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Abstract

The problem of the boundedness of the fractional maximal operator M,, 0 < o < n, in local and global Morrey-type spaces is
reduced to the problem of the boundedness of the Hardy operator in weighted L ,-spaces on the cone of non-negative non-increasing
functions. This allows obtaining sharp sufficient conditions for the boundedness for all admissible values of the parameters. Moreover,
in case of local Morrey-type spaces, for some values of the parameters, these sufficient conditions coincide with the necessary ones.
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1. Introduction

Forx € R" andr > 0, let B(x, r) denote the open ball centred at x of radius r and Cp (x, r) denote the set R*\ B(x, r).
Let f € LIIOC(R"). The fractional maximal operator M, is defined by

Maf ) =sup B0 [ lay. x e R
t>0 B(x,1)
where 0 <o < nand |B(x, t)| is the Lebesgue measure of the ball B(x, ). If =0, then M = M) is the Hardy-Littlewood
maximal operator.

In the theory of partial differential equations, together with weighted L, ., spaces, Morrey spaces .#, ; play
an important role. They were introduced by Morrey in 1938 [12] and defined as follows: For 1>0, 1< p<oo,
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fedly,;if feLl(R") and

1y, =W, = sup r =PI fllL, oo <00
xeR",r>0
holds.
These spaces appeared to be quite useful in the study of local behaviour of the solutions of elliptic partial differential
equations.
Also by W.#, ; we denote the weak Morrey space of all functions f € WLII?C(R”) for which

1w, = WFwo, = sup r =PI F e, e < 00,
xeR".r>0
where WL, denotes the weak L ,-space.
Spanne (see [15]) and Adams [1] studied the boundedness of the fractional maximal operator M, for 0 <« <n in
Morrey spaces .# , ;. Later on Chiarenza and Frasca [5] studied the boundedness of the maximal operator M in these
spaces. Their results can be summarized as follows:

Theorem 1. (1) Let 0<a<n, 1 <p; <n/a,0<i<n—oapyand 1/p; — 1/pr = o/(n — A). Then M, is bounded
from M, ; 10 M, ).
(2)LetO<a<n,0<i<n—aand1 —1/py=0a/(n — 1). Then My, is bounded from .M j to W.M ,, ;.
If in place of the power function r~*/P in the definition of ./ ., We consider any positive weight function w defined
on (0, 0o), then it becomes the Morrey-type space .# j, ,. Mizuhara [11] and Nakai [13] extended the above results to
these spaces and obtained the following sufficient conditions on a weight w ensuring the boundedness of the maximal
operator M and the fractional maximal operator M,,.

Theorem 2. Let 1< p <00 and let w be a positive non-increasing function satisfying the following condition: there
exists 1 <cy < 21/P  such that

w(r)<ciw2r)

forallr > 0.
For 1 < p <00 M is bounded from M, to M p ., and for p =1 M is bounded from M 1y, to W M 1 .

Theorem 3. Let 1 < p1 < py < oo and let w be a positive function satisfying the following condition: there exists ¢1 > 0
such that

0<r<t<2r:>02_1w(t)<w(r)<02w(t). (D

Moreover, let « = n(1/p1 — 1/ p2) and let for some c3 > 0 for all r >0

*© dr c3
< .
. wPL()rtl=opn T i (p) e/ p2

(1) For1 < py = p2 <00 M is bounded from M p, y, to M p, v, and for py =1 M is bounded from M1y, to W M 1 .
(2) Forl < py < p2 <00 My is bounded from M p, v to M p, v, and for pr=1 M, is bounded from M 1y to W M 1, .

Theorem 2 was proved by Mizuhara [11] and Theorem 3 by Nakai [13]. Note that Theorem 3 implies Theorem 2.

In this paper, we consider general local and global Morrey-type spaces LM ¢ ,, and GM ¢ ,, as in [1,2]. We study the
boundedness of the fractional maximal operator My, from LM, g, ., t0 LM,,,9, 1, and from GM,, ¢, ., to GM,,,9, .,
for all admissible values of o, not necessarily « =n(1/p1 — 1/p2) as in [11,13]. We also consider separately the case
in which LM, ¢, ,, and GM,, ¢, ,,, are replaced® by L » = Lp, (R"). We improve, in particular, the results obtained

5 Here and in the sequel we write just L, for L, (R"), 0 < p <oo. If Q # R", then we preserve the full notation L , (). The same refers to the
case of LII‘,’C and of the weighted Lebesgue spaces Lp y.
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in [11,13]. Moreover, for some values of the parameters we obtain necessary and sufficient conditions for the operator

M, to be bounded from LM to LM

p101,w; p2l2,wa-

2. Definitions and basic properties of Morrey-type spaces

Definition 1. Let 0 < p, 0<oo and let w be a non-negative measurable function on (0, 00). We denote by LM ¢,
GM,¢, ., the local Morrey-type spaces, the global Morrey-type spaces respectively, the spaces of all functions f* € Lg’c
with finite quasinorms

I F LMo = I Iim,g, @Y = Tw AL, B0 1Lo©0,00)»

1l = SUP 1 Cx + ) la,

xeR"
respectively.
Note that
1 Moy = £ lGMpr = 11 £l

Furthermore, GM ., ,—isp = M} ;, 0 < 4 <n. The interpolation properties of the spaces GM ., Were studied by
Spanne in [17]. The spaces GM ¢ ,—» were used by Lu [10] for studying the embedding theorems for vector fields of
Hormander type. The boundedness of various integral operators in the spaces GM o0,y Was studied by Mizuhara [11]
and Nakai [13]. Results related to the operator M,, are formulated in Theorems 2 and 3. In [3,4] the boundedness of
the maximal operator M from LM, ¢, ,, to LM,,,9, ., and from GM,, ¢, , to GM was investigated and the
results obtained there are contained in Theorems 6 and 8 below for o = 0.

In [3,4] the following statement was proved.

P20,

Lemma 1. Let 0 < p, 0< o0 and let w be a non-negative measurable function on (0, 00).

1. Ifforallt >0

lw () Lg(r,00) = 00, @
then LM g, = GM ¢ ., = @, where O is the set of all functions equivalent to 0 on R".
2. Ifforallt >0
lw()r" Pl Ly0.) = o0, 3)

then, for all functions f € LM, ,,, continuous at 0, f(0) =0, and for 0 < p <00 GM,9,, = O.

Definition 2. Let 0 < p, 0 <oco. We denote by €y the set of all functions w which are non-negative, measurable on
(0, 00), not equivalent to 0 and such that for some 7 > 0

lw () Ly(t,00) < 0. “)

Moreover, we denote by 2 .0 the set of all functions w which are non-negative, measurable on (0, c0), not equivalent
to 0 and such that for some #{, t, >0

W)l grr.00) <00 1w Pl Ly0.1) < 00 Q)

In the sequel, keeping in mind Lemma 1, we always assume that either w € Qg or w € Q, 9.

