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Abstract

In this paper, the necessary and sufficient conditions are found for the boundedness of the rough B-
fractional integral operators from the Lorentz spaces Lp s,y t0 Ly ry, 1 <p <q <00, 1 <r <5 <00,
and from Ll,r,y t0 Lg.co,y =WLg,y, 1 <gq <00, 1<r < 00. As a consequence of this, the same results
are given for the fractional B-maximal operator and B-Riesz potential.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and results

Let Ry , be the part of the Euclidean space R" of points x = (x1,...,x,) defined by the
inequalities x; > 0,...,x; >0, 1 <k <n.Denote by L), , = L,,,V(RZ’_F) the set of all classes
of measurable functions f with finite norm
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1
||f||L,,,y=<f|f(x)|”<x/>ydx)’, 1< p <00,

n
Rk, +

where (x')” =x{" - -+ x}*, ¥ = (1, ..., v) is a multi-index consisting of fixed positive num-

bers such that |y| =y + - + .
If p = 00, we assume

Looy (RY 4) = Loo( {f I fllL., =ess SUP|f(x)| < oo}

The fractional integral operators play an important role in the theory of harmonic analy-
sis, differentiation theory and PDE’s. Many mathematicians have dealt with the fractional
integrals and related topics associated with the Laplace—Bessel differential operator such as
LLA. Kipriyanov [7], L.N. Lyakhov [12], [.A. Aliev and A.D. Gadjiev [1], A. Serbetci and I. Ek-
incioglu [17], V.S. Guliyev [5,6] and others. In this paper we consider the fractional maximal
(B-maximal) function and fractional (B-fractional) integrals with rough kernels in the Lorentz
spaces, generated by the generalized shift operator defined by [7,8,11]

g

Tyf(X)=Ck,y/--.ff((x/,y/)a,xﬁ—yﬁ)dv(a),
0o 0

k

_ke TED
where Ci, = 77 2[[;_; =%

r(Vt)

& Y)a = (1, YDaps - Gk Y)Yy =

\/xl? — 2x; y; oS +yl.2, (', x") e R¥ x R"* and dv(a) = ]_[i.‘:l sin lojda;, 1 <i <k,
1 < k < n. It is well known (see, for example, [8]) that the generahzed shift operatzor TY is
closely related to the Laplace—Bessel differential operator Ap = Zl \Bi+>"1 +1 352 where

2
B = 3 + o 3x . Furthermore, T7 generates the corresponding B-convolution

(f®gx) = / FONT7g(0)) () dy.

RkJr

Suppose that §2 is homogeneous of degree zero on ]Rk 4> Le, £2(tx) = £2(x) for all

t>0, xe]R"+, and £2 € Lo;o- a)y(SkJr) where 0 <a < Q, Q =n+ |y|, and SZ;l =
{x e R : |x| = 1}. In the following we define the fractional B-maximal function by

Ma.ay () =5up 5 / (2T [f 0|6y dy
B(O r)
and the B-fractional integral by

loarf@= [ o |éy)a T F00) dy,

RY +
where B(0,r) = {x € R} 4 |x| < r}. Itis easy to see that, when 2 =1, Mg o, and I 4,y

are the usual fractional B-maximal operator M, , [6] and the B-Riesz potential I, [1,6,12],
respectively.
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We give our main results as follows. In the following theorem we get the O’Neil type inequal-
ity [15] for the B-convolutions.

Theorem 1. Let f, g be two positive measurable functions on R}Z’ > then for all t > 0 the fol-
lowing inequality holds:

t 00
(f ®8)3" (1) < Cry ( () / g ) du + / f) gl ) du>. (1)
0 t

In Theorem 2 we obtain a pointwise rearrangement estimate of the rough B-fractional inte-
gral I ., by using O’Neil type inequality for the B-convolution given in Theorem 1.

Theorem 2. Suppose that 2 is homogeneous of degree zero on Rll:,+ and 2 € Lo/o-a),y (S,'z;l),
0 <a < Q. Then for the rough B-fractional integral the following inequalities hold:

(I.Q,a,yf)]*/(t) < (I.Q,ot,yf);*(t)

o]

1
<A1<t%‘1/f;(s)ds+/s%‘l f;(s)ds>, 2
0

t

where Ay = Ciy (Q/e)*(4/ Q@02 A= 220
—a)y Sk +

In Theorem 3 we show the validity of the Hardy—Littlewood—Sobolev inequality for the rough
B-fractional integral I o . The proof of Theorem 3 is based on the pointwise rearrangement
estimate of I 4, given in Theorem 2.

