Fractional calculus of modified special functions

In this section, we apply Riemann–Liouville fractional integral,
Erdelyi–Kober fractional integral, Riemann–Liouville fractional deriva-
tive, and Caputo fractional derivative operators to M-beta, M-Gauss
hypergeometric, and M-confluent hypergeometric functions.

2.1. Riemann–Liouville fractional integral (RLFI)

Theorem 2.1. Let ℜ(𝜀) > 0, ℜ(𝑥) > 0, ℜ(𝑦) > 0, ℜ(𝛼) > 0. Then,
pplying the RLFI to the M-beta function yields the following formula:

𝐼𝜀0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝑀𝐵(𝛼,𝛽)

𝑝+1,𝑞+1(𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 + 𝜀; 𝑥, 𝑦; 𝜌)

𝛤 (1 + 𝜀)𝜌−𝜀
,

where 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

Proof. Applying the RLFI to the M-beta function, we have
[

𝐼𝜀0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) = 1
𝛤 (𝜀) ∫

𝜌

0
(𝜌 − 𝜔)𝜀−1 𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦;𝜔)𝑑𝜔.

sing the definition of the M-beta function, we get

𝐼𝜀0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) = 1
𝛤 (𝜀) ∫

𝜌

0
(𝜌 − 𝜔)𝜀−1 ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1

× 𝑝
𝛼𝑀𝛽

𝑞

(

𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ;
−𝜔

𝛥(1 − 𝛥)

)

𝑑𝛥𝑑𝜔.

Using the definition of the generalized M-series, we obtain
[

𝐼𝜀0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) = 1
𝛤 (𝜀) ∫

𝜌

0
(𝜌 − 𝜔)𝜀−1 ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1

×
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛

(

−𝜔
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝑑𝛥𝑑𝜔.

aking 𝜔 = 𝜌𝑢 and using Eq. (4), we have

𝐼𝜀0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) = 𝜌𝜀 ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1

×
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛

(

−𝜌
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝛤 (𝑛 + 1)

𝛤 (𝑛 + 1 + 𝜀)
𝑑𝛥.

ultiplying by 𝛤 (1+𝜀)
𝛤 (1+𝜀) and using Eq. (3), we get

[

𝐼𝜀0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝜌𝜀

𝛤 (1 + 𝜀) ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1

×
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛(1)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛(1 + 𝜀)𝑛

(

−𝜌
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝑑𝛥.

onsidering the definition of the generalized M-series, we obtain

𝐼𝜀0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝜌𝜀

𝛤 (1 + 𝜀) ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1

× 𝑝+1
𝛼𝑀𝛽

𝑞+1

(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 + 𝜀;
−𝜌

𝛥(1 − 𝛥)

)

𝑑𝛥.

Thus, we have the desired formula as:

[

𝐼𝜀 𝑀𝐵(𝛼,𝛽)(𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝑀𝐵(𝛼,𝛽)

𝑝+1,𝑞+1(𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 + 𝜀; 𝑥, 𝑦; 𝜌)
,
0+ 𝑝,𝑞 𝛤 (1 + 𝜀)𝜌−𝜀
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which completes the proof. □

Theorem 2.2. Let ℜ(𝜀) > 0, ℜ(𝜒3) > ℜ(𝜒2) > 0, ℜ(𝛼) > 0.
Then, applying the RLFI to the M-Gauss hypergeometric function yields the
following formula:
[

𝐼𝜀0+
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝑀𝐹 (𝛼,𝛽)

𝑝+1,𝑞+1
(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 + 𝜀;𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌
)

𝛤 (1 + 𝜀)𝜌−𝜀
,

where arg(1 − 𝑧) < 𝜋 and 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

Proof. Applying the RLFI to the M-Gauss hypergeometric function, we
have
[

𝐼𝜀0+
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

= 1
𝛤 (𝜀) ∫

𝜌

0
(𝜌 − 𝜔)𝜀−1 𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧;𝜔)𝑑𝜔.

Taking 𝜔 = 𝜌𝑢 and using Eq. (4), we get
[

𝐼𝜀0+
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝜌𝜀

𝐵(𝜒2, 𝜒3 − 𝜒2) ∫

1

0
𝛥𝜒2−1(1 − 𝛥)𝜒3−𝜒2−1(1 − 𝑧𝛥)−𝜒1

×
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛

(

−𝜌
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝛤 (𝑛 + 1)

𝛤 (𝑛 + 1 + 𝜀)
𝑑𝛥.

