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Abstract

In this paper, the necessary and sufficient conditions are found for the boundedness of the rough B-
fractional integral operators from the Lorentz spaces Lp,s,γ to Lq,r,γ , 1 < p < q < ∞, 1 � r � s � ∞,
and from L1,r,γ to Lq,∞,γ ≡ WLq,γ , 1 < q < ∞, 1 � r � ∞. As a consequence of this, the same results
are given for the fractional B-maximal operator and B-Riesz potential.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and results

Let R
n
k,+ be the part of the Euclidean space R

n of points x = (x1, . . . , xn) defined by the
inequalities x1 > 0, . . . , xk > 0, 1 � k � n. Denote by Lp,γ ≡ Lp,γ (Rn

k,+) the set of all classes
of measurable functions f with finite norm
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‖f ‖Lp,γ =
( ∫

R
n
k,+

∣∣f (x)
∣∣p(x′)γ dx

) 1
p

, 1 � p < ∞,

where (x′)γ = x
γ1
1 · · · · · xγk

k , γ = (γ1, . . . , γk) is a multi-index consisting of fixed positive num-
bers such that |γ | = γ1 + · · · + γk .

If p = ∞, we assume

L∞,γ

(
R

n
k,+

) = L∞
(
R

n
k,+

) =
{
f : ‖f ‖L∞ = ess sup

x∈R
n
k,+

∣∣f (x)
∣∣ < ∞

}
.

The fractional integral operators play an important role in the theory of harmonic analy-
sis, differentiation theory and PDE’s. Many mathematicians have dealt with the fractional
integrals and related topics associated with the Laplace–Bessel differential operator such as
I.A. Kipriyanov [7], L.N. Lyakhov [12], I.A. Aliev and A.D. Gadjiev [1], A. Serbetci and I. Ek-
incioglu [17], V.S. Guliyev [5,6] and others. In this paper we consider the fractional maximal
(B-maximal) function and fractional (B-fractional) integrals with rough kernels in the Lorentz
spaces, generated by the generalized shift operator defined by [7,8,11]

T yf (x) = Ck,γ

π∫
0

. . .

π∫
0

f
(
(x′, y′)α, x′′ − y′′)dν(α),

where Ck,γ = π− k
2
∏k

i=1
�(

γi+1
2 )

�(
γi
2 )

, (x′, y′)α = ((x1, y1)α1 , . . . , (xk, yk)αk
), (xi, yi)αi

=√
x2
i − 2xiyi cosαi + y2

i , (x′, x′′) ∈ R
k × R

n−k, and dν(α) = ∏k
i=1 sinγi−1 αidαi , 1 � i � k,

1 � k � n. It is well known (see, for example, [8]) that the generalized shift operator T y is
closely related to the Laplace–Bessel differential operator �B = ∑k

i=1 Bi + ∑n
i=k+1

∂2

∂x2
i

, where

Bi = ∂2

∂x2
i

+ γi

xi

∂
∂xi

. Furthermore, T y generates the corresponding B-convolution

(f ⊗ g)(x) =
∫

R
n
k,+

f (y)
(
T yg(x)

)
(y′)γ dy.

Suppose that Ω is homogeneous of degree zero on R
n
k,+, i.e., Ω(tx) = Ω(x) for all

t > 0, x ∈ R
n
k,+, and Ω ∈ LQ/(Q−α),γ (Sn−1

k,+ ), where 0 < α < Q, Q = n + |γ |, and Sn−1
k,+ =

{x ∈ R
n
k,+: |x| = 1}. In the following we define the fractional B-maximal function by

MΩ,α,γ f (x) = sup
r>0

1

rQ−α

∫
B(0,r)

∣∣Ω(y)
∣∣T y

∣∣f (x)
∣∣(y′)γ dy

and the B-fractional integral by

IΩ,α,γ f (x) =
∫

R
n
k,+

Ω(y)

|y|Q−α
T yf (x)(y′)γ dy,

where B(0, r) = {x ∈ R
n
k,+: |x| < r}. It is easy to see that, when Ω ≡ 1, MΩ,α,γ and IΩ,α,γ

are the usual fractional B-maximal operator Mα,γ [6] and the B-Riesz potential Iα,γ [1,6,12],
respectively.
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We give our main results as follows. In the following theorem we get the O’Neil type inequal-
ity [15] for the B-convolutions.