Letw € Qgand f € LM ,,, then f € L,(B(0,r)) forallr > 0.1f f € L, then |w ()|l f 12, B0.) |l Lg(t.00) < OO
for any 7 > 0, and the fact that f € LM,y ,, completely depends on the behaviour of f (x) for small |x|. However, if
S ¢ L, then the fact that f € LM 9 ,, depends both on the behaviour of f(x) for small and large |x|.

For functions ¢, i defined on (0, 0o) we shall write ¢ =< v if there exist ¢, ¢’ > 0 such that co(¢) <y (r) < @(t) for
all t € (0, 00). If this inequality holds for all t € I C (0, c0), then we write ¢ =</ on .
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Lemma 2. Let 0 < p, 0< o0 and wy, wy € Q. Then
LM 0,0, =LMpgu, = lwillLye.co) X llw2llLyr,00)-
Proof. The equality LM ¢ ,,, = LM, ,,, is equivalent to the existence of ¢4 > 0, cs > 0 such that
callwa (M F L, B©.,) 1 Ly©0,00) S MW F L, (B©.)) 11 L4(0,00)
SesllwaM I F L, B0.r) 1Ly©.00)

forall f e L.
Since || fllz,(B(0,r)) is non-decreasing, this inequality in its turn is equivalent to

callwa(r) @)1l Ly,00) S Nwi(r) @) Ly0,00) <5 llw2(r) @) Ly0,00) (6)

for all non-negative non-decreasing functions ¢, such that lim,_, o+ ¢@(r) = 0 if p < 0o, because each such function ¢
can be represented as || f1Iz,(B(,r) for some f. It suffices to note that inequality (6) is equivalent to [|wi|lL,00) <
lw2llLy(,00) (see, for example, [18]). [

Corollary 1. Let 0 < p, 0< 00 and wy, wy € Ly(0, 00), wy, wy > 0. Then
LM 0.0, =LM g4, = llwillLy¢.00) X lw2llLor,00) 01 (20, 00) for some to > 0.

Proof. Assume that [|wi 1,00 =X lw2ll£y(,00) ON (fo, 00) for some #o > 0. Hence for some c¢ > 0, ¢7 >0
c6llw2 (M I Ly(r,00) S Nw1 (M Lg(r,00) SC7llw2 (M) I Ly (1,000, =10

Then forall 0 <t <19
w1 (M Lyr,00) S8 Uw1 (I Lyr,10) + c7Nw2 () Ly(19,00)) S Collw2 (P Ly(r,00)

where g = 20/0=D+ a, = max{a, 0} and co = cs (|lw1 () | ,0.10)/ 1 wW2 ()| Ly (r0,00) + €7)-
Similarly

crollwa () Lyr,00) <Nw1 ) Ly(r,00)s
where c10 = g (lw2() | Ly 0100/ 1 w1 (D Lyto.00) + 5 ) O
Lemma 3. Let 1 < p;<00,0< py<00,0<a<n,0<0p,02<00, wy € Qy, and wy € Qp,. Then the condition

n
0L —
P1

is necessary for the boundedness of My from LM, g, 1, to LM 0, 4, -

Proof. Assume that o >n/p; and M, is bounded from LM, ¢, ,, to LM 0, ,,. Let f(x) = |x| 7 if |x|>1 where
n/p1 <f<a and f(x) =0if |x| < 1. Then f € LM, g, ., since

”f”LMPlOlv"’I < ”w”L()](l’OO)”|x|7ﬁ”Lpl(CB(O,l)) < 00.

On the other hand for all x € R"

Moy f(x)= lim |B(x,t)|_1+“/n/ Iy Pdy=ep lim 7P = oo,
11— 00 t—00

B(x,t)\B(x,|x|+2)

where ¢ depends only on n, w and . [J
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Lemma 4. Let 1< p; <00, 0< pr<o0, 0<a<n, 0<0y,02<00, wy € Qp, and wy € Qy,. Moreover, let w; €
Ly, (0, 00). Then the condition

1 1
oc}n(———) (7)
P1 P2/ 4+

is necessary for the boundedness of My from LM, g, 1, 10 LM 0, 4, -

Proof. Assume that M, is bounded from LM to LM

1Mo fllLm,,,0, 0,

forall f € LM, 9, ,,-Let f € Ly, f # 0and 6, f(x) = f(tx),t>1. Then

then for some ¢y >0

p191,wl P2027w2’

<c2llfliLm,, o, 0,

16 £ 1L, By =1""PUFllL,, By, Ma(rf)(x) =1""My f (1),
1Mo (3 )L,y B0 =1 P2 IMaf L, BO.0)-

Therefore inequality

1M (0: f)llLm <c2llon fllem,, o, 0,

paly.wy S

implies that

1Mo f llLm SNw2 )Mo fllL,, (BO.r) [l L4, 0.00)

=12 M (6, ) lim <enpt™™P25, fllim

P20z, wy
p202,w2 p101.wy
= oot YPYP o ()1 f 1L, (0.0 g, 0,000
et VPP w0001 fllLp, -

If a <n(1/p1 — 1/p2), then by passing to the limit as t — oo we get that | M, f ||[Lm = 0 which is impossible

since f #0. O

p202,w

3. Corollaries of weighted L, ,-estimates

For a measurable set 2 C R" and a function v non-negative and measurable on £, let L, , () be the weighted
L ,-space of all functions f measurable on  for which®

IflL,.,@ = IvfllL,@ < oo.

If 0 < p<O0< 00, then

Mg < FIZy s ®)
and if 0 < 0 < p < oo, then
1AL, w <IFILM,g, 9

where for all x € R”

Wx) = llwllLy(ixl,00)-

These inequalities follow by the following inequality for the Lebesgue spaces with mixed quasinorms:

NF& DL, @)L, @ <IFC DL, @, @), 0<p<g<oo.

6 See footnote in Section 1.
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(see, for example, the book [14, Section 3.37]). In particular, for 0 < p < oo

I f My = 1F 0L,y

where forallx ¢ R" V(x) = lwllL,(x].00)-
We shall use the following theorem stating necessary and sufficient conditions for the validity of the following
inequality:

Mo fllL,,., <3l fIL,, o (10

where v and v; are functions non-negative and measurable on R” and c3 > 0 is independent of f (see [6,7,9]).
Given a set @ C R", y will denote the characteristic function of €.

Theorem 4. Let 0<a <n, 1 < p; < p2 < o0. Moreover, let vy, vy be non-negative and measurable on R". Then in-
equality (10) holds if, and only if, the following equivalent conditions are satisfied

—1y,—1
J = sup |B|" My Iz, ellv2lle,, &) < oo (1)
BCR"
and
1— 1/(1— —1
sup L | ] el PR (12)

Moreover, the sharp (minimal possible) constant ciy in (10), satisfies the inequality

cu g <ciz<cis g,

where c14, c15 > 0 are independent of vy and vs.