Multiplying by 𝛤 (1+𝜀)
𝛤 (1+𝜀) and using Eq. (3), we obtain

[

𝐼𝜀0+
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝜌𝜀

𝛤 (1 + 𝜀)𝐵(𝜒2, 𝜒3 − 𝜒2) ∫

1

0
𝛥𝜒2−1(1 − 𝛥)𝜒3−𝜒2−1(1 − 𝑧𝛥)−𝜒1

× 𝑝+1
𝛼𝑀𝛽

𝑞+1

(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 + 𝜀;
−𝜌

𝛥(1 − 𝛥)

)

𝑑𝛥.

hus, we have the desired formula as:

𝐼𝜀0+
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝑀𝐹 (𝛼,𝛽)

𝑝+1,𝑞+1
(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 + 𝜀;𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌
)

𝛤 (1 + 𝜀)𝜌−𝜀
,

which completes the proof. □

Theorem 2.3. Let ℜ(𝜀) > 0, ℜ(𝜒3) > ℜ(𝜒2) > 0, ℜ(𝛼) > 0. Then,
applying the RLFI to the M-confluent hypergeometric function yields the
following formula:
[

𝐼𝜀0+
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝑀𝛷(𝛼,𝛽)

𝑝+1,𝑞+1
(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 + 𝜀;𝜒2;𝜒3; 𝑧; 𝜌
)

𝛤 (1 + 𝜀)𝜌−𝜀
,

where 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

Proof. Applying the RLFI to the M-confluent hypergeometric function,
we have
[

𝐼𝜀0+
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌) = 1
𝛤 (𝜀) ∫

𝜌

0
(𝜌 − 𝜔)𝜀−1 𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧;𝜔)𝑑𝜔.

Taking 𝜔 = 𝜌𝑢 and using Eq. (4), we get
[

𝐼𝜀0+
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝜌𝜀

𝐵(𝜒2, 𝜒3 − 𝜒2) ∫

1

0
𝛥𝜒2−1(1 − 𝛥)𝜒3−𝜒2−1 exp(𝑧𝛥)

×
∞
∑ (𝜉1)𝑛…(𝜉𝑝)𝑛

(

−𝜌
𝛥(1−𝛥)

)𝑛

𝛤 (𝑛 + 1)
𝑑𝛥.
𝑛=0 (𝜂1)𝑛…(𝜂𝑞)𝑛 𝛤 (𝛼𝑛 + 𝛽) 𝛤 (𝑛 + 1 + 𝜀)
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Multiplying by 𝛤 (1+𝜀)
𝛤 (1+𝜀) and using Eq. (3), we obtain

[

𝐼𝜀0+
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝜌𝜀

𝛤 (1 + 𝜀)𝐵(𝜒2, 𝜒3 − 𝜒2) ∫

1

0
𝛥𝜒2−1(1 − 𝛥)𝜒3−𝜒2−1 exp(𝑧𝛥)

× 𝑝+1
𝛼𝑀𝛽

𝑞+1

(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 + 𝜀;
−𝜌

𝛥(1 − 𝛥)

)

𝑑𝛥.

Thus, we have the desired formula as:
[

𝐼𝜀0+
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝑀𝛷(𝛼,𝛽)

𝑝+1,𝑞+1
(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 + 𝜀;𝜒2;𝜒3; 𝑧; 𝜌
)

𝛤 (1 + 𝜀)𝜌−𝜀
,

hich completes the proof. □

2.2. Erdelyi–Kober fractional integral (EKFI)

Theorem 2.4. Let ℜ(𝜀) > 0, ℜ(1 + 𝜇) > 0, ℜ(1 + 𝜇 + 𝜀) > 0, ℜ(𝑥) > 0,
(𝑦) > 0, ℜ(𝛼) > 0. Then, applying the EKFI to the M-beta function yields

he following formula:

𝐼𝜀0+;𝜇
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌)

=
𝛤 (1 + 𝜇) 𝑀𝐵(𝛼,𝛽)

𝑝+1,𝑞+1(𝜉1,… , 𝜉𝑝, 1 + 𝜇; 𝜂1,… , 𝜂𝑞 , 1 + 𝜇 + 𝜀; 𝑥, 𝑦; 𝜌)

𝛤 (1 + 𝜇 + 𝜀)
,

where 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

Proof. Applying the EKFI to the M-beta function, we have
[

𝐼𝜀0+;𝜇
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝜌−𝜀−𝜇

𝛤 (𝜀) ∫

𝜌

0
(𝜌 − 𝜔)𝜀−1𝜔𝜇 𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦;𝜔)𝑑𝜔.

sing the definition of the M-beta function, we get

𝐼𝜀0+;𝜇
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝜌−𝜀−𝜇

𝛤 (𝜀) ∫

𝜌

0
(𝜌−𝜔)𝜀−1𝜔𝜇 ∫

1

0
𝛥𝑥−1(1−𝛥)𝑦−1

× 𝑝
𝛼𝑀𝛽

𝑞

(

𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ;
−𝜔

𝛥(1−𝛥)

)

𝑑𝛥𝑑𝜔.

Using the definition of the generalized M-series, we obtain
[

𝐼𝜀0+;𝜇
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝜌−𝜀−𝜇

𝛤 (𝜀) ∫

𝜌

0
(𝜌 − 𝜔)𝜀−1𝜔𝜇 ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1

×
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛

(

−𝜔
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝑑𝛥𝑑𝜔.

aking 𝜔 = 𝜌𝑢 and using Eq. (4), we have

𝐼𝜀0+;𝜇
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌)

= ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1

∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛

(

−𝜌
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝛤 (𝑛 + 1 + 𝜇)

𝛤 (𝑛 + 1 + 𝜇 + 𝜀)
𝑑𝛥.