Theorem 1. Let f, g be two positive measurable functions on R
n
k,+, then for all t > 0 the fol-

lowing inequality holds:

(f ⊗ g)∗∗
γ (t) � Ck,γ

(
f ∗∗

γ (t)

t∫
0

g∗∗
γ (u) du +

∞∫
t

f ∗
γ (u)g∗∗

γ (u) du

)
. (1)

In Theorem 2 we obtain a pointwise rearrangement estimate of the rough B-fractional inte-
gral IΩ,α,γ by using O’Neil type inequality for the B-convolution given in Theorem 1.

Theorem 2. Suppose that Ω is homogeneous of degree zero on R
n
k,+ and Ω ∈ LQ/(Q−α),γ (Sn−1

k,+ ),
0 < α < Q. Then for the rough B-fractional integral the following inequalities hold:

(IΩ,α,γ f )∗γ (t) � (IΩ,α,γ f )∗∗
γ (t)

� A1

(
t

α
Q

−1

t∫
0

f ∗
γ (s) ds +

∞∫
t

s
α
Q

−1
f ∗

γ (s) ds

)
, (2)

where A1 = Ck,γ (Q/α)2(A/Q)(Q−α)/Q, A = ‖Ω‖Q/(Q−α)

LQ/(Q−α),γ (Sn−1
k,+ )

.

In Theorem 3 we show the validity of the Hardy–Littlewood–Sobolev inequality for the rough
B-fractional integral IΩ,α,γ . The proof of Theorem 3 is based on the pointwise rearrangement
estimate of IΩ,α,γ given in Theorem 2.

Theorem 3 (Hardy–Littlewood–Sobolev theorem of rough B-fractional integrals in the Lorentz
spaces). Let Ω be homogeneous of degree zero on R

n
k,+ and Ω ∈ LQ/(Q−α),γ (Sn−1

k,+ ), 0 < α < Q.

(1) If 1 < p < Q/α, 1 � r � s � ∞, f ∈ Lp,r,γ (Rn
k,+) and 1/p − 1/q = α/Q, then IΩ,α,γ f ∈

Lq,s,γ (Rn
k,+) and

‖IΩ,α,γ f ‖Lq,s,γ � A1K(p,q, r, s)‖f ‖Lp,r,γ ,

where K(p,q, r, s) = ((p′)1/s(
p′s′
r ′ )1/r ′ + (

qr
s

)1/sq1/r ′
), p′ = p/(p − 1).

(2) If p = 1, 1 � r � ∞, f ∈ L1,r,γ (Rn
k,+) and 1 − 1/q = α/Q, then IΩ,α,γ f ∈ WLq,γ (Rn

k,+)

and

‖IΩ,α,γ f ‖WLq,γ � 2A1‖f ‖L1,r,γ
.

(3) If p = Q
α

, r = 1 and f ∈ LQ
α

,1,γ
(Rn

k,+), then IΩ,α,γ f ∈ L∞,γ (Rn
k,+) and

‖IΩ,α,γ f ‖L∞,γ � 2A1‖f ‖L Q
α ,1,γ

.

Corollary 1. Let Ω be homogeneous of degree zero on R
n
k,+ and Ω ∈ LQ/(Q−α),γ (Sn−1

k,+ ), 0 <

α < Q.
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(1) If 1 < p <
Q
α

, f ∈ Lp,γ (Rn
k,+) and 1/p − 1/q = α/Q, then IΩ,α,γ f ∈ Lq,γ (Rn

k,+) and

‖IΩ,α,γ f ‖Lq,γ � A1K(p,q)‖f ‖Lp,γ ,

where K(p,q) ≡ K(p,q,p, q) = (p1/qq1/p′ + (p′)1/q(q ′)1/p′
).

(2) If p = 1, f ∈ L1,γ (Rn
k,+) and 1 − 1/q = α/Q, then IΩ,α,γ f ∈ WLq,γ (Rn

k,+) and

‖IΩ,α,γ f ‖WLq,γ � 2A1‖f ‖L1,γ
.

Note that for the case Ω ≡ 1, Corollary 1 has been proved in [1,6,12] in recent years, but in
these works the constants were not determined.

Finally, in the following theorem we obtain the necessary and sufficient conditions for the
rough B-fractional integral operator IΩ,α,γ to be bounded from the Lorentz spaces Lp,s,γ

to Lq,r,γ , 1 < p < q < ∞, 1 � r � s � ∞, and from the spaces L1,r,γ to WLq,γ , 1 < q < ∞,
1 � r � ∞.