For condition (12) see, for example, [9, Chapter 4, Theorem 4.1.1]. As for condition (11) the case o« =0 and p; = p>
was proved in Cruz-Uribe and Perez [7], the case 0<a < n, 1 < p; < pa <00 in Cruz-Uribe and Fiorenza [6]; in the
p/

case 0 <o <n, 1 < p; < pa < oo under additional assumption that v% ~F satisfies the reverse doubling condition, a

proof is also given in [9, Chapter 4, Theorem 4.2.2].

Remark 1. Condition (11) implies that v; (x) # O for almost all x € R" and v, !, vy € L°.
Assume that v is not equivalent to 0 on R”. Then by the Lebesgue theorem there exists xo € R” such that
1

oy 1
lim ———— v, Pl(y)dy > 0, lim ——— v (y)dy > 0.
r—>+0 |B(x0, ") Jpx.r) | :

r—=+0 | B(x0, )| JB(xo.r)

By condition (11)

1 -pj Ve
lim |B(xo,r)|<°<—n<1/p1—1/pz>>/n<_ v 1(y)dy>
40 1B(x0, M) Sy !

% 1 [72( )d 1/P2<j 00
_ v < 7 < oo.
1BGo N Jpeor 2 00

Hence the condition (7) is necessary for the validity of (10).

Remark 2. Assume that weight functions vy and vy are radial : vi(x) = 01(]x|), va(x) = V2(|x]), x € R" , 0y is
non-negative and non-decreasing on [0, 00), and 0, is non-negative and non-increasing on [0, c0).

Then [|v2llz,, B(x,r)) <IIv2llL,, (B©,r) and, since 1/9; is non-increasing, also ||U1_1||Lpi (B(x,r) S ||U1_1||LP/1 (BO,r)-
Hence ¢ = c.#, where ¢ > 0 depends only on «, n, p1, p2 and

S = sup R*"|e " D/P1gy (1) 7! I, 011" =220l 0.8) < 00 (13)
R>0
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Remark 3. Moreover, condition (13) is equivalent to (11) for any radial functions v;, vy such that 9y, 9, are non-
negative and monotonic on [0, 00), and vy, U, = 0.
Also

cref < f<cen s (14)

where c16, c17 > 0 are independent of vy, vs.
The left-hand side inequality in (14) follows if in (11) one takes B = B(0, R). In order to prove the right-hand side
inequality in (14) we note that

sup sup |B(x, r)|*/"!

—1
vy Mz, Bernllv2lie,, Be.r)
r>0 x| <2r 1

<3"*sup |B(0, 301" v e  (BO, 3y lv2llL,,, (B0,3r)

r>0
since B(x, r) C B(0, 3r) for |x| <2r.
Next, assume that v; is non-increasing and 0 v is non- decreasmg on [0, c0). Note that, for |x| > 2r, y € B(x, r) and
z € B(0, |x]/2), we have |z| <|y|. Hence v, 1(y)<v1 p‘(z) and

1 - 4
_— v ' dy< sup v ()
|B(x, )| Jpary | yeB(x.r) !
—y 1 —p
< inf '@ <—— v, " (2)dz.
2eBO.Jxl/2) ! 1B, 1x1/2) Js0.1x1/2)
Similarly for |x| > 2r
b vl (y)dy < _ v} (2) dz.
|B(x, )| Jpar) * |BO, |x1/2)| J@.xl/2)

Taking into account condition (14), we get

sup sup |B(x, r)[*"7!|

r>0 |x|>2r

=sup sup |B(x,r)| @ 1/pi=1/p2))/n

r>0 |x|>2r

1 L 1/p 1 1/p2
x (— v, " (y)dy) (— V7 () dy)
|B(x,7)] B(x,r) |B(x, 1) B(x,r)

x| (o=n(1/p1=1/p2))/n
5(0.)
2

1 o 1/p] 1 1/p2
x (— v ") dz) (— o2 (2) dz) <ens,
|B(O, |xI/2)| JB(,)xI/2) |B(O, |xI/2)| JB(,)xI/2)

where c17 > 0 is independent of vy, vs.
The cases in which both 01 and v, are non-increasing or both vy and v, are non-decreasing are similar.

—1
lv; ”Lp/l(B(x,r))||U2||Lp2(B(x,r))

< sup sup
r>0 |x|>2r

The application of the above theorem immediately implies the following result for the case of local Morrey-type
spaces.

Theorem 5. LetO<a<n, 1 <p1<pr<00,0<0;,0,<00, wy € Qp,, wy € Qp,.
If 0y < p1 and p, <0, and

sup R*" 1P W (07 L 0. 11V Wa (D)L, 0.8 < 00 (15)
R>0
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or equivalently

1— 1/(1=p1), —
sup Mo (zp W )y, W TPV ) < 00, (16)
BCR"

where for all x € R" andt >0
Wi(x) = lwillzy, (xl.00)>  Wa(x) = llw2llLy, (1x].00)»

Wi(0) = lwillzy, o0y, Wa(t) = llw2llz, 1,00

then My is bounded from LM, g, ., to LM
that w; € Qmﬁl’ wy € ‘sz,@z)'

If p1 <01 and py > 0,, then condition (15), or equivalently (16), is necessary for the boundedness of My from
LM, 0,0, 10 LM 0, 1, -

In particular, if 0) = p; and 0y = pa, then condition (15), or equivalently (16), is necessary and sufficient for the
boundedness of My from LM, p, w, 10 LMp, p; w,.

and from GM,, ¢, ., to GM (In the latter case we assume

p202,wp p202,w2

Proof. Let p; >0 and p <0,. By applying (8), the sufficiency of (15) or (16) for the boundedness of M, from L, w,
to L, w,, provided by Theorem 4 and Remark 2 and (9) we get

1Mo fllen, o, o, <IMaf iz, 0,

p202. w2
el fllz,, w, <cslflitm,, o u, 17)
where c1g > 0 is independent of f.
Conversely if p; <01, pp >0, and
1Mo fllLm,, 0, 1, <190 ILM,, gy 0y 0
where c19 > 0 is independent of f, then by (8)
Mot Ly, <tslfllz,, (18)

and one may apply the necessity of (15) or (16) for the validity of (18), provided by Theorem 4 and Remark 2.
Also (17) implies that

My fllom <cigll fllom O

p202.wo p101wy”

Remark 4. By Theorem 5 and Remark 1 condition (7) is also necessary for the boundedness of M, from LM, ¢, ,

o LM,,0, uw, if 1 < p1<01<00,0<0r<pr <00, pr<p2,0<a<n, wy € Qp, and wy € Ly, (0, 00).

