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In this paper we apply the Riemann-Liouville, Erdelyi-Kober and Caputo fractional operators to the modified
beta, modified Gauss hypergeometric and modified confluent hypergeometric functions in which the general-
ized M-series are included in their kernels. Furthermore, as examples, we obtain solutions of some fractional
differential equations involving the above modified special functions.

1. Introduction and preliminaries

The concept of fractional calculus was first introduced in 1695
through correspondence between Leibniz and L’Hospital, as evidenced
by sources such as Refs. 1-4. The letters discuss the formula

D”f()_dnf(x), for n>0

and the question of whether the number » can be extended to fractional
numbers. The question’s answer resulted in the creation of a new theory
by scientists known as fractional calculus. Numerous studies have been
conducted on fractional calculus, as seen in Refs. 5-12.

The Riemann-Liouville fractional integral (RLFI)! of order € € C is
given by

[ 15,0 = o / (0 -0 f@)do,

wherep > 0,R(e) > 0.
The Erdelyi-Kober fractional integral (EKFI)! for ¢ > 0, u € C is
defined by

o poletn)

p
[ LIS ] (n) = Te /0 (0° - ) 0 f(w)da, @

where p > 0,R(e) > 0.

In this paper, we will use the following Erdelyi-Kober fractional
integral (EKFI) for 6 = 1 in Eq. (1):

[ 150 | 00 =2 S / (= 0o f(@)do,

where p > 0,R(e) > 0.

The Riemann-Liouville fractional derivative (RLFD)! of order ¢ € C
for m—1 < R(e) < m, m € N is given by

EVIGE / (p— )" f(@)da,

F(m €) dp

where p > 0,R(e) > 0.

The Caputo fractional derivative (CFD)' for m—1 < R(e) <m,m € N
is defined by

[Dir | 0= s [ o= oo,

where p > 0,R(e) > 0.

Special functions have been in the focus of attention of scientists
due to their popularity in disciplines such as mathematics, physics,
engineering. Many scientists have published quite a lot of studies in
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recent years on various generalizations of special functions, see for
example Refs. 13-33 and the reference therein.

One of the popular special function is quﬂ which defined for
R(a) >0 as

& €Dy Gy

S Eps M1y 5 Mg5 2) =nz::‘) -y T@n + )’

aMA(z) = MG, ... (@)
where Eom #0,-1,-2,...G=1,....p;j=1,...,9. If p < ¢ then (2) is
convergent for all z. If p = g + 1 it is also convergent for |z| < § = a%,
but if p > ¢ + 1 it is divergent. If p = ¢+ 1, (2) can be convergent for
|z| = 6 depending on the conditions of the parameters®4. ™ g is also

known as the generalized M-series.

Remark 1. Here, it is important to note that the generalized M-series
is a special case of the Wright generalized hypergeometric function
»¥q(2); it is easy to find its relationship with various classical special
and trigonometric functions that is why it is more general in nature. It is
also important because its basic cases are followed by the Mittag-Leffler
function and the hypergeometric functions, and all these functions have
indeed found key applications in solving problems in applied sciences,
chemistry, physics and biology.

The symbol (-), used to denote the Pochhammer symbol®®, which
defined by

rE+m _ {¢<c+1)...(c+n—1>, n=12.,

= 3

re 1, n=0.

The modified gamma and beta functions for R(p) > 0, R(x) > 0,
R(y) > 0, R(a) > 0 was introduced by Ata in Ref. 16, respectively, as
follows:

M p) =Ml &, i e

=/O A1 ;,’Mg(f:l,...,cfp;m,..-,nq;—A—

N/ BE )

f)dA
A
and

M p(a.p) - 0) =
B, (x. v p) =

M p(a.p) .
B,,ixq ('51,---,fp,711,~~~

1
- -1 —1 apsp . p
—/0 AT =4y My <§|,---,§p,fl17---sﬂq7m)di

where o #0,-1,-2,..(=1L...pj=1..,9.