Theorem 4. Let 1 � p < q < ∞ and let Ω be homogeneous of degree zero on R
n
k,+ and Ω ∈

LQ/(Q−α),γ (Sn−1
k,+ ), 0 < α < Q.

(1) If 1 < p < Q/α, 1 � r � s � ∞, then the condition 1/p − 1/q = α/Q is necessary and
sufficient for the boundedness of IΩ,α,γ from Lp,r,γ (Rn

k,+) to Lq,s,γ (Rn
k,+).

(2) If p = 1, 1 � r � ∞, then the condition 1 − 1/q = α/Q is necessary and sufficient for the
boundedness of IΩ,α,γ from L1,r,γ (Rn

k,+) to WLq,γ (Rn
k,+).

Corollary 2. Let Ω be homogeneous of degree zero on R
n
k,+ and Ω ∈ LQ/(Q−α),γ (Sn−1

k,+ ), 0 <

α < Q.

(1) If 1 < p < Q/α, then the condition 1/p − 1/q = α/Q is necessary and sufficient for the
boundedness of IΩ,α,γ from Lp,γ (Rn

k,+) to Lq,γ (Rn
k,+).

(2) If p = 1, then the condition 1 − 1/q = α/Q is necessary and sufficient for the boundedness
of IΩ,α,γ from L1,γ (Rn

k,+) to WLq,γ (Rn
k,+).

2. Preliminaries

For any measurable set E ⊂ R
n
k,+, let |E|γ = ∫

E
(x′)γ dx. Suppose f : Rn

k,+ → R is a mea-
surable function, then the decreasing γ -rearrangement of f defined on [0,∞) by

f ∗
γ (t) = inf

{
s > 0: f∗,γ (s) � t

}
(t � 0),

where f∗,γ is the γ -distribution function of f defined by

f∗,γ (s) = ∣∣{x ∈ R
n
k,+:

∣∣f (x)
∣∣ > s

}∣∣
γ

(s � 0).

Some properties of γ -rearrangements of functions are given as follows (see [4,18]):

(1) If 0 < p < ∞, then∫
R

n
k,+

∣∣f (x)
∣∣p(x′)γ dx =

∞∫
0

(
f ∗

γ (t)
)p

dt; (3)
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(2) For any t > 0,

sup
|E|γ =t

∫
E

∣∣f (x)
∣∣(x′)γ dx =

t∫
0

f ∗
γ (s) ds; (4)

(3)

∫
R

n
k,+

∣∣f (x)g(x)
∣∣(x′)γ dx �

∞∫
0

f ∗
γ (t)g∗

γ (t) dt. (5)

We denote by WLp,γ (Rn
k,+) the weak Lp,γ space of all measurable functions f with finite

norm

‖f ‖WLp,γ = sup
t>0

t
1
p f ∗

γ (t) < ∞, 1 � p < ∞.

The function f ∗∗
γ : (0,∞) → [0,∞] is defined as f ∗∗

γ (t) = 1
t

∫ t

0 f ∗
γ (s) ds.

Definition 1. If 0 < p,q < ∞, then the Lorentz space Lp,q,γ (Rn
k,+) = Lp,q(Rn

k,+, (x′)γ dx) is
the set of all classes of measurable functions f with the finite quasi-norm

‖f ‖p,q,γ ≡ ‖f ‖Lp,q,γ =
( ∞∫

0

(
t

1
p f ∗

γ (t)
)q dt

t

) 1
q

.

If 0 < p � ∞, q = ∞, then Lp,∞,γ (Rn
k,+) = WLp,γ (Rn

k,+).

If 1 � q � p or p = q = ∞, then the functional ‖f ‖p,q,γ is a norm (see [2,18]). If p =
q = ∞, then the space L∞,∞,γ (Rn

k,+) is denoted by L∞,γ (Rn
k,+).

In the case 1 < p,q < ∞ we define

‖f ‖(p,q),γ =
( ∞∫

0

(
t

1
p f ∗∗

γ (t)
)q dt

t

) 1
q

(with the usual modification if 0 < p � ∞, q = ∞) which is a norm on Lp,q,γ (Rn
k,+) for 1 <

p < ∞,1 � q � ∞ or p = q = ∞.
If 1 < p � ∞ and 1 � q � ∞, then

‖f ‖p,q,γ � ‖f ‖(p,q),γ � p′‖f ‖p,q,γ ,

that is, the quasi-norms ‖f ‖p,q,γ and ‖f ‖(p,q),γ are equivalent.