4. L ,-estimates over balls

In order to obtain conditions on w| and w; ensuring the boundedness of M, for other values of the parameters and
to obtain simpler conditions for the case p = 01 = 6, we shall reduce the problem of the boundedness of M, in the
local Morrey-type spaces to the problem of the boundedness of the Hardy operator in weighted L ,-spaces on the cone
of non-negative non-increasing functions.

Lemma 5. Let O<a<n, 1 < p; < pr <00 and —o0 <y < 00. Then the inequality

1Mo fllL,, B <C20NFIL,, (o (19)

where c20(r) > 0 is independent of f holds for all | € Lg’lc if and only if

n 1 1 n
y>2—— and n|—— — ) <a<— 4. (20)
Pt P2 P1
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If (20) holds, then the minimal constant co(r) in (19) satisfies

c20(r) = Frnd/pr=1/p2)=y

Proof. We apply Theorem 4 and Remark 3 to the pair of functions v2(x) = (o, (*), v1(x) = (|x][ + r)”. Then

R 1/p2 R ) 1/p
S (vy, v2) = sup R*™" (/ tn_lx(o’r)(t) dt> (/ "+ )T dt)
0 0

R>0
, R/r 1p2 ; nR/r ) 1/p
= /PP sup RYTN (./ o (@ df) (/ Ty dT)
R>0 0 0
p 1/p2 p , 1/p)
= pO P2 P gy % <f r”_lx(o,l)(‘c) d‘c) </ "l + 1) dr)
=0 0 0

potn/pa—=n/pi —IK,

where K = max{K1, K>},

o 1p2 s pp ) 1/p
Ki= sup p*" </ Tn_l%(o,n(f) df) </ e+ )7 dr)
0<p<1 0 0

and
p 1/p2 P , 1/}
Kry= sup p*™" <f 0@ df) </ LA GRS Pl dT) :
I<p<oo 0 0
Next,
o+n/pr—n/pi n n
Ki<oco & sup p <o & o4+ ———2=0.
0<p<1 P2 D1
Moreover,

N
Ky <oo < sup pan(/ 1= d‘L’) < 00.
1

l<p<oo

If y > n/p}, then [{° ¢"~17P1 dr < 0o and K> < 0o since & < n.
If y =n/p], then K3 <00 & sup, <p<oop°"” In p < o0o. Therefore again K> < oo since o < n.
If y <n/p), then

!
Kr<oo < sup p* "M <00
1< p<o0

n n
Sou—n+ — —7<0&=y>2a— —.
P P1

Inequality o < n, implies that «p; —n <n(p; — 1). Hence K» <00 < y>a—n/p;. O
Corollary 2. Let 1 < p1 <00,0< pp <ocoandn(l/py — 1/p2)y <o <n. Then there exists co1 > 0 such that

1 1/p1
[f P dx) ’ 21

n/p2 _ WM
Mo fllL,, B <C217 ( o (x| 2y

forall r >0 and for all f € LI;,’IC.
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Proof. In the case 1 < p; < py <00 (21) follows by Lemma 5 with y = o — n/p;.
If 0 < p2 < p1 < 00, by Holder’s inequality and (21) for p» = p; we have

1Mo f Ly B0 < @ar™ VP2 YPIM, £, (8. Sc1r P2 My f L, B0.r)»

where v, is the volume of the unit ball in R" and ¢»; > 0 depends only on n, p; and p>. O

Lemma 6. Let > 0 and ¢ be a function non-negative and measurable on R"*. Then for all r >0

QD(X)dx_ /00</ d)i
/|x>r x| =/ r r<\x|<t(p(x) * (B1

This lemma was proved in [4].

Lemma 7. Let > 0 and ¢ be a function non-negative and measurable on R". Then for all r > 0

N e dr o(x) dx
20 [ (g 2 00) <
4 r B(0.1) oix)dx 1487 Jpn (x| + )P

<ﬁ/oo</ <p()d)—d’
X X X .
v B(0.1) t1+h
Proof.

/ o(x)dx < b q)(x)dx—i—/ o(x)dx
R (x| + )P < wisr |xIP

[ OBt (0 [ pwars [ EOR,
R (Jx| 4 )P wl<r wisr 1x|P

the statement follows by Lemma 6 because

px)dx o0 3 i
/|er |x|ﬁ _ﬁv/r </x|<t(p(X)dx /l‘xlgr(P(X)dx) tﬁ+1

= dr
N de) o —rF dx. 0
ﬁfr (/xlgzm(x) x) B ‘xlgr@(x) X

Corollary 3. Let 1 < p; <00,0< pr <ocoandn(l/py —1/p2)y <a<n/pi. Then there exists cop > 0 such that

and

o0 dr 1/p1
I o < (f< ) O ) ) ¢
forallr >0 and forall f € Lg’f.

Proof. Inequality (22) follows from inequality (21) and Lemma 7. [l

Corollary 4. Let 1 < pj <00,0< pr <ooandn(1/py —1/p2)y <a<n/pi, then there exists c23 > 0 such that

1Mo f NI, B0y S cozr® ™ VP=YPD| £y (23)

forallr >0and forall f € Lp,.

Proof. If 0 < p> < 00, inequality (23) follows by inequality (21). For 0 < p» < oo and o =n/ p; it also follows directly
from the definition of M, f. Indeed, Holder’s inequality implies that

Mnypi fllLe <INz, -
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Hence
1
1My, £ Ly B0 <va/ 2P £, . O

5. Fractional maximal operator and Hardy operator
Let H be the Hardy operator

(Hg)(r) =frg(t)dt, 0<r<oo
0

Lemma 8. Let 1 < p; <00, 0< py <oo, n(1/p1 — 1/p2).<a<n/p1, 0<0<o0 and w € Q. Then there exists

c24 > 0 such that
1/p1
”MO(fHLMpZ().w <C24||I_Ig||[4()/p|.v(osoo)

forall f € Lll?lc, where

g(t) = / £ ()IP dy
B(0,1/(r1—n))y

and

v(r) = [w(r1/(06171—n)),.(n/p2+l/9)/(0€171—n)—l/f)]m )

Proof. By Corollary 3

1Mo fllLm,,y0, = WO Mo flIL,, (BO.)L6(0.00)

/ 00 dr 1/p1
o ([ (] ) )
r \Json s Lo(0,00)
pap1—n 1/[71
=con(n —ap)” VP w(r)r/ P2 ( f ( / |f ()| dx) dv:)
0 B(0,7!/@r1—n))

00 FOPy—N 0/p1 1/0
=con(n —apy) /P / (w(r)r”/P2)9< / g(r)dr) dr
0 0

<ep

Ly(0,00)

00 p 0/p1 1/0
= / (w(pl/(dpl7n))pn/(P2(0<p1*n)))f)pl/(dplfn)*l </ g() d‘E) dp
0 0