In the same paper the author used the modified beta function to
defined the modified Gauss and confluent hypergeometric functions for
R(x3) > R(xy) > 0, R(a) > 0, R(p) > 0, respectively, as follows:

JMgs X, V3 p)

MESD 1 st 233 230) = MESPE o &t e g 21 203 X33 53 9)
S MBE G an = i) o
= Y —" =, (z2l<D
=0 X2 23— 22) n!
and
Mol Ges 233 23.0) = MOTDE 1o &ty oy 203 23325 0)
_ < MBx(fz}ﬂ)()fz +n, 03— 123P) 7
) B(xy 3 — 1) n!’
where o #0,-1,-2,...(=L...pj=1..,9.

If wetake p = 0and p = g = ¢ =n = a = p = 1 in the
modified special functions given above, we get the classic forms of
corresponding special functions®>. Additionally, the author called the
modified gamma, modified beta, modified Gauss hypergeometric, and
modified confluent hypergeometric functions as the M-gamma, M-beta,
M-Gauss hypergeometric, and M-confluent hypergeometric functions,
respectively.

It should be noted that the relationship between the classic gamma
and beta functions, as described in Ref. 35, is as follows:

Iy

B(x,y) = Tty

(Rx)>0,R(y)>0). (©)]
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The paper proposes the use of modified special functions involving
generalized M-series, which contain more parameters. It is expected
that this will expand the application areas.

The remainder of this paper is planned as follows: In Section 2, we
apply Riemann-Liouville, Caputo and Erdelyi-Kober fractional opera-
tors to M-beta, M-Gauss hypergeometric and M-confluent hypergeomet-
ric functions. In Section 3, we obtain solutions of fractional differential
equations including M-beta, M-Gauss hypergeometric and M-confluent
hypergeometric functions.

2. Fractional calculus of modified special functions

In this section, we apply Riemann-Liouville fractional integral,
Erdelyi—Kober fractional integral, Riemann-Liouville fractional deriva-
tive, and Caputo fractional derivative operators to M-beta, M-Gauss
hypergeometric, and M-confluent hypergeometric functions.

2.1. Riemann-Liouville fractional integral (RLFI)

Theorem 2.1. Let R(e) > 0, R(x) > 0, R(y) > 0, R(a) > 0. Then,
applying the RLFI to the M-beta function yields the following formula:

Mg . -~
[15 Mg, )]()_ B g1 s Spp it oy, L+ €5%, 3 p)
o) )= I'(1+e)p ’
where &.n; #0,-1,-2,..(i=1L....,p;j=1,....9).

Proof. Applying the RLFI to the M-beta function, we have

[15+MB,(,‘,’1;’”(x,y;p)] (= / (p— @)~ MBED(x, y; w)do.

I'(e)

Using the definition of the M-beta function, we get

(3 «a. . 1 ’ E— : X—= —
[IMMB;,‘;’”(x,y,p)](p)=m/0(p—w) 1/0 (Y

-
aMg (51,...,5p;r/1, s Mg m) dAdw.

Using the definition of the generalized M-series, we obtain

1 /p(p_w)e—l ./1 Ax—l(l _A)y—l
I'(e) Jo 0

& e En (25)
= )y (), Tan+ )

Taking @ = pu and using Eq. (4), we have

[ 15, MBS (x, y; p) ] (=

dAdw.

1
15, "By (x, y;p>] () =r° /0 71— Ay

- (6] )n (‘Sp)n (A(l_fA)> I'(n+1)
24 1)y 1)y T(@n+ ) Tn+1+6)

r(+¢)
T(+e)

Multiplying by and using Eq. (3), we get

c 1
[16 MB@)(y, y,,,)] (p) = ﬁ/{) A7 - Ay

& (Ey e G, (35)
E D)y (1) + ©), Tan+ p)

Considering the definition of the generalized M-series, we obtain

. 1
15 MB@h)(x ] __° / A1 — Ap-!
o+ Bpg y5p) | (p) T4+ /o (1= 4)

X i iME (51,...,51,,1;;11,...,%,1+g dA.