Multiplying by 𝛤 (1+𝜇)𝛤 (1+𝜇+𝜀)
𝛤 (1+𝜇)𝛤 (1+𝜇+𝜀) and using Eq. (3), we get

[

𝐼𝜀0+;𝜇
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝛤 (1 + 𝜇)

𝛤 (1 + 𝜇 + 𝜀) ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1

×
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛(1 + 𝜇)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛(1 + 𝜇 + 𝜀)𝑛

(

−𝜌
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝑑𝛥.

Considering the definition of the generalized M-series, we obtain
[

𝐼𝜀0+;𝜇
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝛤 (1 + 𝜇)

𝛤 (1 + 𝜇 + 𝜀) ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1

× 𝑝+1
𝛼𝑀𝛽

𝑞+1

(

𝜉1,… , 𝜉𝑝, 1 + 𝜇; 𝜂1,… , 𝜂𝑞 , 1 + 𝜇 + 𝜀;
−𝜌

)

𝑑𝛥.

𝛥(1 − 𝛥)
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Thus, we have the desired formula as:
[

𝐼𝜀0+;𝜇
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌)

=
𝛤 (1 + 𝜇) 𝑀𝐵(𝛼,𝛽)

𝑝+1,𝑞+1(𝜉1,… , 𝜉𝑝, 1 + 𝜇; 𝜂1,… , 𝜂𝑞 , 1 + 𝜇 + 𝜀; 𝑥, 𝑦; 𝜌)

𝛤 (1 + 𝜇 + 𝜀)
,

hich completes the proof. □

heorem 2.5. Let ℜ(𝜀) > 0, ℜ(1 + 𝜇) > 0, ℜ(1 + 𝜇 + 𝜀) > 0, ℜ(𝛼) > 0,
(𝜒3) > ℜ(𝜒2) > 0. Then, applying the EKFI to the M-Gauss hypergeometric

unction yields the following formula:
[

𝐼𝜀0+;𝜇
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝛤 (1 + 𝜇) 𝑀𝐹 (𝛼,𝛽)

𝑝+1,𝑞+1

(

𝜉1,… , 𝜉𝑝, 1 + 𝜇; 𝜂1,… , 𝜂𝑞 , 1 + 𝜇 + 𝜀;𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌
)

𝛤 (1 + 𝜇 + 𝜀)
,

where arg(1 − 𝑧) < 𝜋 and 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

Proof. Applying the EKFI to the M-Gauss hypergeometric function, we
have
[

𝐼𝜀0+;𝜇
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝜌−𝜀−𝜇

𝛤 (𝜀) ∫

𝜌

0
(𝜌 − 𝜔)𝜀−1𝜔𝜇 𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧;𝜔)𝑑𝜔.

Taking 𝜔 = 𝜌𝑢 and using Eq. (4), we get
[

𝐼𝜀0+;𝜇
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

= 1
𝐵(𝜒2, 𝜒3 − 𝜒2) ∫

1

0
𝛥𝜒2−1(1 − 𝛥)𝜒3−𝜒2−1(1 − 𝑧𝛥)−𝜒1

×
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛

(

−𝜌
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝛤 (𝑛 + 1 + 𝜇)

𝛤 (𝑛 + 1 + 𝜇 + 𝜀)
𝑑𝛥.

Multiplying by 𝛤 (1+𝜇)𝛤 (1+𝜇+𝜀)
𝛤 (1+𝜇)𝛤 (1+𝜇+𝜀) and using Eq. (3), we obtain

[

𝐼𝜀0+;𝜇
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝛤 (1 + 𝜇)

𝛤 (1 + 𝜇 + 𝜀)𝐵(𝜒2, 𝜒3 − 𝜒2) ∫

1

0
𝛥𝜒2−1(1 − 𝛥)𝜒3−𝜒2−1(1 − 𝑧𝛥)−𝜒1

× 𝑝+1
𝛼𝑀𝛽

𝑞+1

(

𝜉1,… , 𝜉𝑝, 1 + 𝜇; 𝜂1,… , 𝜂𝑞 , 1 + 𝜇 + 𝜀;
−𝜌

𝛥(1 − 𝛥)

)

𝑑𝛥.

Thus, we have the desired formula as:
[

𝐼𝜀0+;𝜇
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝛤 (1 + 𝜇) 𝑀𝐹 (𝛼,𝛽)

𝑝+1,𝑞+1

(

𝜉1,… , 𝜉𝑝, 1 + 𝜇; 𝜂1,… , 𝜂𝑞 , 1 + 𝜇 + 𝜀;𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌
)

𝛤 (1 + 𝜇 + 𝜀)
,

which completes the proof. □

Theorem 2.6. Let ℜ(𝜀) > 0, ℜ(1 + 𝜇) > 0, ℜ(1 + 𝜇 + 𝜀) > 0,
(𝛼) > 0, ℜ(𝜒3) > ℜ(𝜒2) > 0. Then, applying the EKFI to the M-confluent

ypergeometric function yields the following formula:
[

𝐼𝜀0+;𝜇
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝛤 (1 + 𝜇) 𝑀𝛷(𝛼,𝛽)