Lemma 1. For any measurable set A = (A′,A′′) ⊂ R
n
k,+, A′ = A1 × · · · × Ak ⊂ (0,∞)k ,

A′′ ⊂ R
n−k and for any y ∈ R

n
k,+ the following equality holds:∫

A

T yg(x)(x′)γ dx = Ck,γ

∫
g
(√

z2
1 + z̄2

1, . . . ,

√
z2
k + z̄2

k, z
′′)dμ(z, z̄′), (6)
(y,0)+A
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where (x,0) = (x,0, . . . ,0︸ ︷︷ ︸
k-times

), z̄′ = (z̄1, . . . , z̄k), dμ(z, z̄′) = z̄′γ−1 dzdz̄′, dz̄′ = dz̄1 · · ·dz̄k ,

z̄′γ−1 = z̄
γ1−1
1 · · · z̄γk−1

k , (z, z̄′) ∈ R
n
k,+ × (0,∞)k, mi = supAi , i = 1, . . . , k, A = ((−m1,m1)×

[0,m1) × · · · × (−mk,mk) × [0,mk)) × A′′.

Proof of Lemma 2 is straightforward after applying the following substitutions:

z′′ = x′′, zi = xi cosαi, z̄i = xi sinαi, 0 � αi < π, i = 1, . . . , k,

z̄′ = (z̄1, . . . , z̄k), (z, z̄′) ∈ R
n
k,+ × (0,∞)k. (7)

We need the following two generalized Hardy inequalities (see [14]) which are used in the
proof of Theorem 3.

Lemma 2. Let 1 � r � s � ∞ and let v and w be two functions such that measurable and
positive a.e. on (0,∞). Then there exists a constant C independent of the function ϕ such that( ∞∫

0

( t∫
0

ϕ(τ) dτ

)s

w(t) dt

) 1
s

� C

( ∞∫
0

ϕ(t)rv(t) dt

) 1
r

, (8)

if and only if

K = sup
t>0

( ∞∫
t

w(τ) dτ

) 1
s
( t∫

0

v(τ)1−r ′
dτ

) 1
r′

< ∞, (9)

where r + r ′ = rr ′. Moreover, if C is the best constant in (8) and K is defined by (9), then

K � C � k(r, s)K. (10)

Here the constant k(r, s) in (10) can be written in various forms. For example (see [16]),

k(r, s) = r
1
s (r ′)

1
r′ or k(r, s) = s

1
s (s′)

1
r′ or k(r, s) = (1 + s/r ′)

1
s (1 + r ′/s)

1
r′ .

Lemma 3. Let 1 � r � s � ∞ and let v and w be two functions such that measurable and
positive a.e. on (0,∞). Then there exists a constant C independent of the function ϕ such that( ∞∫

0

( ∞∫
t

ϕ(τ ) dτ

)s

w(t) dt

) 1
s

� C

( ∞∫
0

ϕ(t)rv(t) dt

) 1
r

(11)

if and only if

K1 = sup
t>0

( t∫
0

w(τ)dτ

) 1
s
( ∞∫

t

v(τ )1−r ′
dτ

) 1
r′

< ∞.

Moreover, the best constant C in (11) satisfies the inequalities K1 � C � k(r, s)K1.

Note that Lemmas 2 and 3 were proved by B. Muckenhoupt [13] for 1 � r = s < ∞, and by
J.S. Bradley [3], V.M. Kokilashvili [9], V.G. Maz’ya [14] for r < s.

In the following we give a relation between the generalized shift operator T yf and γ -
rearrangement of the function f .
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Lemma 4. For any measurable set A ⊂ R
n
k,+ and y ∈ R

n
k,+ the following equality holds:

sup
|A|γ =t

∫
A

T y
∣∣f (x)

∣∣(x′)γ dx = Ck,γ

t∫
0

f ∗
γ (s) ds. (12)

Proof. By Lemma 1 we have∫
A

T y
∣∣f (x)

∣∣(x′)γ dx = Ck,γ

∫
(y,0)+A

∣∣f̄ (z, z̄′)
∣∣dμ(z, z̄′), (13)

where f̄ (z, z̄′) = f (

√
z2

1 + z̄2
1, . . . ,

√
z2
k + z̄2

k, z
′′). For the function f̄ (z, z̄′) the analogue of the

equality (4) is valid (see [4])

sup
μ(A)=t

∫
A

∣∣f̄ (z, z̄′)
∣∣dμ(z, z̄′) =

t∫
0

(f̄ )∗μ(s) ds, (14)

where (f̄ )∗μ(s) = inf{t > 0: μ({(z, z̄′): |f̄ (z, z̄′)| > t}) � s}.
Note that μ((y,0) + A) = |A|γ and (f̄ )∗μ(s) = f ∗