_—r
A(L— 4)

Thus, we have the desired formula as:

(aﬂ) (51

B+ & iy,

I'(l1+e)p¢

Mg L+ €%, 55 p)

B

[ 15, MBS (x, y; ) ] (=
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which completes the proof. []

Theorem 2.2. Let R(e) > 0, R(xyz) > R(xy) > 0, R(a) > 0.
Then, applying the RLFI to the M-Gauss hypergeometric function yields the
following formula:

| 18 M ESP G i iz | )

MEp (a.p) (51»

F ot & Ly g L €y 23 233 230)

I'(l+¢e)p~¢

5

where arg(l — z) < = and oy #0,-1,=2,...(=L..,pj=1,..,9.

Proof. Applying the RLFI to the M-Gauss hypergeometric function, we
have

[ IEMFP G, s x33.230) ] »

I‘(s)/ (p — w)*7! MF(M)(M,)(Z P

Taking @ = pu and using Eq. (4), we get
[15 MF("”)(;Q,;(Z;;@;Z;/J)] ()
pé
T By a3 — 1)

o €y )y (A(IfA)) Ir(n+1)
S n)y gy T(an+p) I'(n+ 1 +¢)

1
/ A2~V — Ayl = z4)™ 0
0

Ir(+¢)
T(1+e)

Multiplying by and using Eq. (3), we obtain

[I§+MF,§f";ﬁ)()(1,Xz;)(3;z;p)] )

3

_ P
I'(1+¢e)B(x, 43 —

s ; T
X p M1 <§1,---,§pa Linp.ong. 1+ € m> a4

1
/ AR~ = Ay~ (] = z4) ™0
12 Jo

Thus, we have the desired formula as:

[15 MESD G a0 233 % p)] »

ME@D (g,

L Ep Ly g L+ €0y, 203 X33 230)

I'(l1+¢)p¢

5

which completes the proof. []

Theorem 2.3. Let R(e) > 0, R(x3) > R(xy) > 0, R(a) > 0. Then,
applying the RLFI to the M-confluent hypergeometric function yields the
following formula:

[ 15,05 Grs i 2200 | )

Mgy (@.p) (él’

AT (STRTIN S TR 8 PSSP S|

I'(l1+¢e)p~¢

’

where &,n; #0,-1,-2,...(i=1,....,p;j = 1,...,q).

Proof. Applying the RLFI to the M-confluent hypergeometric function,
we have

£ 2, 1 ’ £— a
[10+M<D;,v,;‘”(;rz;13;z;p)] =15 /0 (= )™ MBD (1,; 13 7 w)dw.
Taking @ = pu and using Eq. (4), we get
[ 1§, MDD ;23323 ) ] ()

p—/ A1 = A2l exp(z4)
B(x2. 43— x2)

o €Dy (Epn <A(;—A)) I'n+1)
= 1)y - (g)y L(an+ ) I'(n+1+¢)
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I'(l+¢)
I'(1+¢)

Multiplying by and using Eq. (3), we obtain

[ 15 MDD (s 13323 0) ] (»)

3

_ P
I'(1+¢e)B(xy, x5 —

p
><p+i'M5+1 <51,...,§p,12'11’~-~"lq’1+£ ﬁ)dA.

1
/ A071(1 — Ay~ exp(zA)
1) Jo

Thus, we have the desired formula as:

[ 1§ MDD (s 13325 p) ] »

Mgp(@-h) (51»

@ S Lty gy L+ € 203 233 259)

I'd+e)p¢

5

which completes the proof. []

2.2. Erdelyi-Kober fractional integral (EKFI)

Theorem 2.4. Let R(e) >0, R(1+u) >0, R(1+u+¢e) >0, R(x) >0,
R(y) > 0, R(a) > 0. Then, applying the EKFI to the M-beta function yields
the following formula:

[ 15, B (x v p) ] »)

F(l + 1) MB(ilﬁ)qH(fl’”-sf A+wng,ng 1+ p+eix,yp)
Ir(d+u+e) ’
where &0, #0,—-1,-2,..(i=1L....,p;j=1,....9).