𝑝+1,𝑞+1
(

𝜉1,… , 𝜉𝑝, 1 + 𝜇; 𝜂1,… , 𝜂𝑞 , 1 + 𝜇 + 𝜀;𝜒2;𝜒3; 𝑧; 𝜌
)

𝛤 (1 + 𝜇 + 𝜀)
,

where 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

Proof. Applying the EKFI to the M-confluent hypergeometric function,
we have
[

𝐼𝜀0+;𝜇
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝜌−𝜀−𝜇 𝜌

(𝜌 − 𝜔)𝜀−1𝜔𝜇 𝑀𝛷(𝛼,𝛽)(𝜒2;𝜒3; 𝑧;𝜔)𝑑𝜔.
𝛤 (𝜀) ∫0 𝑝,𝑞
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Taking 𝜔 = 𝜌𝑢 and using Eq. (4), we get
[

𝐼𝜀0+;𝜇
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

= 1
𝐵(𝜒2, 𝜒3 − 𝜒2) ∫

1

0
𝛥𝜒2−1(1 − 𝛥)𝜒3−𝜒2−1 exp(𝑧𝛥)

×
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛

(

−𝜌
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝛤 (𝑛 + 1 + 𝜇)

𝛤 (𝑛 + 1 + 𝜇 + 𝜀)
𝑑𝛥.

ultiplying by 𝛤 (1+𝜇)𝛤 (1+𝜇+𝜀)
𝛤 (1+𝜇)𝛤 (1+𝜇+𝜀) and using Eq. (3), we obtain

[

𝐼𝜀0+;𝜇
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝛤 (1 + 𝜇)

𝛤 (1 + 𝜇 + 𝜀)𝐵(𝜒2, 𝜒3 − 𝜒2) ∫

1

0
𝛥𝜒2−1(1 − 𝛥)𝜒3−𝜒2−1 exp(𝑧𝛥)

× 𝑝+1
𝛼𝑀𝛽

𝑞+1

(

𝜉1,… , 𝜉𝑝, 1 + 𝜇; 𝜂1,… , 𝜂𝑞 , 1 + 𝜇 + 𝜀;
−𝜌

𝛥(1 − 𝛥)

)

𝑑𝛥.

Thus, we have the desired formula as:
[

𝐼𝜀0+;𝜇
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝛤 (1 + 𝜇) 𝑀𝛷(𝛼,𝛽)

𝑝+1,𝑞+1
(

𝜉1,… , 𝜉𝑝, 1 + 𝜇; 𝜂1,… , 𝜂𝑞 , 1 + 𝜇 + 𝜀;𝜒2;𝜒3; 𝑧; 𝜌
)

𝛤 (1 + 𝜇 + 𝜀)
,

hich completes the proof. □

.3. Riemann–Liouville fractional derivative (RLFD)

heorem 2.7. Let 0 < ℜ(𝜀) < 1, ℜ(𝑥) > 0, ℜ(𝑦) > 0, ℜ(𝛼) > 0. Then,
pplying the RLFD to the M-beta function yields the following formula:

𝐷𝜀
0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝑀𝐵(𝛼,𝛽)

𝑝+1,𝑞+1(𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 − 𝜀; 𝑥, 𝑦; 𝜌)

𝛤 (1 − 𝜀)𝜌𝜀
,

where 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

Proof. Applying the RLFD for 𝑚 = 1 to the M-beta function, we have
[

𝐷𝜀
0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) = 1
𝛤 (1 − 𝜀)

𝑑
𝑑𝜌 ∫

𝜌

0
(𝜌 − 𝜔)−𝜀 𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦;𝜔)𝑑𝜔.

Using the definition of the M-beta function, we get
[

𝐷𝜀
0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) = 1
𝛤 (1 − 𝜀)

𝑑
𝑑𝜌 ∫

𝜌

0
(𝜌 − 𝜔)−𝜀 ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1

× 𝑝
𝛼𝑀𝛽

𝑞

(

𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ;
−𝜔

𝛥(1 − 𝛥)

)

𝑑𝛥𝑑𝜔.

Using the definition of the generalized M-series, we obtain
[

𝐷𝜀
0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) = 1
𝛤 (1 − 𝜀)

𝑑
𝑑𝜌 ∫

𝜌

0
(𝜌 − 𝜔)−𝜀 ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1

×
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛

(

−𝜔
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝑑𝛥𝑑𝜔.

aking 𝜔 = 𝜌𝑢 and using Eq. (4), we have

𝐷𝜀
0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝜌−𝜀

𝛤 (1 − 𝜀) ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1

×
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛

(

−𝜌
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝛤 (𝑛 + 1)𝛤 (1 − 𝜀)
𝛤 (𝑛 + 1 − 𝜀)

𝑑𝛥.

Using Eq. (3), we get
[

𝐷𝜀
0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝜌−𝜀

𝛤 (1 − 𝜀) ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1

×
∞
∑ (𝜉1)𝑛…(𝜉𝑝)𝑛(1)𝑛

(

−𝜌
𝛥(1−𝛥)

)𝑛

𝑑𝛥.