Theorem 3 (Hardy-Littlewood—Sobolev theorem of rough B-fractional integrals in the Lorentz
spaces). Let §2 be homogeneous of degree zero on R} , and §2 € LQ/(Q,O[),V(SZ;]), O<a<Q.

M Ifl<p<Q/a, 1<r<s<oo, f€Llyp,,(RY )and1/p—1/qg=a/Q, thenlg 4,y [ €
Lq,s,y(RZ&) and

He.wyfliL,., <AIK(p.q.r.9)IflL,,,,
where K (p, q.r,5) = (p)/* (BT (LN UsgVry, p' = p/(p — 1).

Q) Ifp=1,1<r<oo, f€ Ll,r,y(RZ’+) and1—1/q=0a/Q, then Ig o, f € WL, , (R}
and

"

”I.Q,ot,yf”WLq,y <24 ||f||L],r.y‘
G Iifp=2 r=1land fe Lo, (R ) then lgay f € Looy (R ) and

o’

Me.wy fllie, <2410 flL,g | -

Corollary 1. Let 2 be homogeneous of degree zero on Rz’ yand 2 €Ly /(Q_a),y(SZ’;l), 0<
o< Q.
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() Ifl<p<2 feL,,®R: )and1/p—1/g=0a/Q, thenlgqy [ €Ly, R} ) and
He.wyflL,, <AiK(p.OIflL,,

where K (p,q) = K(p,q, p.q) = (p"1g"?" + (p)/1(g"HV/"").
Q) Ifp=1, fe Ll,y(Rzer) and1 —1/q=a/0, thenIg 4, f € WLq,y(RZ‘Jr) and

I2.ay fllwe,, <2A1fllL,,-

Note that for the case 2 = 1, Corollary 1 has been proved in [1,6,12] in recent years, but in
these works the constants were not determined.

Finally, in the following theorem we obtain the necessary and sufficient conditions for the
rough B-fractional integral operator Ig o, to be bounded from the Lorentz spaces L,
toLgry, 1l <p<g<oo,1<r<s<o0,and from the spaces Ly, to WL, ,, 1 <g < 00,
1<r<oo.

Theorem 4. Let 1 < p < g < 0o and let §2 be homogeneous of degree zero on RZ’ Land 2 €

LQ/(Q_a),y(S]':;_l), O<a<0.

1) Ifl<p<Qf/a, 1 <r <s < oo, then the condition 1/p — 1/q = o/ Q is necessary and
sufficient for the boundedness of 1@ .y from L,y (RY ) 10 Lg s (RY ().

Q) If p=1, 1 <r <00, then the condition 1 — 1/q = a/Q is necessary and sufficient for the
boundedness of 1@ .y from L1,y (R ) to WLg (R ).

Corollary 2. Let §2 be homogeneous of degree zero on R}, | and 2 € Lo /(Q—a),y(SZ;rl): 0<
o< Q.

(D) If 1 < p < Q/a, then the condition 1/p — 1/q = a/Q is necessary and sufficient for the
boundedness of 1 4, from Lp»V(RZ,jL) to L,“,(]RZJL).

(2) If p =1, then the condition 1 — 1/q = a/ Q is necessary and sufficient for the boundedness
of 10,4,y from Ll,V(RZ,+) to WL,M,(]RZA_).