Proof. Applying the EKFI to the M-beta function, we have

[IgwMB;‘f‘;")(x,y;p)] ()= / (p— @) MBED (x, y; ).

F()

Using the definition of the M-beta function, we get

R -l /1 x=11_ ayy-1
5®) /0 (p—0) " A AT (1-4)

—@
Xquﬁ (51,,§p,l11, Mgs m) dAdw.

Using the definition of the generalized M-series, we obtain

£ M p(a.p) . —
[ 15, B v | ()=

—e— 1
Mp@h)(y e Sy g
[15+,, B (va’,P)] () = T Jy (p— o) o A A1 - 4y

= E & (715
24 () (1), T(an+p)

dAdw.

Taking @ = pu and using Eq. (4), we have

€ M p(a,p) .
[I(H,, B, (x,y,p)] (»

_p n
=/ 411 = 4y ,Z EDn - Epn <A<1—A>) T(n+1+p)
0 s (1) )y T(an+ ) I'(n+ 1+ p+e)

Multiplying by % and using Eq. (3), we get
r+pw ' _
£ Mp@hy ] _ A1 = py-!
[ o+ Bpg 5¥30) | (p) Ta+rto J, (1= 4)

i En el + i (555) y
= )y - A+ p+e), T'an+p)

Considering the definition of the generalized M-series, we obtain

I+

1
TR Ax—l(l _ A)y—l
I'l+pu+e) Jy

e Mpap) . —
| 16, BP0 | (0) =

—P
x p+‘11Mq+l (él?"‘!ép?l + Mg 1 +}4+E;m> dA.
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Thus, we have the desired formula as:

[Ié+ JMBYD (x, v p) ] »

I'(1+yu) MB™P (g

oL+l Ep LAy,

I'A+u+e

Mg 1+ pu+ €%, y;p)

B

which completes the proof. []

Theorem 2.5. Let R(e) >0, R(1+u) >0, R(A+u+e) >0, Ra) >0,
R(x3) > R(x,) > 0. Then, applying the EKFI to the M-Gauss hypergeometric
function yields the following formula:

15+MMF )(}(1’)(2’)(3,2 P)] »

T(+p) MF@D (&,

N M L+ U+ E 12 103 2337 p)

B

Ep L+,
T(+u+e)

where arg(l — z) < = and o #0,-1,-2,...(=1L..,pj=1,...,9.
Proof. Applying the EKFI to the M-Gauss hypergeometric function, we

have

[ 15, MFSP G i i) | @)

75/4

T T / (p =)' MESP (31, 23 13 ).

Taking @ = pu and using Eq. (4), we get

[IOHMF("”)()(],)(Z 1312 p)] »

1

= —/ AR~V — Ayl — 240
B(x2, 43— x2) Jo

o € e )y (A(l_fA)> IF(n+1+p)
&)y (g T@n+P) T(n+ 1+ +e)

T+ (+ute)

Mlﬂtiplying by T+ (1+p+e)

and using Eq. (3), we obtain

[ 15 MESP G s 23375 0) ] »

1
_ r'(+up) / AN (] = gyl = zg)y
TA+u+e)B(n.x—1) Jo
-
Xp+1 (élw'-!ép’l+M;n]""’r]‘7’l+ﬂ+6;m)dA

Thus, we have the desired formula as:

|16, PG i 7500 | @)

T+ p) MFED (g, ...

il g L+ o+ €21 203 03353 0)

s

e L wsmy, .
TA+pu+e)

which completes the proof. []

Theorem 2.6. Let R(e) > 0, RA +u) > 0, RA+u+¢e > 0,
R(a) > 0, R(x3) > R(x,) > 0. Then, applying the EKFI to the M-confluent
hypergeometric function yields the following formula:

[ 15,10 s i 2200 | )

ra+w Mol (...,

g Mg L+ i+ € 203 233 230)

B

Ep 1+, ..
T'(l+u+e)

where &.n; #0,-1,-2,...(i=1,....p5j = 1,..., )
Proof. Applying the EKFI to the M-confluent hypergeometric function,
we have

[ 15,10 G s 7200 | )

_E”