𝑛=0 (𝜂1)𝑛…(𝜂𝑞)𝑛(1 − 𝜀)𝑛 𝛤 (𝛼𝑛 + 𝛽)
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Considering the definition of the generalized M-series, we obtain
[

𝐷𝜀
0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝜌−𝜀

𝛤 (1 − 𝜀) ∫

1

0
𝛥𝑥−1(1 − 𝛥)𝑦−1

× 𝑝+1
𝛼𝑀𝛽

𝑞+1

(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 − 𝜀;
−𝜌

𝛥(1 − 𝛥)

)

𝑑𝛥.

Thus, we have the desired formula as:
[

𝐷𝜀
0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝑀𝐵(𝛼,𝛽)

𝑝+1,𝑞+1(𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 − 𝜀; 𝑥, 𝑦; 𝜌)

𝛤 (1 − 𝜀)𝜌𝜀
,

which completes the proof. □

Theorem 2.8. Let 0 < ℜ(𝜀) < 1, ℜ(𝜒3) > ℜ(𝜒2) > 0, ℜ(𝛼) > 0.
Then, applying the RLFD to the M-Gauss hypergeometric function yields the
following formula:
[

𝐷𝜀
0+
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝑀𝐹 (𝛼,𝛽)

𝑝+1,𝑞+1
(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 − 𝜀;𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌
)

𝛤 (1 − 𝜀)𝜌𝜀
,

where arg(1 − 𝑧) < 𝜋 and 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

Proof. Applying the RLFD for 𝑚 = 1 to the M-Gauss hypergeometric
function, we have
[

𝐷𝜀
0+
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

= 1
𝛤 (1 − 𝜀)

𝑑
𝑑𝜌 ∫

𝜌

0
(𝜌 − 𝜔)−𝜀 𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧;𝜔)𝑑𝜔.

Taking 𝜔 = 𝜌𝑢 and using Eq. (4), we get
[

𝐷𝜀
0+
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝜌−𝜀

𝛤 (1 − 𝜀)𝐵(𝜒2, 𝜒3 − 𝜒2) ∫

1

0
𝛥𝜒2−1(1 − 𝛥)𝜒3−𝜒2−1(1 − 𝑧𝛥)−𝜒1

×
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛

(

−𝜌
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝛤 (𝑛 + 1)𝛤 (1 − 𝜀)
𝛤 (𝑛 + 1 − 𝜀)

𝑑𝛥.

Using Eq. (3), we obtain
[

𝐷𝜀
0+
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝜌−𝜀

𝛤 (1 − 𝜀)𝐵(𝜒2, 𝜒3 − 𝜒2) ∫

1

0
𝛥𝜒2−1(1 − 𝛥)𝜒3−𝜒2−1(1 − 𝑧𝛥)−𝜒1

×
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛(1)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛(1 − 𝜀)𝑛

(

−𝜌
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝑑𝛥.

Considering the definition of the generalized M-series, we have
[

𝐷𝜀
0+
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝜌−𝜀

𝛤 (1 − 𝜀)𝐵(𝜒2, 𝜒3 − 𝜒2) ∫

1

0
𝛥𝜒2−1(1 − 𝛥)𝜒3−𝜒2−1(1 − 𝑧𝛥)−𝜒1

× 𝑝+1
𝛼𝑀𝛽

𝑞+1

(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 − 𝜀;
−𝜌

𝛥(1 − 𝛥)

)

𝑑𝛥.

Thus, we get the desired formula as:
[

𝐷𝜀
0+
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝑀𝐹 (𝛼,𝛽)

𝑝+1,𝑞+1
(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 − 𝜀;𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌
)

𝛤 (1 − 𝜀)𝜌𝜀
,

which completes the proof. □

Theorem 2.9. Let 0 < ℜ(𝜀) < 1, ℜ(𝜒3) > ℜ(𝜒2) > 0, ℜ(𝛼) > 0. Then,
applying the RLFD to the M-confluent hypergeometric function yields the
following formula:
[

𝐷𝜀
0+
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝑀𝛷(𝛼,𝛽)

𝑝+1,𝑞+1
(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 − 𝜀;𝜒2;𝜒3; 𝑧; 𝜌
)

,

𝛤 (1 − 𝜀)𝜌𝜀 c

5 
where 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

Proof. Applying the RLFD for 𝑚 = 1 to the M-confluent hypergeometric
function, we have
[

𝐷𝜀
0+
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

= 1
𝛤 (1 − 𝜀)

𝑑
𝑑𝜌 ∫

𝜌

0
(𝜌 − 𝜔)−𝜀 𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧;𝜔)𝑑𝜔.

aking 𝜔 = 𝜌𝑢 and using Eq. (4), we get

𝐷𝜀
0+
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝜌−𝜀

𝛤 (1 − 𝜀)𝐵(𝜒2, 𝜒3 − 𝜒2) ∫

1

0
𝛥𝜒2−1(1 − 𝛥)𝜒3−𝜒2−1 exp(𝑧𝛥)

×
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛

(

−𝜌
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝛤 (𝑛 + 1)𝛤 (1 − 𝜀)
𝛤 (𝑛 + 1 − 𝜀)

𝑑𝛥.

sing Eq. (3), we obtain

𝐷𝜀
0+
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝜌−𝜀

𝛤 (1 − 𝜀)𝐵(𝜒2, 𝜒3 − 𝜒2) ∫

1

0
𝛥𝜒2−1(1 − 𝛥)𝜒3−𝜒2−1 exp(𝑧𝛥)

×
∞
∑

𝑛=0

(𝜉1)𝑛…(𝜉𝑝)𝑛(1)𝑛
(𝜂1)𝑛…(𝜂𝑞)𝑛(1 − 𝜀)𝑛

(

−𝜌
𝛥(1−𝛥)

)𝑛

𝛤 (𝛼𝑛 + 𝛽)
𝑑𝛥.