. 1/p1
= Cz4||Hg||L9/m,v(0,00)’

where ¢4 > 0 depends only on n, py, poand o. [

(24)

(25)

Corollary 5. Let1 < p; <00,0 < pa <oo,n(l/p1—1/p2)<a<n/p1,0<0<ooandw € Q,, . Then there exists

c25 > 0 such that
1/p1

”MOCfHGMngngCZS sup || H (g(x, '))”L()/pl,v(o,oo)
xeR"

forall f e Lllflc, where v is defined by (25) and

g(e.1) =f F I dy =/ 1F G+ )17 dy.
B(x,t!/@p1=m) B(0,11/(@p1—m)

(26)
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Theorem 6. Let 1 < pj <00, 0<py<oo, n(1/p1 — 1/p2)y<a<n/p1, 0<0,02<00, wy € Qp,, wa € £p,.
Assume that H is bounded from Ly, ;p, v, (0,00) to Ly, p, +,(0,00) on the cone of all non-negative functions ¢
non-increasing on (0, 00) and satisfying lim;_. @ (t) = 0, where

v1(r) = [wl(rl/(am—n))rl/((apl—H)91)—1/91]Pl’ (27)

v (r) = [W2(r1/(0<P1*n))r(n/P2+1/92)/(0¢1717n)*1/92]p|_ (28)

Then My is bounded from LM, g, o, 10 LM, 0, , and from GM,, g, ., t0 GM .9, v, (In the latter case we assume
that wy € Qplﬁl’ wy € QP2,92')

Proof. By Lemma 8 applied to LM

P20, wn
1/p
1Mo F 1M 1y, S0l HEIL

where ¢y > 0 is independent of f.
Since g is non-negative, non-increasing on (0, co) and lim;—, 15 g(#) =0 and H is bounded from Ly, /, , (0, 00) to
Lg,/p, .1, (0, 00) on the cone of functions containing g, we have

1/p1
1Mo fllLM, 0, 0, SC27118 ||L01/p] 2y (0,00)°

where c¢y7 > 0 is independent of f.
Hence

00 ) ) 1/0,
||M0<f”LMp202.w2 <eog (/0 v1 (1) 1/p1 ”f”Ll,,l (B(0.¢1/@p1-m))) dt)
vo [ [T 0 1y g0 1o
= cogn/ 1(/ vy (rePr =m0/ prpapr—n— ||f||le (BO.) dr)
0

vo [ [ o)
= cogn/ ( | @@, mo.n 1dr>
0

= cosn'%| fllm (29)

p1ly.wy?

where cp3 > 0 is independent of f. [J
6. Sufficient conditions

In order to obtain explicit sufficient conditions on weight functions ensuring the boundedness of M, first we shall
apply the following simple statement.

Lemma 9. Let 0 < 0] < 00,0 < 0, <00, v) and vy be functions positive and measurable on (0, 00). Then the condition
—(1-0 0. —1
o2 () e~ O D1y 0.0 1L, 0.00) < 00 (30)

is a sufficient condition for the boundedness of H from Ly, ,, (0, 00) to Ly, ,,(0, 00) in the case 1 <01 <oo and the
boundedness H from Ly, ,,(0,00) to Ly, ,,(0, 00) on the cone of all non-negative functions ¢ non-increasing on
(0, 00) in the case 0 < 01 < oo.

If 01 = oo, then condition (30) is also necessary for the boundedness of H from Lo v, (0, 00) to Ly, ,,(0, 00).

The statements of Lemma 9 follow by applying Holder’s inequality if 1< 0; < oo and the inequality

([0

0, b
<0, f (t — )" o) dr
a
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for all —oo <a < b <00 and for all functions ¢ non-negative and non-increasing on (0, o) if 0 < 0 < 1. (See, for
example, [2].)

Theorem 6 and Lemma 9 imply a sufficient condition for the boundedness of M from LM o0, w; t0 LM,,,9, 1,

Theorem 7. Let 1 < p; <00,0< py <oo,n(l/p; — 1/p2); <a<n,0<0;<o0, wr € Q,.

1. Foro<n/py,let wy € Qg and

I u)z(r)r"/pz I wfl (t)toz—n/m —1/min{py,0} L, (r.00) ||L02 (0.00) < 0O. (31)

where s = p101/(01 — p1)4. (f 01 < p1, then s = 00.) Then My, is bounded from LM, g, ,, to LM
2. Fora=n/py, let

path,wy -

wy (r)r? 1 A/P1=1/p2) ¢ Ly, (0, 00). (32)

Then My is bounded from L, to LM

palh,wy-

Corollary 6. Let 1 < p; <00,0< py <oo,n(1/py —1/p2)y<a<n/p1,0<0r<00, wy € Quo, wy € Qy, and let

00 dr 1/p1
n/p2
wa (r)r </r w7 (¢)¢n+1—d171> < 00. (33)

Ly, (0,00)

Then My, is bounded from LM p, 00, v, to LM
that w; € Qp1,005 wy € sz’gz.)

and from GMp, 0, w, to GM (In the latter case we assume

p202,w2 plr,wa-

Corollary 7. Let 1 < p1 <00, 0< py <oo, n(1/p1 — 1/p2)y <a<n/pi, wi € Qo, w2 € Qo and let for some
c29>0forallr >0

o0
d
/ L (34)
,

w{”(t)t"-i-l—apl wé’l(r)rnpl/ﬁz'

Then My is bounded from LM p, oo, w, 10 LM p) 00w, and from GMp, 00, w; 10 GM p,00,w,- (In the latter case we assume
that wy € Qp1,007 wy € Qm,oo~)

Remark 5. Corollary 7 generalizes statement (2) of Theorem 3 and under the assumptions of Theorem 3 on the
parameters states the boundedness of M, without condition (1).

7. Necessary and sufficient conditions

For the majority of cases the necessary and sufficient conditions for the validity of

IHQlLy,)p, 0y 0,00 S0Pl Lg, ) 0 0,005 (35)

where c39 > 0 is independent of ¢, for all non-negative decreasing functions ¢ are known, for detailed information
see [18,19]. Application of any of those conditions gives sufficient conditions for the boundedness of the fractional
maximal operator from LM, g, ., to LM,,,9, 4, and from GM,, g, ,,, t0 GM 9, 4, -

However, there is no guarantee that the application of the necessary and sufficient conditions on v; and v, ensuring
the validity of (35) implies the necessary and sufficient conditions for the boundedness of M, from LM, g, ., to
LM 0.,

Fortunately for certain values of the parameters this is the case, namely for 1 < p; <00, 0 < pa <00, n(1/p1 —
1/p2)s<a<n/p1,0<0; <0, <00, 01 < pi.