= B / (p— o) ot M(D("ﬂ)()(2 133 2, 0)dw.
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Taking @ = pu and using Eq. (4), we get

15, MNP (s a3 22 0) ] »
1

1
= / A7 (1 — Ay~ exp(z4)
B(x2, 23— x2) Jo

o €Dy )y <A(;fA)) T'n+1+p)
Z4 1)y )y Tan+ ) T+ 1+ +0)

I+ I'(14+p+e)

Multiplying by Tt (L tnte)

and using Eq. (3), we obtain

[I§+ MDD s a3 2:0) ] (»
_ rl+u)
T+ p+e)B(r, a3 =

B . .__ TP
Xp+iqu+l <§1,...,§p,1+,u,111,4..,l1q,1+[4+6,m) dA.

1
/ A271(1 — Ay~ exp(zA)
)(2) 0

Thus, we have the desired formula as:
[15+ MO G s zip) ] »

T+ p) MO (g

e g L+ 1+ € 20 23323p)

>

2o L+ psmy, .
I'l+u+e)

which completes the proof. []

2.3. Riemann-Liouville fractional derivative (RLFD)

Theorem 2.7. Let 0 < R(e) < 1, R(x) > 0, R() > 0, R(«) > 0. Then,
applying the RLFD to the M-beta function yields the following formula:

M p(a.p) &

B, & Ly,

I'(1-—¢g)ps

My 1 — €%, 35 p)

5

M p(a.p) . —
| D5 VB Gyi) | () =

where &0, #0,—-1,-2,..(i=L....,p;j=1,....9).

Proof. Applying the RLFD for m = 1 to the M-beta function, we have

_1 4
Ir-¢dp

Using the definition of the M-beta function, we get

e Mp@h s . __ 1 i”_—s/lx-l_ 1
ERES (x,y,p)](p)—F(l_g)dp/0 (-0 [ a7 -y

x oMb (51,...,5 e g >dAdco.

| D5, B v | () = / (0= ) MBEA(x, y: 0)da.

_—®

A(l - 4)

Using the definition of the generalized M-series, we obtain

[ D5, By | () = = / "o-or / L
0+ Tpg Ird-edp Jo 0

= @& (715)
& )y - (1), T(an+ p)

dAdw.

Taking w = pu and using Eq. (4), we have

e 1
x=l¢1 _ -1
ra —s)/o a7 -2y

< EDp - (E)n (Au_”m) ra+Hra-e
&)y (), Tan+ ) Tn+1-¢)

M p(a.p) . —
| D5 B Gy | () =

Using Eq. (3), we get
e 1
e Mp(a.p) . __7 x=1¢1 _ Ay—1
| D5, B v | @) —m—s)/o 4711 - 8)

& (EDy e E(D), (—A(IfA>>
Z )y 1)y — ), Tan+ )
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Considering the definition of the generalized M-series, we obtain
e 1
D5 MBI (x5 p) | £ / 711 = ap!
[ wro | 0= 5= | 4709

. 5 _p
X Ml (51,~~~’§p’ B eng 1 =& m> “

Thus, we have the desired formula as:

Mp@h) &

p+lq+l -"épyl;nh'“

I'(l—e¢)pt

Mg 1 —€%,91p)

s

| D5, B Gy | () =

which completes the proof. []

Theorem 2.8. Let 0 < R(e) < 1, R(x3) > R(xp) > 0, R(@) > 0.
Then, applying the RLFD to the M-Gauss hypergeometric function yields the
following formula:

[ Dy MEP (1, 203 2337 0) ] )

Mp@p) ) o
Foit o (1 — € X1 X2 X335 P)

B

S Ling,ng, 1
Il —e)p*
where arg(1 —z) <z and &,n; #0,-1,-2,...(i=1,...

pi=1..,9.