γ (s). From the equalities (13) and (14) we
have

sup
|A|γ =t

∫
A

T y
∣∣f (x)

∣∣(x′)γ dx = Ck,γ sup
μ(A)=t

∫
(y,0)+A

∣∣f̄ (z, z̄′)
∣∣dμ(z, z̄′)

= Ck,γ

t∫
0

(f̄ )∗μ(s) ds = Ck,γ

t∫
0

f ∗
γ (s) ds.

Thus Lemma 4 is proved. �
3. Proofs of the theorems

Proof of Theorem 1. Note that, the methods of proof used here are closer to that in [10]. We
choose a measurable set Et , t > 0, such that{

x ∈ R
n
k,+:

∣∣f (x)
∣∣ > f ∗

γ (t)
} ⊂ Et ⊂ {

x ∈ R
n
k,+:

∣∣f (x)
∣∣ � f ∗

γ (t)
}
.

Set

f1(x) = (
f (x) − f ∗

γ (t)
)
χEt (x), f2(x) = f (x) − f1(x).

For any measurable set A in R
n
k,+ with measure |A|γ = t , we have∫

A

(g ⊗ f1)(x)(x′)γ dx =
∫

R
n
k,+

f1(y)(y′)γ dy

∫
A

T yg(x)(x′)γ dx.
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Hence, from Lemma 1 we obtain

∫
A

(g ⊗ f1)(x)(x′)γ dx � Ck,γ

t∫
0

g∗
γ (u) du

∫
R

n
k,+

f1(y)(y′)γ dy

� Ck,γ

t∫
0

g∗∗
γ (u) du

∫
R

n
k,+

f1(y)(y′)γ dy

= Ck,γ

(∫
Et

f (y)(y′)γ dy − tf ∗
γ (t)

) t∫
0

g∗∗
γ (u) du.

Thus from (4) we have

(g ⊗ f1)
∗∗
γ (t) = 1

t
sup

|A|γ =t

∫
A

(g ⊗ f1)γ (x)(x′)γ dx

� Ck,γ

(
f ∗∗

γ (t) − f ∗
γ (t)

) t∫
0

g∗∗
γ (u) du.

Next, estimate (g ⊗ f2)
∗∗
γ (t). By using Lemma 4 and equality (4), we get

(
T g(x)

)∗
γ
(s) �

(
T g(x)

)∗∗
γ

(s) = 1

s
sup

|A|γ =s

∫
A

T yg(x)(y′)γ dy = Ck,γ g∗∗
γ (s), (15)

hence from (5) we obtain

(g ⊗ f2)(x) �
∞∫

0

(f2)
∗
γ (u)

(
T g(x)

)∗
γ
(u) du

� Ck,γ

∞∫
0

(f2)
∗
γ (u)g∗∗

γ (u) du

= Ck,γ

(
f ∗

γ (t)

t∫
0

g∗∗
γ (u) du +

∞∫
t

f ∗
γ (u)g∗∗

γ (u) du

)
.

From (4) we have

(g ⊗ f2)
∗∗
γ (t) � Ck,γ

(
f ∗

γ (t)

t∫
0

g∗∗
γ (u) du +

∞∫
t

f ∗
γ (u)g∗∗

γ (u) du

)
.

Then we get (1) and the proof of the theorem is completed. �
Proof of Theorem 2. Since Ω ∈ LQ/(Q−α),γ (Sn−1), for Kα(x) = Ω(x)|x|α−Q we have
k,+
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(Kα)∗γ (t) =
(

A

Qt

)1− α
Q

, (Kα)∗∗
γ (t) = Q

α
(Kα)∗γ (t).

By using inequality (1) we get the inequality (2). Hence the proof the theorem is com-
pleted. �
Lemma 5. Suppose that 0 < α < Q, Ω ∈ Ls(S

n
k,+), s � 1, then

MΩ,α,γ f (x) � 2Q−α

1 − 2α−Q
I|Ω|,α,γ

(|f |)(x).