Note that in this case the necessary conditions (coinciding with the sufficient ones) for the validity of inequality (35)
for decreasing functions are obtained by taking ¢ = ¥ ,) with an arbitrary 7 > 0.
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Since in the proof of Theorem 6 inequality (35) is applied to the function ¢ = g, where g is given by (24), it is natural
to choose, as test functions, functions f;, r > 0, for which fB(o VCTIEN |7 (y)P! dy is equal or close to A(1) . (1),
u >0, where A(t) is independent of u. The simplest choice of f satisfying this requirement is

JO) = 2p020\B0O.HY), YER", t>0. (36)
Note that,
IfillL, B =0, 0<r<t, | fillL, 3o <cot"?', t<r<oo, (37)

where c29 > 0 depends only on n and p;.
Lemma 10. [f0<a <n, then forallt >0 and x € R",

1 o/n " a/n t"
= — < (M <8 _— 38
> Un G (Mo f1)(x) <8" vy (el (38)

Proof. The proof is similar to the proof of Lemma 8 in [4]. [

For functions F, G defined on (0,00) x (0,00) we shall write F =< G if there exist ¢, ¢’ >0 such that
cF(r,t)<G(r,t) <c'F(r,t) forallr, t € (0, 00).

Lemma 11. [f0<a<n,0< p < o0, then
¢ >min{n—1,n/p} n

r+t

Mo fillL, B0y = 177"P
r o\ r n

( ) In (e+ —), p= .

r+t t n—auo

Proof. By Lemma 10 we get

<l>pv3f”/"tnp / v / (Mo f)? () dy
2 BO.» Iyl + 07 = Jpo.r)

d
<8”Pv;,“p/"t”p/ —y(n_a)p.
B, (|yl+1)

Furthermore

1 r ,L.n—l
/ ﬁ dy =nvy, / ﬁ dr
BO,n (ly|+6)V""=*7 0o (t+n)\"wP
If 0 <r<t, then
2t (ocfn)prn r r Tnfl
GO T _ (e / o des / A
n 0 0 (1— + t)("—fx)P
r t(ufn)prn
< @=mp / = ——— (39)
1 n
hence
DUty I ap f (M f) ()P dy <8P 020,
B(0,r)

If s > ¢, then we consider separately three cases.

1. If p <n/(n — ), then by applying (39) with r =t we get

(a—n)p r n—1 r n—(n—oa)p
2 rn—("—“)P< / T—drg / Tn—l—(n—cx)p dr< r—,
n 0 (t+ t)(n—a)P 0 n—m—o)p
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hence
2(@—n—=T)p 1 8np
T — (Mo fi) ()P dy < e 010,
n Vn JB0,r) n—mn-—op

2. If p=n/(n — a), then

1 t rd r n—1
2 (—+1nf)=(2t)"/ T"*1d1+2*”/ —Tgf SLE—
n t 0 t T o (t+1)
"dr 1

t Tnfl r Tnfl t | r
= d —}—/ dgf”/ —ldr + — =—+1n-,
/0 c+o" ) Gt o T T TR

hence
p(a—n—=T)p

n

_ i
(1400 D)<, "/ (M, )6 dy <> tn (e + ).
t B(0,r) n t

3. Finally, if p > n/(n — o), then

_ -1 —1
Mtnf(nfa)p< [t Ld1< /r L dr
~ ~
n 0 (t41)—or 0o (t+n)r—or
t ,L.nfl r Tnfl
- _/ (n—o)p de +/ (n—o)p de
0o (t+1) r (T+1)

1 > 1 1
< _tn—(n—x)p + f ,En—l—(n—oc)p dr=|(=— tn—(n—oc)p’
n ‘ n n—m—oa)p

hence

20 < [ (g ) dy
B(0,r)

gSnpvr(anrocp)/n (n—o)p n+ap
n((n —o)p —n)

These estimates prove the statement, because

] 220
_ (z)"“@

r Inte + 1)’
1, r<t.

X

O<t<r,

This follows since the function f(x) = x""*In(e + (n — o) /x)/In(e + n — o) is strictly increasing and f(1)=1. O
Theorem 8. 1. If 1< p;<00,0< pr<00,0<a<n, 0<0, 0r<00, wy € Qy, and wy € Qy,, then the condition

n/p2
(%—n/p1+min{n—cn/p) r

wa(r) <astllwillzy, .00 (40)

Ly, (0,00)

(l + r)min{n—oc,n/pz}

Jorallt >0, where c31 > 0 is independent of t, is necessary for the boundedness of My from LM, g, , 10 LM,,0, 4, -
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2.If1<p1<00,0<pr<00,0<0;<0r<00, 0y <p1,n(1/p1 —1/p2)s <a<n/p1, wy € Qy, and wy € Qy,,
then the condition

i

for all t >0, where c31 > 0 is independent of t, is sufficient for the boundedness of My from LM, g, ,,, to LM
and from GM,, g, , t0 GM 0, v, (In the latter case we assume that wy € Q) g9,, w2 € 2, 9,.)

3. In particular, if 1 < p1 <pr < 00,0 <01 <O <00, 01 < p1,a=n(l/p1 — 1/p2), w1 € Qp, and wy € Qy,, then
the condition

r n/p2
wz(")(m)

Jor all't >0, where c33 > 0 is independent of 1, is necessary and sufficient for the boundedness of My from LM, g, .,
to LM

rn/pZ

wa (1) —(t oy

<ealwillzy, .00 (41)
Ly, (0.00)

p202,w2

<caaslwillzy, .o0) (42)
Ly, (0,00)

202, wa-

For oo = 0 this theorem was proved in [3,4].

Proof. Sufficiency: It is known [19] that for 6 < 6, < oo the necessary and sufficient condition for the validity of (35)
for all non-negative decreasing on (0, co) functions ¢ has the form: for some c34 > 0

lva(r) min{z, r}lizy, ,, 0.00) Sc34llv1(F) Ly, 0.0)

for all # > 0. Applying this condition to the functions v; and v, given by (27) and (28) we obtain (41).
Indeed, taking into account equalities (27) and (28) and replacing r P2/ by p and t~72/" by 1, we get that for
some ¢35 > 1

lwa(p)p™ P2 mingr* /71, p Py L, (0.00) S €351|wi I Ly, (2.00)

for all 7> 0.
Hence (41) follows since

/
p”/Pz min{.[t%*n/m pd*n/l?l} x pr
’ (p+0"/P=
Necessity: Assume that, for some c36 > 0 and for all f € LM,, ¢, 4,
1Mo f i,y < 360N, 0 0, 43)

In (43) take f = f;, where f; is defined by (36). Then by (37) the right-hand side of (43) does not exceed a constant
multiplied by Py |l Lo, (1,00)- Furthermore by Lemma 11 the left-hand side of inequality (43) is greater than or
equal to a constant multiplied by

rn/p2

tthmin{nfoc,n/pz} wy (r)

(t + rymintn—c.n/p2} Ly, ©0.00)

This works for the case o« = n/p} too, since In(e +r/t)>1. O

Remark 6. Itisunclear whether condition (42) is necessary for the boundedness of M, from GM,, g, ,,, to GM
(If one takes f = f; in (43), where LM is replaced by GM, then (42) does not follow.)

path,wy+

Remark 7. Under the assumptions ensuring the validity of the last statement of Theorem 8 the boundedness of
My from LM, g, o, to LM, 0, 4, is equivalent to the boundedness of the Hardy operator from Ly, /p, o, (0, 00) to
Lo, /p, .1, (0, 00), where v) and v; are defined by (27) and (28), respectively, on the cone of non-negative non-increasing
functions. This follows since the necessary and sufficient conditions on w and w», namely (42), are the same for the
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boundedness of both operators. It may be of interest to find a direct proof of this equivalence. (One of the implications
is established in Theorem 6.)