Proof. Applying the RLFD for m = 1 to the M-Gauss hypergeometric
function, we have

[ Dy MEP (203 233 7:0) ] (»
-1 4
I'(l-¢)dp

Taking o = pu and using Eq. (4), we get

[D‘ MF(aﬂ)(Zl»12§I3;Z§P)] (»

—&

/(p @) MESD (1, 103 23 7 0)d o,

_ 14
Ir(1—-e)B(x, x3— x2)

1
/ A1 — Ay 71(] — z4)~0
0

o Dy (Z<_1_fm) IT'n+ DI -¢)
1)y )y Tan+ f) Tn+1-¢)

Using Eq. (3), we obtain

[ D MESSP (. s a3 230) ] »

- 1
= p—/ ARTN(1 = Ay~ — zA)y ™0
I'(1=&)B(x 13— 12) Jo

) =Y
y &y - (€p)u(1),, (4(174)) dA
=)y (), (1 =€), I'(an+ p)
Considering the definition of the generalized M-series, we have
[ Dy MFED (s 203 233 %3 0) ] »

—€

1

14 -1 —n-1 -

= [ el apeti( - ey
I'(A=e)B(, 13— 12) /o

=p
X peiMO, <§1, G i mg, L& A(I——A)> dA
Thus, we get the desired formula as:

| D5 MFSP Gt i 2532300 | (0)

(@.p) . R
ME vt (61 = &1 223 X353 )

>

S Ling, g, 1
I'(1-¢)pt

which completes the proof. []

Theorem 2.9. Let 0 < R(e) < 1, R(x3) > R(xrp) > 0, R(a) > 0. Then,
applying the RLFD to the M-confluent hypergeometric function yields the
following formula:

[ Dy MDD (s 133 2:0) ] ()

Md,(aﬂ) (‘:1’__

gt s Ly Mg L = € 203 233 23)

I'(l-¢)p*

>
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where o #£0,-1-2,.(=1L...pj=1,..,9.

Proof. Applying the RLFD for m = 1 to the M-confluent hypergeometric
function, we have
| D5, M0 G 33 7 ) ] 0]

1
F(l—e)dp

Taking w = pu and using Eq. (4), we get

/ (p—w)¢ M@(“ﬂ)(h 32, 0)do.

[Df MWD (13 23323 P)] )

e 1
- P / 40711 = Ay~ exp(z4)
I'(1=¢e)B(xy 13— x2) Jo

o €D (G (_Ame) Fa+Hra-e
=)y, Tan+ ) T'(n+1-¢)

Using Eq. (3), we obtain

| D5, 0P i 233230 | @)
= pig
T =B 15—
—p n
hai 1 A0=-24)
y EDn -+ (€D, (A(] A)) a4
& 1)y - (1 — ), T(an + f)

Considering the definition of the generalized M-series, we have

1
/ A7 (1 — Ay exp(z4)
1) Jo

[ Dy MDD (13323 p) ] »)
—€

_ P
I'(l1-€)B(x2. 13 -

p+1Mq+1 <§1»--~,§p71;'717-~,’14,1 -

1
/ 42711 — Ay~ exp(z4)
12 Jo

. —P
£; —A(l — A)> dA.

Thus, we get the desired formula as:

| D5, M0 s i 7200 | )

Md,(aﬁ) (él’”

ot lgt] =& X33 %)

s

S Ling,ng, 1
I'(l—¢g)p

which completes the proof. []
2.4. Caputo fractional derivative (CFD)

Theorem 2.10. Let 0 < R(e) < 1, R(x) > 0, R(») > 0, R(«) > 0. Then,
applying the CFD to the M-beta function yields the following formula:

Mp (a.f) . . .
Epoen e imgs e 1 — €%, 53 p)
M p(a.p) . _ p+lq+1 q
| D5, By | () = T :
where &, n; #0,-1,-2,...(i=1,...,p;j = 1,...,9).