The proof of the Lemma 5 easily follows.
From Theorem 1 and Lemma 5 we get the following corollary.

Corollary 3. Suppose that Ω is homogeneous of degree zero on R
n
k,+ and Ω ∈LQ/(Q−α),γ (Sn−1

k,+ ),
0 < α < Q. Then for the fractional B-maximal function the following inequalities hold:

(MΩ,α,γ f )∗(t) � (MΩ,α,γ f )∗∗(t) � A′
1

(
t

α
Q

−1

t∫
0

f ∗(s) ds +
∞∫
t

s
α
Q

−1
f ∗(y) ds

)
,

where A′
1 = 2Q−α

1−2α−Q A1.

Corollary 4. For the B-Riesz potential

Iα,γ f (x) =
∫

R
n
k,+

T y |x|α−Qf (y)(y′)γ dy, 0 < α < Q,

the following inequalities hold:

(Iα,γ f )∗γ (t) � (Iα,γ f )∗∗
γ (t) � A2

(
t

α
Q

−1

t∫
0

f ∗
γ (s) ds +

∞∫
t

s
α
Q

−1
f ∗

γ (s) ds

)
,

where A2 = Ck,γ (Q/α)2ω(n, k, γ )(Q−α)/Q and ω(n, k, γ ) = |B(0,1)|γ .

Proof of Theorem 3. (1) Let 1 < p <
Q
α

, 1 � r � s � ∞, f ∈ Lp,r,γ (Rn
k,+) and 1

p
− 1

q
= α

Q
.

By using inequality (2) we have

‖IΩ,α,γ f ‖Lq,s,γ = ∥∥(IΩ,α,γ f )∗γ (t)t
1
q
− 1

s
∥∥

Ls(0,∞)

� A1

( ∞∫
0

t
s( α

Q
−1)+ s

q
−1

( t∫
0

f ∗
γ (s) ds

)s

dt

) 1
s

+ A1

( ∞∫
0

( ∞∫
t

s
α
Q

−1
f ∗

γ (s) ds

)s

t
s
q
−1

dt

) 1
s

.
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From Lemma 2, for the validity of the inequality( ∞∫
0

t
s( α

Q
−1)+ s

q
−1

( t∫
0

f ∗
γ (τ ) dτ

)s

dt

) 1
s

� C1

( ∞∫
0

(
t

1
p f ∗

γ (t)
)r dt

t

) 1
r

necessary and sufficient condition is

sup
t>0

( ∞∫
t

τ
s( α

Q
−1)+ s

q
−1

dτ

) 1
s
( t∫

0

τ
( r

p
−1)(1−r ′)

dτ

) 1
r′

= s− 1
s

(
1 − α

Q
− 1

q

)− 1
s
(

p′

r ′

) 1
r′

sup
t>0

t
α
Q

−1+ 1
q
+1− 1

p < ∞ ⇔ 1

p
− 1

q
= α

Q
,

where C1 � s−1/s(1 − α
Q

− 1
q
)−1/s(

p′
r ′ )1/r ′

s1/s(s′)1/r ′ = (p′)1/s(
p′s′
r ′ )1/r ′

.

Furthermore, from Lemma 3 for the validity of the inequality( ∞∫
0

( ∞∫
t

τ

α
Q

−1

f ∗
γ (τ )dτ

)s

t
s
q
−1

dt

) 1
s

� C2

( ∞∫
0

(
t

1
p f ∗

γ (t)
)r dt

t

) 1
r

necessary and sufficient condition is

sup
t>0

( t∫
0

τ
s
q
−1

dτ

) 1
s
( ∞∫

t

τ
( α

Q
−1)r ′− r′

p
+ r′

r dτ

) 1
r′

=
(

q

s

) 1
s

(r ′)−
1
r′
(

1

p
− α

Q

)− 1
r′

sup
t>0

t
α
Q

−( 1
p

− 1
q
)
< ∞ ⇔ 1

p
− 1

q
= α

Q
,

where C2 � (
q
s
)1/s(r ′)−1/r ′

( 1
p

− α
Q

)−1/r ′
r1/s(r ′)1/r ′ = (

qr
s

)1/sq1/r ′
.

By using these inequalities and applying equality (3) we obtain

‖IΩ,α,γ f ‖Lq,s,γ � A1(C1 + C2)‖f ‖Lp,r,γ .

(2) Let p = 1, 1 − 1
q

= α
Q

, 1 � r � ∞ and f ∈ L1,r,γ (Rn
k,+).