2. Preliminaries

n

For any measurable set E C R} _, let |E|, = Jg ()Y dx. Suppose f:R} 4+ — Ris a mea-
surable function, then the decreasing y -rearrangement of f defined on [0, co) by

fr@o) =infls > 0: fu, ()<t} (>0,
where f; , is the y-distribution function of f defined by
fry@ =[x eR 2 [f@)]| >5[, (=0.
Some properties of y-rearrangements of functions are given as follows (see [4,18]):

(1) If 0 < p < o0, then

o0

f |f0)]7 (") dx = / (£ )" dt; 3)

RY 0
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(2) Forany t > 0,

t
sup f|f(X)|(X’)y dx:/f;‘(s)ds; 4)
|E|y:lE 0
©)
/|f(x)g(x)|(x’)y dngf;(t)g;(r)dt. (5)
Ry + 0

We denote by WL, (R} ) the weak L, space of all measurable functions f with finite
norm

1
I fllwe,, =supt? f,(t) <oo, 1< p<oo.
t>0
The function f;*: (0, 00) — [0, 0] is defined as £, (1) = 1 [y f(s) ds.

Definition 1. If 0 < p, g < 0o, then the Lorentz space L) 4., (R} ) =L, (R} _, (x")” dx) is
the set of all classes of measurable functions f with the finite quasi-norm

[e¢]

1 flpgy =ISflL,,, = (/

0

1
1 dr\?
(tpf;(t))q7> .
If0 < p <00, g =00, then LP,OO’V(RZ,Q = WLI,,V(RZ’+).
If 1 <q < porp=gq =00, then the functional || f| 4., is a norm (see [2,18]). If p =

q = o0, then the space Loo,oo,y(Rz,Jr) is denoted by Lo,y (R
In the case 1 < p, g < oo we define

-

00 1

1 dr\“
17y = ( [ ;*@))47’)

0

(with the usual modification if 0 < p < 0o, ¢ = 00) which is a norm on Lp,q,},(R,’c‘&) for 1 <
p<oo,l<g<Kooor p=g=o0.
Ifl<p<ooand 1< g < oo,then

1 p.gy < Ufllpary < P llp.g.ys

that is, the quasi-norms || |l 5,4, and || fll(p,¢),, are equivalent.

Lemma 1. For any measurable set A = (A',A”) CR! ., A’ = A x --- x Ax C (0, 00)F,

k+

A" C R"* and for any y € R} | the following equality holds:
TY N dx =C 24352 2,52 1\ g =/ 6
g)(x) dx = Cyy glvzi+z1 ozt 27 ) du(z, 7)), (6)

A (.0+A
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where (x,0) = (x,0,...,0), 7 = (Z1,...,7), du(z,7) = V"V dzd7, d7 = dz;---dz,
——
k-times
Zr=1 = 231"_1 ...gzk_I, (z,7) ERZ,+ x (0,00, mj =supA;, i=1,...,k, A= ((—my,m) x

[0,m1) X e X (—mk,mk) X [O,mk)) X AN.

Proof of Lemma 2 is straightforward after applying the following substitutions:
7 =x", zi=x;cosaj, zZi=x;sine;, O<oy<m i=1,... k,
=@, (z.7) e RY . x (0, 00)". @)
We need the following two generalized Hardy inequalities (see [14]) which are used in the

proof of Theorem 3.

Lemma 2. Let 1 <r < s <00 and let v and w be two functions such that measurable and
positive a.e. on (0, 00). Then there exists a constant C independent of the function ¢ such that

0, t s % %) %
</<f¢(f)df) w(t)dt) QC(/w(t)’v(t)dt) s (8)
0 0 0
if and only if

00 1 t 1
s

K:sup(/w(r)dr)
t>0 p

(/v(r)"’dr)r < o0, ©)
0
where r +r' = rr’. Moreover, if C is the best constant in (8) and K is defined by (9), then
K <C<k(rs)K. (10)
Here the constant k(r, s) in (10) can be written in various forms. For example (see [16])),

k(r, ) =rs ()7 or k(rs)=s5(s)7 or k(rs)=(+s/r)(1+r/s)7.

Lemma 3. Let 1 <r < s <00 and let v and w be two functions such that measurable and
positive a.e. on (0, 00). Then there exists a constant C independent of the function ¢ such that

00 , 00 1 o0 1

(/(/(p(t)dt) w(t)dt) S gc(/w(t)’v(t)dt) r (11
0 Mt 0
if and only if

t %) 1
s

K, :sup(/w(t)dt)
t>0 0

(/v(r)l_r/dt> < 00.
t
Moreover, the best constant C in (11) satisfies the inequalities K1 < C < k(r, s)K].

Note that Lemmas 2 and 3 were proved by B. Muckenhoupt [13] for 1 < r =5 < 00, and by
J.S. Bradley [3], V.M. Kokilashvili [9], V.G. Maz’ya [14] for r < s.