Considering the definition of the generalized M-series, we have
[

𝐷𝜀
0+
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝜌−𝜀

𝛤 (1 − 𝜀)𝐵(𝜒2, 𝜒3 − 𝜒2) ∫

1

0
𝛥𝜒2−1(1 − 𝛥)𝜒3−𝜒2−1 exp(𝑧𝛥)

× 𝑝+1
𝛼𝑀𝛽

𝑞+1

(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 − 𝜀;
−𝜌

𝛥(1 − 𝛥)

)

𝑑𝛥.

hus, we get the desired formula as:

𝐷𝜀
0+
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝑀𝛷(𝛼,𝛽)

𝑝+1,𝑞+1
(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 − 𝜀;𝜒2;𝜒3; 𝑧; 𝜌
)

𝛤 (1 − 𝜀)𝜌𝜀
,

hich completes the proof. □

2.4. Caputo fractional derivative (CFD)

Theorem 2.10. Let 0 < ℜ(𝜀) < 1, ℜ(𝑥) > 0, ℜ(𝑦) > 0, ℜ(𝛼) > 0. Then,
pplying the CFD to the M-beta function yields the following formula:

𝑐𝐷𝜀
0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞 (𝑥, 𝑦; 𝜌)
]

(𝜌) =
𝑀𝐵(𝛼,𝛽)

𝑝+1,𝑞+1(𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 − 𝜀; 𝑥, 𝑦; 𝜌)

𝛤 (1 − 𝜀)𝜌𝜀
,

where 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

Proof. Applying the CFD for 𝑚 = 1 to the M-beta function and
performing the required calculations, the proof is complete. □

Theorem 2.11. Let 0 < ℜ(𝜀) < 1, ℜ(𝜒3) > ℜ(𝜒2) > 0, ℜ(𝛼) > 0.
Then, applying the CFD to the M-Gauss hypergeometric function yields the
following formula:
[

𝑐𝐷𝜀
0+
𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞 (𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝑀𝐹 (𝛼,𝛽)

𝑝+1,𝑞+1
(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 − 𝜀;𝜒1, 𝜒2;𝜒3; 𝑧; 𝜌
)

𝛤 (1 − 𝜀)𝜌𝜀
,

where arg(1 − 𝑧) < 𝜋 and 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

roof. Applying the CFD for 𝑚 = 1 to the M-Gauss hypergeomet-
ic function and performing the required calculations, the proof is

omplete. □
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Theorem 2.12. Let 0 < ℜ(𝜀) < 1, ℜ(𝜒3) > ℜ(𝜒2) > 0, ℜ(𝛼) > 0.
Then, applying the CFD to the M-confluent hypergeometric function yields
the following formula:
[

𝑐𝐷𝜀
0+
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞 (𝜒2;𝜒3; 𝑧; 𝜌)
]

(𝜌)

=
𝑀𝛷(𝛼,𝛽)

𝑝+1,𝑞+1
(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 − 𝜀;𝜒2;𝜒3; 𝑧; 𝜌
)

𝛤 (1 − 𝜀)𝜌𝜀
,

where 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

Proof. Applying the CFD for 𝑚 = 1 to the M-confluent hypergeo-
metric function and performing the required calculations, the proof is
complete. □

3. Illustrative examples

Let ℜ(𝜀) > 0 and 𝑚 − 1 < ℜ(𝜀) < 𝑚 for 𝑚 ∈ N. If 1 ≦ 𝑝 ≦ ∞ and
𝑓 ∈ 𝐼𝜀𝑎+(𝐿𝑝), then Ref. 1:
[

𝐼𝜀𝑎+𝐷
𝜀
𝑎+𝑓

]

(𝜌) = 𝑓 (𝜌), (5)

holds almost everywhere on [𝑎, 𝑏] and where 𝐼𝜀𝑎+(𝐿𝑝) as follows1:

𝐼𝜀𝑎+(𝐿𝑝) =
{

𝑓 ∶ 𝑓 (𝜌) =
[

𝐼𝜀𝑎+𝜑
]

(𝜌), 𝜑(𝜌) ∈ 𝐿𝑝(𝑎, 𝑏)
}

.

In this section, we obtain solutions of fractional differential equa-
tions involving the modified beta, Gauss hypergeometric and confluent
hypergeometric functions using Eq. (5).