By using inequality (2) we have

‖IΩ,α,γ f ‖WLq,γ = sup
t>0

t
1
q (IΩ,α,γ f )∗γ (t)

� A1 sup
t>0

t
1
q

(
t

α
Q

−1

t∫
0

f ∗
γ (s) ds +

∞∫
t

s
α
Q

−1
f ∗

γ (s) ds

)

= A1 sup
t>0

t∫
0

f ∗
γ (s) ds + A1 sup

t>0
t

1
q

∞∫
t

s
− 1

q f ∗
γ (s) ds

� 2A1
∥∥f ∗

γ

∥∥
L1(0,∞)

= 2A1‖f ‖L1,r,γ
.

(3) Let p = Q
α

, r = 1, q = s = ∞, and f ∈ LQ (Rn
k,+).
α
,1,γ
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By using inequality (2) we have

‖IΩ,α,γ f ‖L∞,γ = sup
t>0

(IΩ,α,γ f )∗γ (t)

� A1 sup
t>0

(
t

α
Q

−1

t∫
0

f ∗
γ (s) ds +

∞∫
t

s
α
Q

−1
f ∗

γ (s) ds

)

� 2A1

∞∫
0

s
α
Q

−1
f ∗

γ (s) ds = 2A1‖f ‖L Q
α ,1,γ

.

Thus the proof of Theorem 3 is completed. �
The following corollary follows immediately from Theorem 3.

Corollary 5 (Hardy–Littlewood–Sobolev theorem of B-Riesz potential in the Lorentz spaces).
Let 0 < α < Q. Then

(1) If 1 < p < Q/α, 1 � r � s � ∞, f ∈ Lp,r,γ (Rn
k,+) and 1/p − 1/q = α/Q, then Iα,γ f ∈

Lq,s,γ (Rn
k,+) and

‖Iα,γ f ‖Lq,s,γ � A2K(p,q, r, s)‖f ‖Lp,r,γ .

(2) If p = 1, 1 � r � ∞, f ∈ L1,r,γ (Rn
k,+) and 1 − 1/q = α/Q, then Iα,γ f ∈ WLq,γ (Rn

k,+)

and

‖Iα,γ f ‖WLq,γ � 2A2‖f ‖L1,r,γ
.

(3) If p = Q
α

, r = 1, and f ∈ LQ
α

,1,γ
(Rn

k,+), then Iα,γ f ∈ L∞,γ (Rn
k,+) and

‖Iα,γ f ‖L∞,γ � 2A2‖f ‖L Q
α ,1,γ

.

Proof of Theorem 4. Sufficiency of the theorem follows from Theorem 3.
Necessity. (1) Suppose that the operator IΩ,α,γ is bounded from Lp,r,γ (Rn

k,+) to Lq,s,γ (Rn
k,+),

and 1 < p < Q/α.
Define ft (x) =: f (tx) for t > 0. Then it can be easily shown that

‖ft‖Lp,r,γ = t
− Q

p ‖f ‖Lp,r,γ , IΩ,α,γ ft (x) = t−αIΩ,α,γ f (tx),

and

‖IΩ,α,γ ft‖Lq,s,γ = t
−α− Q

q ‖IΩ,α,γ f ‖Lq,s,γ .

Since the operator IΩ,α,γ is bounded from Lp,r,γ (Rn
k,+) to Lq,s,γ (Rn

k,+), we have

‖IΩ,α,γ f ‖Lq,s,γ � C‖f ‖Lp,r,γ ,

where C is independent of f . Then we get

‖IΩ,α,γ f ‖Lq,s,γ = t
α+ Q

q ‖IΩ,α,γ ft‖Lq,s,γ � Ct
α+ Q

q ‖ft‖Lp,r,γ = Ct
α+ Q

q
− Q

p ‖f ‖Lp,r,γ .
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If 1
p

< 1
q

+ α
Q

, then for all f ∈ Lp,r,γ (Rn
k,+) we have ‖IΩ,α,γ f ‖Lq,s,γ = 0 as t → 0. If 1

p
>

1
q

+ α
Q

, then for all f ∈ Lp,r,γ (Rn
k,+) we have ‖IΩ,α,γ f ‖Lq,s,γ = 0 as t → ∞. Therefore we get

1
p

= 1
q

+ α
Q

.
(2) Suppose that the operator IΩ,α,γ is bounded from L1,r,γ (Rn

k,+) to WLq,γ (Rn
k,+). It is easy

to show that

‖ft‖L1,r,γ
= t−Q‖f ‖L1,r,γ

and

‖IΩ,α,γ ft‖WLq,γ = t
−α− Q

q ‖IΩ,α,γ f ‖WLq,γ .