Theorem 9. 1. If 1< p; <00, 0< pr<00,0<a<n, 0<bOy<ooand wy € Qy,, then the condition

. n/p2
o—n/py+minfn—o,n/ps} r

<00 (44)
Lg, (0.00)

supt
t>0

wa(r)

(l + r)min{n—a,n/pz}

is necessary for the boundedness of My from L, 1o LM,,,p, 4,
2.Ifl<py<00,0<pr<o0,0<tr<oo,n(1/py —1/p2)y <a<n/py and wy € Qy,, then the condition

wz(r)roc—n(l/Pl—l/Pz) € Ly,(0, 00) (45)

is sufficient for the boundedness of My from L, to LM,,,p, y, and from L, to GM
GM,,,0, w, We assume that wy € Q,, ¢,.)

3. In particular, if 1 < p1 < p2 <00, 0 <0y <o0, 0 =n(1/p; —1/p2) and wy € Qp,,0r 1 < p; <00, 0< py <00,
n(1/p1—1/p2) <a<n/pi, =00 and wy € Qu, then condition (45) is necessary and sufficient for the boundedness
of My from Ly, to LM 0, 4, -

p0s,w,- (In the case of the spaces

Proof. First consider the case of spaces LM ¢, 4, -

Sufficiency: By Corollary 4 applied to LM ,,9, .,

| My fllLm = [lwa (M IMo f L, (BO.) Ly, ©0.00)

<eallwa(ryr* "RV 6 oo Ly, -

p26p.wo

Necessity: Since L ,; = LM, 00,1, by Theorem 8 inequality (43) holds with 0; = oo, w = 1, which implies (44).
If py<prand a =n(1/p; — 1/p>), then condition (44) takes the form

r n/p2
wz(r)<t n r)

and is equivalent to (45), because S; = ||w2 || Ly, (0,00)-
Indeed, S; < ||w2||L02(0,00), since r/(t +r)< 1, and

<0
Lg,(0.00)

S1 =sup
t>0

r n/p2
S1 2> sup sup wz(r)<—t )
>0 t>0 +r Ly, (01,00)
n/p2
Zsup| — sup ||w = ||w .
> sup (1 n O_) sup lw2llLg, (a1.00) = w2l Ly, 0.00)

Finally, let 0, = co. If n — o.>n/ p7, then condition (44) takes the form

r n/p2
wz(r)<t n r)

and is again equivalent to (45). Indeed

Sy = sup (%~ 1/P1=1/p2) <00

>0

L, (0.00)

R = [[wa (ryr® "=l | 6 oy = sup [lwa (r)r® "V P11, oo
p>0

<caz sup p* MY PEVPD s (9) 1 (.2
p>0
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where c¢37 > 0 depends only on o, n, p1 and p». Since

o—n(1/p1—1/p2)
! : ’ a—n/pi

sup =380

p<i<ap (L4 )P

where ¢33 > 0 depends only on o, n, p; and py, we have

n/p2
- - p
R<cygsup sup > "1/p ‘“’”(—) w2 (M) | L (p.2p)

p>0 p<1<2p r+p
r n/p2
Scyosup  sup  *(/pi=l/e) wz(r)(t n >
p>0 p<IS2p d Loo(p.29)
r n/p2
<cgsup " /m=1/p) wz(r)<t ) =395,
t>0 +r Lo (0.00)
where c39 = C37C3_81 .
On the other hand if n(1/p; — 1/p2) <a<n/pi,
/1=
S» = sup 2=/ pr=1/p2) gy () 2/ P1=1/p2)
>0 t+r)""2 1 0.00)
n/pi—ao n/pr—o
<R Suptot—n(l/Pl—l/pz) re — RH u™ )
1>0 4" |1 0,00 A+ L 0.00

If n — a<n/po, then condition (44) takes the form
r”l/Pz

S < o0.
(t+r)"

Lo (0,00)

S3 = sup /P
t>0

wa(r)

and a similar argument shows that it is again equivalent to (45).
In the case of the spaces GM , ¢, ,,,, the necessity of condition (44) follows since || My, f ||am
and the sufficiency of condition (45) follows since

Z | Mo f llLm

p2bp.w2 p2bh.wp?

”M“f”GMpz()z‘wz = Sup ”(Mcxf)(x + .)”LMI’ZOZv"’Z
xeR"
<ea3lwa (VPP L 6 ey sup I1f O+ )Ly,
xeR"
= o3 lwa ()P VPP 00 fllE,. O

Remark 8. Another approach to the problem of finding sufficient conditions for the boundedness of M, in local
Morrey-type spaces may be based on the inequality established by Sawyer [16]

/ (Mo f)(x)P dX<C4o/ | f GNP (Mapypo,r) (x) dx, (46)
B(0,r) R"
where 1 < p <00 and ¢40 > 0is independent of f € L, ,, and r, which is a generalization of the weighted inequality

of Fefferman and Stein [8] for « = 0. However if one follows the argument which worked for « = 0 (see [3,4]), this
will lead in the case o = n(1/p; — 1/p2) only to a sufficient condition

r v
' wzm(t + r)

where ) any positive number less than n/p».

SearMlwillzy, ¢,00)s
Lg, (0.00)




298 V.I. Burenkov et al. / Journal of Computational and Applied Mathematics 208 (2007) 280—301
8. The case of weak Morrey-type spaces
Next we consider the local and global weak Morrey-type spaces and study the boundedness of M, in these spaces.