Proof. Applying the CFD for m = 1 to the M-beta function and
performing the required calculations, the proof is complete. []

Theorem 2.11. Let 0 < R(e) < 1, R(x3) > R(x) > 0, R(a) > 0.
Then, applying the CFD to the M-Gauss hypergeometric function yields the
following formula:

["D3+MF1§?";”)(11,12;;(3;Z;/))] »

Mp (a,p) (51,

o & LNy gy 1 = € 20, 203 X33230)

I'(l—e)pe ?
Li=1,...

where arg(1 — z) < z and &, 5; # 0,—1,-2, pi=1...,9.
Proof. Applying the CFD for m = 1 to the M-Gauss hypergeomet-
ric function and performing the required calculations, the proof is
complete. []
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Theorem 2.12. Let 0 < R(e) < 1, R(x3) > R(x) > 0, R(a) > 0.
Then, applying the CFD to the M-confluent hypergeometric function yields
the following formula:

["D3+M¢f,f',;ﬁ>()(z;)(3; z;p)] »

(@p) . S
Ml o (G Lty 1 = €220 233 20p)
- I'(—e)ps ’
where &0, #0,—=1,=-2,..(i=1L...,p;j=1,....9).

Proof. Applying the CFD for m = 1 to the M-confluent hypergeo-
metric function and performing the required calculations, the proof is
complete. []

3. Ilustrative examples

Let R(e) >0and m—1 < R(e) <mform e N.If | £ p £ o and
fEeI; (L, then Ref. 1:

| 15,050 | 0= 1), ®)
holds almost everywhere on [, b] and where I, (L,) as follows':
Sy ={f: 1=

In this section, we obtain solutions of fractional differential equa-
tions involving the modified beta, Gauss hypergeometric and confluent
hypergeometric functions using Eq. (5).

0| 0. o) € L@b)}.

Example 1. Let 1 < R(e) < 2, R(x) > 0, R(y) > 0, R(e) > 0. We
consider the fractional differential equation

| D5 s | 0= MBS (&1 gyime iy 2). ®)

where &,n; #0,-1,-2,...(G=1,....,p;j = L,...,q).
Proof. Considering Eq. (5) for a = 0 and applying the RLFI to the

fractional differential equation, we have
[I§+D5+f] (p)=[15+MB,(,f'q’”) (51,...,6,,;111,...,r/q,x yi= ) ] (-

That is,

0= 15 / (=)™ MBED (& iy i x 0 2 ) do.
Taking w = pu and performing the necessary calculations, we get the

solution function as:
Mp (a.) . . . P
B g (61,...,6,,, Ling,..oong, L+ ex,y; ;)

f(p) = o .0

Corollary 3.1. If we use the generalized beta function defined by
Chaudhry et al.?? instead of the modified beta function in Eq. (6), we obtain
the solution function as follows:

. Fx=mlG=m _  pyr
f(”)_”Z;)r(n+1+e)r(x+y—2n)( e)

Example 2. Let 1 < R(e) < 2, R(x3) > R(xy) > 0, R(a) > 0. We
consider the fractional differential equation

p
[Df)+f] (p) = MF&D (51, s G s e S 1 X5 X33 3 ;)’ ™

where arg(l — z) < 7 and &y #0,-1,-2,...(i=L..,pj=1,..,9.

Proof. Considering Eq. (5) for @ = 0 and applying the RLFI to the
fractional differential equation, we have

M 8 .
[15+D8+f] (”)=[’(§+ F;Z”) (51’-~~’5p"11w--’flq,}(1’}(27}(37 zZ; )](P)
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That is,
f0) =1 )/ (=) MESD (& i g s i i 2 ) doo.
Taking w = pu and performing the necessary calculations, we get the
solution function as:
M p(a.p)

. . e P
LN (él,... &1 ,m,--.,nq,l+6,J(1,J(2,)(3,z,;)

flp) = TaT o= - O

Corollary 3.2. If we take the generalized Gauss hypergeometric function
defined by Chaudhry et al’! instead of the modified Gauss hypergeometric
function in Eq. (7), we obtain the solution function as follows:

I'(x3)p*

fo= F(){l)F(}(z)F()(3 - X2)

Z Z T+l +k-—mI'Gs—n-n (_5)" z*

s, Yo I'(l4+n+e)l(yz+k—2n) e/ k!
Example 3. Let 1 < R(e) < 2, R(x3) > R(x) > 0, R(a) > 0. We

consider the fractional differential equation
p
[ D5r | @)= M0h (1, iy g i iz 2. ®

where §,n; #0,-1,-2,...(i=1,...,p;j = L,.... 9.
Proof. Considering Eq. (5) for @ = 0 and applying the RLFI to the
fractional differential equation, we have

| 18,055 | 0 =] 15,4050 (610 bim g 23 2 ) | 0.