Example 1. Let 1 < ℜ(𝜀) < 2, ℜ(𝑥) > 0, ℜ(𝑦) > 0, ℜ(𝛼) > 0. We
consider the fractional differential equation
[

𝐷𝜀
0+𝑓

]

(𝜌) = 𝑀𝐵(𝛼,𝛽)
𝑝,𝑞

(

𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ; 𝑥, 𝑦;
𝜌
𝜀

)

, (6)

where 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

Proof. Considering Eq. (5) for 𝑎 = 0 and applying the RLFI to the
fractional differential equation, we have
[

𝐼𝜀0+𝐷
𝜀
0+𝑓

]

(𝜌) =
[

𝐼𝜀0+
𝑀𝐵(𝛼,𝛽)

𝑝,𝑞

(

𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ; 𝑥, 𝑦;
𝜌
𝜀

) ]

(𝜌).

That is,

𝑓 (𝜌) = 1
𝛤 (𝜀) ∫

𝜌

0
(𝜌 − 𝜔)𝜀−1 𝑀𝐵(𝛼,𝛽)

𝑝,𝑞

(

𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ; 𝑥, 𝑦;
𝜔
𝜀

)

𝑑𝜔.

aking 𝜔 = 𝜌𝑢 and performing the necessary calculations, we get the
olution function as:

(𝜌) =
𝑀𝐵(𝛼,𝛽)

𝑝+1,𝑞+1

(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 + 𝜀; 𝑥, 𝑦;
𝜌
𝜀

)

𝛤 (1 + 𝜀)𝜌−𝜀
. □

Corollary 3.1. If we use the generalized beta function defined by
Chaudhry et al.20 instead of the modified beta function in Eq. (6), we obtain
the solution function as follows:

𝑓 (𝜌) = 𝜌𝜀
∞
∑

𝑛=0

𝛤 (𝑥 − 𝑛)𝛤 (𝑦 − 𝑛)
𝛤 (𝑛 + 1 + 𝜀)𝛤 (𝑥 + 𝑦 − 2𝑛)

(

−
𝜌
𝜀

)𝑛
.

xample 2. Let 1 < ℜ(𝜀) < 2, ℜ(𝜒3) > ℜ(𝜒2) > 0, ℜ(𝛼) > 0. We
consider the fractional differential equation
[

𝐷𝜀
0+𝑓

]

(𝜌) = 𝑀𝐹 (𝛼,𝛽)
𝑝,𝑞

(

𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ;𝜒1, 𝜒2;𝜒3; 𝑧;
𝜌
𝜀

)

, (7)

where arg(1 − 𝑧) < 𝜋 and 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

Proof. Considering Eq. (5) for 𝑎 = 0 and applying the RLFI to the
fractional differential equation, we have
[

𝐼𝜀 𝐷𝜀 𝑓
]

(𝜌) =
[

𝐼𝜀 𝑀𝐹 (𝛼,𝛽)
(

𝜉 ,… , 𝜉 ; 𝜂 ,… , 𝜂 ;𝜒 , 𝜒 ;𝜒 ; 𝑧;
𝜌) ]

(𝜌).
0+ 0+ 0+ 𝑝,𝑞 1 𝑝 1 𝑞 1 2 3 𝜀
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That is,

𝑓 (𝜌) = 1
𝛤 (𝜀) ∫

𝜌

0
(𝜌 − 𝜔)𝜀−1 𝑀𝐹 (𝛼,𝛽)

𝑝,𝑞

(

𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ;𝜒1, 𝜒2;𝜒3; 𝑧;
𝜔
𝜀

)

𝑑𝜔.

aking 𝜔 = 𝜌𝑢 and performing the necessary calculations, we get the
olution function as:

(𝜌) =
𝑀𝐹 (𝛼,𝛽)

𝑝+1,𝑞+1

(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 + 𝜀;𝜒1, 𝜒2;𝜒3; 𝑧;
𝜌
𝜀

)

𝛤 (1 + 𝜀)𝜌−𝜀
. □

Corollary 3.2. If we take the generalized Gauss hypergeometric function
defined by Chaudhry et al.21 instead of the modified Gauss hypergeometric
function in Eq. (7), we obtain the solution function as follows:

𝑓 (𝜌) =
𝛤 (𝜒3)𝜌𝜀

𝛤 (𝜒1)𝛤 (𝜒2)𝛤 (𝜒3 − 𝜒2)

×
∞
∑

𝑘=0

∞
∑

𝑛=0

𝛤 (𝜒1 + 𝑘)𝛤 (𝜒2 + 𝑘 − 𝑛)𝛤 (𝜒3 − 𝜒2 − 𝑛)
𝛤 (1 + 𝑛 + 𝜀)𝛤 (𝜒3 + 𝑘 − 2𝑛)

(

−
𝜌
𝜀

)𝑛 𝑧𝑘

𝑘!
.

xample 3. Let 1 < ℜ(𝜀) < 2, ℜ(𝜒3) > ℜ(𝜒2) > 0, ℜ(𝛼) > 0. We
onsider the fractional differential equation

𝐷𝜀
𝜌𝑓

]

(𝜌) = 𝑀𝛷(𝛼,𝛽)
𝑝,𝑞

(

𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ;𝜒2;𝜒3; 𝑧;
𝜌
𝜀

)

, (8)

where 𝜉𝑖, 𝜂𝑗 ≠ 0,−1,−2,…(𝑖 = 1,… , 𝑝; 𝑗 = 1,… , 𝑞).