By the boundedness of IΩ,α,γ from L1,r,γ (Rn
k,+) to WLq,γ (Rn

k,+), we have

‖IΩ,α,γ f ‖WLq,γ � C‖f ‖L1,r,γ
,

where C is independent of f . Then we have

(IΩ,α,γ ft )∗,γ (τ ) = t−Q(IΩ,α,γ f )∗,γ

(
tατ

)
,

‖IΩ,α,γ ft‖WLq,γ = t
−α− Q

q ‖IΩ,α,γ f ‖WLq,γ ,

and

‖IΩ,α,γ f ‖WLq,γ = t
α+ Q

q ‖IΩ,α,γ ft‖WLq,γ � Ct
α+ Q

q ‖ft‖L1,r,γ
= Ct

α+ Q
q

−Q‖f ‖L1,r,γ
.

If 1 < 1
q

+ α
Q

, then for all f ∈ L1,r,γ (Rn
k,+) we have ‖IΩ,α,γ f ‖WLq,γ = 0 as t → 0. If 1 >

1
q

+ α
Q

, then for all f ∈ L1,r,γ (Rn
k,+) we have ‖IΩ,α,γ f ‖WLq,γ = 0 as t → ∞. Therefore we get

the equality 1 = 1
q

+ α
Q

and the proof of the theorem is completed. �
We give the following corollaries from Theorem 4.

Corollary 6. Let 1 � p < q < ∞ and 0 < α < Q. Then

(1) If 1 < p < Q/α, 1 � r � s � ∞, then the condition 1/p−1/q = α/Q is necessary and suffi-
cient for the boundedness of the B-Riesz potential Iα,γ from the Lorentz spaces Lp,r,γ (Rn

k,+)

to Lq,s,γ (Rn
k,+).

(2) If p = 1, 1 � r � ∞, then the condition 1 − 1/q = α/Q is necessary and sufficient for the
boundedness of Iα,γ from L1,r,γ (Rn

k,+) to WLq,γ (Rn
k,+).

In the following corollary we obtain the necessary and sufficient conditions for the fractional
B-maximal operator to be bounded from the Lorentz spaces Lp,s,γ to Lq,r,γ , 1 < p < q < ∞,
1 � r � s � ∞, and from the spaces L1,r,γ to WLq,γ (Rn

k,+).

Corollary 7. Let 1 � p < q < ∞ and let Ω be homogeneous of degree zero on R
n
k,+ and Ω ∈

LQ/(Q−α),γ (Sn−1
k,+ ), 0 < α < Q.

(1) If 1 < p < Q/α, 1 � r � s � ∞, then condition 1/p − 1/q = α/Q is necessary and suffi-
cient for the boundedness of the fractional B-maximal operator MΩ,α,γ from Lp,r,γ (Rn

k,+)

to Lq,s,γ (Rn ).
k,+
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(2) If p = 1, 1 � r � ∞, then condition 1 − 1/q = α/Q is necessary and sufficient for the
boundedness of MΩ,α,γ from L1,r,γ (Rn

k,+) to WLq,γ (Rn
k,+).

Proof. Sufficiency of Corollary 7 follows from Theorem 4 and Lemma 5.
Necessity. (1) Let MΩ,α,γ be bounded from Lp,r,γ (Rn

k,+) to Lq,s,γ (Rn
k,+) for 1 < p <

Q
α

,
1 � r, s � ∞. Then we have

MΩ,α,γ ft (x) = t−αMα
Ω,α,γ f (tx)

and

‖MΩ,α,γ ft‖Lq,s,γ = t
−α− Q

q ‖MΩ,α,γ f ‖Lq,s,γ .

By the same argument in Theorem 4 we obtain 1
p

− 1
q

= α
Q

.
(2) Let MΩ,α,γ be bounded from L1,r,γ (Rn

k,+) to WLq,γ (Rn
k,+). Then we have

MΩ,α,γ ft (x) = t−αMα
Ω,α,γ f (tx)

and

‖MΩ,α,γ ft‖WLq,γ = t
−α− Q

q ‖MΩ,α,γ f ‖WLq,γ .

Hence we obtain the equality 1 − 1
q

= α
Q

. �
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