In the following we give a relation between the generalized shift operator 77 f and y-
rearrangement of the function f.
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Lemma 4. For any measurable set A C RZ, Landye RZ’ 4 the following equality holds:

t
sup /Ty|f(x)|(x/))/dx:Ck,y/f;(s)ds. (12)
0

A, =t
VA

Proof. By Lemma 1 we have
/ T f(0)|(x) dx = Cyy, / | f(z,2)|du(z, 2, (13)
A (7,0+A

where f(z,7) = f(,/z% —i—Z%, e, ,/z,% —i—Z%, z”). For the function f(z,z’) the analogue of the
equality (4) is valid (see [4])

t
sup / [z, D)|duz 7) = / () (s)ds, (14)
M(A)=ZZ 0

where (f)};(s) =inf{r > 0: p({(z. 2): |f (2. 2)] > 1)) <5}
Note that w((y,0) + A) = |Al, and (f):i(s) = f;‘(s). From the equalities (13) and (14) we
have

sup /T>’|f(x)|(x/)ydx=ck,y sup / |f(z.2)]du(z,2)
|Aly, =t w(A)=t _
A ,0+A

t t
=Gy [(Prwds=cu, [ Fods
0 0

Thus Lemma 4 is proved. O
3. Proofs of the theorems

Proof of Theorem 1. Note that, the methods of proof used here are closer to that in [10]. We
choose a measurable set E;, t > 0, such that

(xeR} ,: |f0)|> i} CE C{xeR] : [f)] > fiD)}.

Set
fi(x) = (f(x) = £7(0) xe, (x), S (x)=fx) — fikx).

For any measurable set A in RZ n with measure |A], = ¢, we have

/(8®f1)(X)(X’)’” dx = / H;mOHY dy/Tyg(X)(X’)” dx.
A

Ry, A
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Hence, from Lemma 1 we obtain

t
/(g®f1)(x)(x v dx <y [gwdn [ im0 dy
O n

RE

t
< Cry /g;*(u)du / AN dy
0 R +
t
= Ci,y </ FOMHOH dy - tf,f(f)) /g,”j*(u)du-
E, 0
Thus from (4) we have
(g® f1), )=~ Slup /(g ® f1)y () ()Y dx
y—t
t
<Gy (70 - £0) [ g
0

Next, estimate (g ® f2)}" (7). By using Lemma 4 and equality (4), we get

* 1 / kK
(T3(0));(5) < (Tg(); () =~ sup / TYg(x)(Y)” dy = Cry g} (s),

S 1Al =s
YA

hence from (5) we obtain

(¢® [)() < f (£ )(Tg(0))} () du

< Cry / (f2)% g5 () du

—cky(fym / () du + / g <u>du>.

From (4) we have

t 00
(8 ® )3 (1) < Cry (f;‘(o / g ) du + / fr) gl (w) du>.
0 t

Then we get (1) and the proof of the theorem is completed. O

Proof of Theorem 2. Since §2 € LQ/(Q_a),V(S,’(’;I), for Ko (x) = 2(x)|x|*~ 2 we have

(15)
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K, AN K0 = 2 (K,
(Ka)%(t) = (Qt) LK)y (0= — (K.

By using inequality (1) we get the inequality (2). Hence the proof the theorem is com-
pleted. O

Lemma 5. Suppose that 0 <o < Q, 2 € Ly(S}] szl then

O—«

Mg oy f(x) < T_2e 0

L2lay (1f1)(x).

The proof of the Lemma 5 easily follows.
From Theorem 1 and Lemma 5 we get the following corollary.

Corollary 3. Suppose that §2 is homogeneous of degree zero on Rk Land2€Lgjo-a).y (Sk 4 b,

0 <a < Q. Then for the fractional B-maximal function the followzng inequalities hold:

e ¢]

(Mg,a,yf)*(t)<(M9,a,yf)**(t)<A/1< __I/f (S)ds+/ ot (y)dS>

20—«

r_
where A} = ;=5 A1.