Proof. Considering Eq. (5) for 𝑎 = 0 and applying the RLFI to the
fractional differential equation, we have
[

𝐼𝜀0+𝐷
𝜀
0+𝑓

]

(𝜌) =
[

𝐼𝜀0+
𝑀𝛷(𝛼,𝛽)

𝑝,𝑞

(

𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ;𝜒2;𝜒3; 𝑧;
𝜌
𝜀

) ]

(𝜌).

hat is,

(𝜌) = 1
𝛤 (𝜀) ∫

𝜌

0
(𝜌 − 𝜔)𝜀−1 𝑀𝛷(𝛼,𝛽)

𝑝,𝑞

(

𝜉1,… , 𝜉𝑝; 𝜂1,… , 𝜂𝑞 ;𝜒2;𝜒3; 𝑧;
𝜔
𝜀

)

𝑑𝜔.

Taking 𝜔 = 𝜌𝑢 and performing the necessary calculations, we get the
solution function as:

𝑓 (𝜌) =
𝑀𝛷(𝛼,𝛽)

𝑝+1,𝑞+1

(

𝜉1,… , 𝜉𝑝, 1; 𝜂1,… , 𝜂𝑞 , 1 + 𝜀;𝜒2;𝜒3; 𝑧;
𝜌
𝜀

)

𝛤 (1 + 𝜀)𝜌−𝜀
. □

Corollary 3.3. If we take the generalized confluent hypergeometric
function defined by Chaudhry et al.21 instead of the modified confluent
hypergeometric function in Eq. (8), we obtain the solution function as
follows:

𝑓 (𝜌) =
𝛤 (𝜒3)𝜌𝜀

𝛤 (𝜒2)𝛤 (𝜒3 − 𝜒2)

∞
∑

𝑘=0

∞
∑

𝑛=0

𝛤 (𝜒2 + 𝑘 − 𝑛)𝛤 (𝜒3 − 𝜒2 − 𝑛)
𝛤 (1 + 𝑛 + 𝜀)𝛤 (𝜒3 + 𝑘 − 2𝑛)

(

−
𝜌
𝜀

)𝑛 𝑧𝑘

𝑘!
.

. Conclusion

In this paper, we applied RLFI, EKFI, RLFD and CFD to M-beta, M-
auss hypergeometric and M-confluent hypergeometric functions. We
ould also like to point out that the results of the RLFD and CFD
pplied to the M-beta, M-Gauss hypergeometric and M-confluent hyper-
eometric functions overlap. Then, we obtained solutions of fractional
ifferential equations involving the M-beta, M-Gauss hypergeometric
nd M-confluent hypergeometric functions.

In Fig. 1, the approximate behavior of the solutions of fractional
ifferential equations involving the modified beta function and the
eneralized beta function defined by Chaudhry et al.20 is compared.

In Fig. 2, the approximate behavior of the solutions of fractional
differential equations involving the modified Gauss hypergeometric
function and the generalized Gauss hypergeometric function defined by
Chaudhry et al.21 is compared.

In Fig. 3, the approximate behavior of the solutions of fractional
differential equations involving the modified confluent hypergeomet-
ric function and the generalized confluent hypergeometric function
defined by Chaudhry et al.21 is compared.
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Fig. 1. The behavior of approximate solutions 𝑓 (𝜌) of Example 1 and Corollary 3.1 for
= 3∕2, where 𝑝 = 𝑞 = 1, 𝑥 = 𝑦 = 4, 0 < 𝜌 < 4 and generalized M-series and exponential

eries indexes 𝑛 = 0, 1.

Fig. 2. The behavior of approximate solutions 𝑓 (𝜌) of Example 2 and Corollary 3.2
for 𝜀 = 3∕2, where 𝑝 = 𝑞 = 1, 𝜒1 = 𝜒2 = 2, 𝜒3 = 4, 𝑧 = 1∕2, 0 < 𝜌 < 4 and generalized
M-series and exponential series indexes 𝑛 = 0, 1 and modified Gauss hypergeometric
series and generalized Gauss hypergeometric series indexes 𝑘 = 0, 1.

Fig. 3. The behavior of approximate solutions 𝑓 (𝜌) of Example 3 and Corollary 3.3 for
= 3∕2, where 𝑝 = 𝑞 = 1, 𝜒2 = 2, 𝜒3 = 4, 𝑧 = 1∕2, 0 < 𝜌 < 4 and generalized M-series

and exponential series indexes 𝑛 = 0, 1, modified confluent hypergeometric series and
generalized confluent hypergeometric series indexes 𝑘 = 0, 1.

Note that in Figs. 1, 2, and 3, the red line represents the approximate
behavior of the solutions of fractional differential equations involving
the generalized special functions defined by Chaudhry et al. and the
blue, yellow and green lines represent the approximate behavior of
the solutions of fractional differential equations involving the modified
special functions.
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