That is,

L -1 Mgy @.p) : @
flo)y= r(e)/0 (P - o)™ T (51""’51)"“’---”711,)(2,)(3,2,E)d(D-

Taking w = pu and performing the necessary calculations, we get the

solution function as:
(a.0) . R,
M (61,...,§p,1,n.,...,nq,l+£,)(2,;(3,z,f)

flp) = TaT o~ . O

Corollary 3.3. If we take the generalized confluent hypergeometric
function defined by Chaudhry et al.?! instead of the modified confluent
hypergeometric function in Eq. (8), we obtain the solution function as
follows:

I'(x3)p*
I T (13

flp)= v L +k=—nI(s—xn—-n (_/))"zk
) A TA+n+l(y;+k—2n)

4. Conclusion

In this paper, we applied RLFI, EKFI, RLFD and CFD to M-beta, M-
Gauss hypergeometric and M-confluent hypergeometric functions. We
would also like to point out that the results of the RLFD and CFD
applied to the M-beta, M-Gauss hypergeometric and M-confluent hyper-
geometric functions overlap. Then, we obtained solutions of fractional
differential equations involving the M-beta, M-Gauss hypergeometric
and M-confluent hypergeometric functions.

In Fig. 1, the approximate behavior of the solutions of fractional
differential equations involving the modified beta function and the
generalized beta function defined by Chaudhry et al.?° is compared.

In Fig. 2, the approximate behavior of the solutions of fractional
differential equations involving the modified Gauss hypergeometric
function and the generalized Gauss hypergeometric function defined by
Chaudhry et al.?! is compared.

In Fig. 3, the approximate behavior of the solutions of fractional
differential equations involving the modified confluent hypergeomet-
ric function and the generalized confluent hypergeometric function
defined by Chaudhry et al.?! is compared.
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0.00

-0.05

0.0 — £=15,0=16, a=1, B=1
—— £=64,n=10,a=2, =2
—— £=105,n=1, a=4, B =2 =312
-0.15 £=3/2

£=3/2 (Chaudhry et al.)

£=3/2

Fig. 1. The behavior of approximate solutions f(p) of Example 1 and Corollary 3.1 for
e=3/2, where p=g=1, x=y=4, 0<p <4 and generalized M-series and exponential
series indexes n =0, 1.

flp)

— §&=75,n=72,a=1,B=1
—— £=65,n=10, a=2, =2 1 £=3/2
— £=105,n=1,a=3, =3 £=3/2 (Chaudhry et al.)

£=3/2

£=3/2

Fig. 2. The behavior of approximate solutions f(p) of Example 2 and Corollary 3.2
for e =3/2, where p=q =1, yy =, =2, ;3=4, 2=1/2, 0 < p < 4 and generalized
M-series and exponential series indexes n = 0,1 and modified Gauss hypergeometric
series and generalized Gauss hypergeometric series indexes k =0, 1.

— §=53,n=50,a=1,8=1

—— §=57,n=10,a=2,3=2 ] £=3/2

— £=96,n=1,a=3,=3 £=312
€=3/2 (Chaudhry et al.)
£=3/2

Fig. 3. The behavior of approximate solutions f(p) of Example 3 and Corollary 3.3 for
e=3/2, where p=q=1, =2, ;3 =4, 2z=1/2, 0 < p < 4 and generalized M-series
and exponential series indexes n = 0,1, modified confluent hypergeometric series and
generalized confluent hypergeometric series indexes k =0, 1.

Note that in Figs. 1, 2, and 3, the red line represents the approximate
behavior of the solutions of fractional differential equations involving
the generalized special functions defined by Chaudhry et al. and the
blue, yellow and green lines represent the approximate behavior of
the solutions of fractional differential equations involving the modified
special functions.
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