Corollary 4. For the B-Riesz potential
Ly 0= [ TLr0)0) dy. 0<a<0.
Ry +
the following inequalities hold.:

]

t
oy 1)50) < Uy IE (1) < Az(t%_l / fi(s)ds + / s%_lf;‘(s)ds),
0

t

where Ay = Cy., (Q/a)’w(n, k, y) C~9/C and w(n, k,y) = | B0, 1)],.

Proof of Theorem 3. (1) Let 1l < p < %, I1<r<s<oo, fe LP’V’V(RZA—) and % — é = %
By using inequality (2) we have

ey FlLg, = [T2ay DFOF T, o)

00 t s
<A1(/ts(%_l)J”i_l(/f;(s)ds) dt)
0

0

Y.

[e¢]

Al(f</s%‘1f;(s)ds> zi‘dt).
0

t
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From Lemma 2, for the validity of the inequality

e ¢]

0
necessary and sufficient condition is

) Sl t L
sup(/rs(%_l)"L%_ldr) </t(%_l)(1_”dt)
>0
t 0
N\
1 o s r’ a_ _1
=5 s(l————) <p/> supt 2 gt P<c>o <
0 gq r t>0

—1/s Ly=1/s (P11 (Us e\ 1/r' — s P's"\1/r
where C1 < s™V/5(1 = & — )=/ ()15 ()17 = (ph)1/s (B3 7
Furthermore, from Lemma 3 for the validity of the inequality

oo, 0

s § e0 ;
([(/rzlfy*(r)dr) té‘ldt> <C2</(I’l’f;(t))r£>
0 ‘Mt 0 :

necessary and sufficient condition is

t 1

1 oo L
sup(/téldr> (/t(gl)ﬂrpﬂ dr)
t>0

0 t
1 ! _1

s _1 o r’ 1_1

:<z> () #(———) suth G2 <00 &
s p 0

t>0
where C) < ( )I/S(r/) 1/r (1 _ %)—l/r’rl/S(r/)l/r/ — (qs_r)l/sql/r/.
By using these mequahtles and applying equality (3) we obtain
12wy fllL,,, <AIC1+C)IfL,,,
QLetp=1,1 —izg, 1<r

<ooand f € Ll,m,(RZ’Jr).
By using inequality (2) we have

1
1 2.ay fllwe,, = ?Bg” U,y )y @)

t o0
Alsupﬁ( I/f;(s)ds+/sa91f;(s)ds)
t>0
0 t

o0
1 1
=Alsup/f;‘(s)ds+A1supt5/sfgf;‘(s)ds
t>0
0

t>0
t

<21 1y = 2410

(3)Letp=%,r:l,q:s:oo,andfeLQly(Rz+)

(b/ts(%—m%—l(jf;(r)dz)sdt) <7tﬂfy(t) )1

7
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By using inequality (2) we have

”Iﬂ,a,yf”Loo,y = ?ug(lﬂ,a,y f);‘;(t)
>

t o]
<A1sup(z%“/f;(s)ds+/s%“fy*(s)ds>
0

t>0
t

]

<24 [557ds =241 e
O o
Thus the proof of Theorem 3 is completed. O

The following corollary follows immediately from Theorem 3.

Corollary 5 (Hardy-Littlewood—Sobolev theorem of B-Riesz potential in the Lorentz spaces).
Let 0 <o < Q. Then

M Ifl<p<Q/a, 1<r<s<oo fe€ Lp,r,y(RZ,+) and 1/p —1/qg=a/Q, then Iy, f €
Lq,s,y(RZ&) and

Moy fliz,., < A2K(p g r )£, .-
Q) Ifp=11<r<oo, feLi,yRi )and1—1/q=a/Q, then Iy, f € WLg, R} ,)

and

Moy fllwe,, <2420 fliL,,, -

@) Ifp=L r=1l,and feLo 1 y(RZ&), then Iy f € Loo,y (R} ) and

o

Moy fllLn, <2420 flLg "

Proof of Theorem 4. Sufficiency of the theorem follows from Theorem 3.

Necessity. (1) Suppose that the operator I 4, is bounded from L, ;. ,, (RZ,+) 0Ly, (RZ’+),
and | < p < Q/a.