Definition 3. Let 0 < p, < oo and let w be a non-negative measurable function on (0, co). Denote by LWM pO,w>
GWM 9 ., the local weak Morrey-type spaces, the global weak Morrey-type spaces, respectively, the spaces of all
functions f € LII?C with finite quasinorms

1A lLwM g, = L lwm,,g @) = lwOILFIWL, (B©.m) 1Ly (0.00)

I fllewM,g,, = sup [If (x + )IILWM,g.,-
P P
xeR"

respectively, where

I £ lwL, (B0.r)) = supt (meas{x € B0, r): | f(x)|>tHh'/7.
>0
If p =00, then WLoo = Lo and LWM g,y = LMogp, iy, GWMoog,1p = GMgp, -

The spaces LWM 9 ,,,, GWM 9 ,,, are aimed at describing the behaviour of || f ||WLP(B(0J)), IIf ||WLP(B(x7r)), respec-
tively, for small » > 0.
Note that for any 0 < p, 0< oo

I fewM,g SIHFIEM g, I FloWM g, < FIGM,.,

for all functions f € LM, ,,, f € GM,q ,,, respectively.
We shall use the following theorem stating the necessary and sufficient conditions for the validity of the following
inequality:

1Mo fliwe,, o, <cazll fliL,, ., - (47)

where vy and vy are functions non-negative and measurable on R" and c4» > 0 is independent of f € L, ., (see
book [9]).

Theorem 10. Let0<a <n, 1< p; < p2 < 00.Then inequality (47) holds if, and only if inequality (11) holds. Moreover,
the sharp (minimal possible) constant c, in (47), satisfies the inequality

c3 J < <cast,

where ca3, c4a > 0 are independent of w1 and w.

Consequently, Lemma 5 and Corollaries 2—4 hold if L, (B(0, r)) is replaced by WL, (B(0, r)) and the condition
p1 > lisreplaced by p; > 1, and Lemma 8, Corollary 5 and Theorem 6 hold if LM ,,4 ., and GM,,,¢ ,,, are replaced by
LWM,,,0,w, GWM,, ., respectively, and the condition p; > 1 is replaced by p; > 1.

Lemma 12. [f0<a<n and 0 < p < oo then forall r, t

min{n/p,n—o}
o sn/pl _°
Mo fillwL,B.ry)) < 171 <r +t> :

where f; is defined by (36).

Proof. By Lemma 10 we have

1My frllwL, Bo.ry) = t"1(1x] + 0" lwL, (B(0.)-
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Then

Il + 0" WL, (8. = sup Tmeas{x € B0, r): (x| +1)* " >7}!/7
>0

sup  1|B(0,r) N B0, t~ /=% _p)|1/p

O<t<t?

=vy/? sup t(min{r, 7" V/=0 — gyyn/p

O<t<t? M
= v,i/p max sup P, sup (Y —pynlp
O<t < (t4r)*" (t4r) " <<t
= vy P max { (t + r)* ", sup t(z= V=0 _pyn/p
(t+r)* " <t<trn
_— sup (V= _pynlp,

(l+r)9<7n<.[<tx—n

If 0 < p<n/(n — ), then the function ¢ (1) = (/=% — 1)"/P decreases on [(1 4 r)*", t*~™), therefore

Fn/r
sup T(Tﬁl/(niu) — l)n/p =
(t+r)* " <T<t® (t+7)

If p>n/(n — o), then for > (((n — o) p — n)/n)r the function ¢ also decreases on [(t + r)*~", t*~") and for
t < (((n — o) p — n)/n)r the supremum is attained at t = ((p — 1)/(pt))"~*. Hence, for some c4s > 0 depending only
onn, o and p,

sup (e~ V= _pyn/p
(t+r)* " <r<trn
/P n—o)p—n
- T,
(t+r)" - n _ < rt )"/ptln 0
n—o)p—n r+r
C45ln/p+“_", t < i}’
n

Theorem 11. 1. If 1 < p;<oo, 0 < pa<oo, n(l/p1 — 1/p2)y <a<n/p1, 0 <0, 02<00, wy € Qy, and wy € £p,,
then condition (40) is necessary for the boundedness of My from LM, ¢, v, 10 LWM, 9, 4,

2.If1<p1 <00, 0< pr<o00,0<0;<0<00, 01 < p1,n(l/p; — 1/p2)y<o<n/pi, wi € .Q@l and wy € .ng,
then condition (41) is sufficient for the boundedness of My from LM, g, ,,, to LWM and from GM,, ¢, , to
GWM,,,0, ., (In the latter case we assume that wy € Q,, 9, and wy € Q,,9,.)

3. In particular, if 1< p1 < p2 <00, 0 <01 <02<00, 01 <pr,a=n(l/p1 — 1/p2), wy € Qp, and wy € Qy,, then
condition (42) is necessary and sufficient for the boundedness of My from LM, g, ., to LWM

p202,wn

p202,wa+

For oo = 0 this theorem is proved in [3,4].

Proof. Sufficiency follows from Theorem 6 for weak case as in the proof of Theorem 8. The proof of necessity is also
essentially the same as the proof of Theorem 8: only Lemma 11 should be replaced by Lemma 12. [

Theorem 12. 1. If 1< p1<o0,0< pr<00,0<a<n,0< 0, <ooand wy € Q,, then condition (44) is necessary for
the boundedness of My from L, 1o LWM ¢, ), .

2.If1<p1 <00, 0<pr<oo,n(l/p1 — 1/p2)y <a<n/p1, a <n and wy € £y,, then condition (45) is sufficient
for the boundedness of My, from L, to LWM and from L p, to GWM 0, ., . (In the latter case we assume that
w] € QP191 and wy € Qm@z')

p202,w2
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3. In particular, if 1 < p1 < p2 <00, 0 <0y <oo, a=n(1/p1 — 1/p2) and wy € Qy,, or 1< p1 < 00,0 < py <00,
n(1/p1 — 1/p2)y<oa<n/pi, o <n, 0 = 00 and wy € Qu, then condition (45) is necessary and sufficient for the
boundedness of My from L, to LWM

path,wy-

Proof. The proof is similar to the proof of Theorem 9. [J

Remark 9. When defining the global Morrey-type spaces, it may make sense to consider a weight function w depending
not only on r > 0, but also on x € R" and consider the space of all functions f € LII?IC for which

HTw e ANz, B 1Lg0,00) Lo < 00

For the case 00 = co such quasinorms were considered in [13]. Moreover, it is also reasonable to replace Lo by Ly,
where 0 < n < 0o, thus assuming that

I flleM,, gy, = W DIFIIL,, B ILg©,00) 1L, < 00
If in Theorem 6 formulas (27) and (28) are replaced by
vi(x, r) = [w(x, rl/(amfn))rl/(dm*n)f)l*l/@l]P|,
v (x, 1) = [wa(x, rl/(lm—n))rl/(am—n)(’l//’2+1/02)—1/02]171
and

Su[£1 ” H ” CmLUl/pz,vl (x,r)(O»OO)QCQL()Z/[)Z.UZ(XJ) (0,00) < 00,
xXe

where C is the cone of all non-negative functions ¢ non-increasing on (0, co) and satisfying lim;_, 4 5 @(#) =0, then M,
is also bounded from GM, 9,y w, t0 GM,,0,7.w, - Similar remarks refer to all other inequalities of the paper involving
global Morrey-type spaces or global weak Morrey-type spaces.
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