Define f;(x) =: f(tx) for t > 0. Then it can be easily shown that

_Q _
”ft”L,,,w =t r ”f”L,,,r‘yy 1.0y fi(x)=1 aIQ,oz,yf(tx)s
and

0
—a—2
M.y fillLys, =t = “HeayfllLg,,-

Since the operator I 4, is bounded from L,,,r,y(R’,;Jr) to Lq,s,y(RZ&), we have

2wy fliL,,, <CIflL,,,

where C is independent of f. Then we get

Q Q 0_0
o+ a+F ats—=
Mewy L, =t 1 Hawy fillLy,, <Ct 4l fill,,, =Ct "¢ 21 fllL,,,-
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If - <= —I— 0 then for all f € LPsW(RZ,+) we have [[Ig.ay flL,,, =0ast— 0.1If % >
5 + 4 o then forall f €Ly, Ry ) wehave [[Iga,y flL,,, =0ast— oo. Therefore we get
=:+5
(2) Suppose that the operator I 4, is bounded from Ly ., (RZ’JF) toWL,, (RZ,+)' Itis easy
to show that

I fille,,, =t 21 flL,,.,

1
p

and

C(——

.oy fillwe,, =t = 4wy flwe,,-

By the boundedness of Ig; ¢ ,, from Ll,r,y(Rk’Jr) to WLq,y(RZ’Jr), we have

12wy fllwe,, <CIflL,,,.

where C is independent of f. Then we have
(I.Q,uz,y ft)*,y(f) = I_Q(I.Q,a,yf)*,y(taf),

0
)
Heayfillwe,, =t 4 Heayflwe,,.

and

o+ at+2-0
2oy fllwe,, = g, ayfillwe,, < N fille,,, = o Ny,

Ifl1< % + %, then for all f € Ll,r,y(Rzer) we have ||Ig,a’yf||WLq’y =0ast—0.If1 >
é + 5 thenforall f € Ly, (RY ;) wehave [[/g.a. fllwL,, =0 ast— occ. Therefore we get
the equality 1 = é + % and the proof of the theorem is completed. O

We give the following corollaries from Theorem 4.
Corollary 6. Let 1 < p <g <ocoand 0 <a < Q. Then

D) Ifl <p<Qf/a, 1 <r<s < oo, then the condition 1/p—1/q = a/ Q is necessary and suffi-
cient for the boundedness of the B-Riesz potential 1, from the Lorentz spaces L ., (R}, i)
10 Lgs,y (R} ).
2) If p=1,1<r < o0, then the condition 1 — 1/q = «/Q is necessary and sufficient for the
boundedness of lo,y from L1y, (R} ) 10 WLg , (R} ).
In the following corollary we obtain the necessary and sufficient conditions for the fractional
B-maximal operator to be bounded from the Lorentz spaces L 5, to Ly,ry, 1 < p <q <00,
1 <r < s <00, and from the spaces L1, to WLq,y(RZ’Jr).

Corollary 7. Let 1 < p < q < 00 and let §2 be homogeneous of degree zero on R L and §2 €
Lojg-ay(Si3H, 0<a < Q.

M Ifl<p<Q/a, 1< < oo, then condition 1/p — 1/q = a/Q is necessary and suffi-
cient for the boundedness of the fractional B-maximal operator Mg o, from L ;. (Rk, )
10 Lg s,y (RY ).
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Q) If p=1,1<r <00, then condition 1 — 1/q = a/Q is necessary and sufficient for the

boundedness of M@ a,y from Ly, (RY ) 10 WLq,, (R ,).

Proof. Sufficiency of Corollary 7 follows from Theorem 4 and Lemma 5.
Necessity. (1) Let Mg q,, be bounded from Ly ., (R} ) to L5, (RY ) for 1 < p < £,
1 <r,s <oo. Then we have

MQ,O(,)/fl(x) = tiaMg,a,yf(tx)
and

0
a2
”M.Q,a,yft”Lq.s.V =t 4 ”M.Q,oz,yf”Lq’s.w
1

By the same argument in Theorem 4 we obtain % —7= %

(2) Let Mg ¢, be bounded from Lls”»V(]RZA») to WLq,y(Rz’+). Then we have

M.Q,Dt‘)/fl‘(x) = t_aM?‘),a,yf(tx)
and

0
)
M@0y fillwe,, =t "Mooy fllwe,,-

Hence we obtain the equality 1 — é = % O
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