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Abstract

Let K =[0, 00) x R be the Laguerre hypergroup which is the fundamental manifold of the radial function space for the Heisen-
berg group. In this paper we obtain necessary and sufficient conditions on the parameters for the boundedness of the fractional
maximal operator and the fractional integral operator on the Laguerre hypergroup from the spaces L, (K) to the spaces Lq (K) and
from the spaces L1 (K) to the weak spaces W L (K).
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The Hardy-Littlewood maximal function, fractional maximal function and fractional integrals are important tech-
nical tools in harmonic analysis, theory of functions and partial differential equations. The maximal function was
firstly introduced by Hardy and Littlewood in 1930 (see [14]) for functions defined on the circle. It was extended
to the Euclidean spaces, various Lie groups, symmetric spaces, and some weighted measure spaces (see [6,7,18,
21,23]). In the setting of hypergroups versions of Hardy-Littlewood maximal functions were given in [4] for the
Jacobi hypergroups of compact type, in [5] for the Jacobi-type hypergroups, in [2] for the one-dimensional Chebli—
Trimeche hypergroups, in [19] for the one-dimensional Bessel-Kingman hypergroups, in [8] (see also [9-11]) for the
n-dimensional Bessel-Kingman hypergroups (n > 1), and in [13] for the Laguerre hypergroups.

The classical Riesz potential is an important technical tool in harmonic analysis, theory of functions and partial
differential equations. In the present work, we study the fractional maximal function and fractional integral on the
Laguerre hypergroup. We define the fractional maximal function and the fractional integral using harmonic analysis
on Laguerre hypergroups which can be seen as a deformation of the hypergroup of radial functions on the Heisenberg

* Corresponding author at: Institute of Mathematics and Mechanics, Baku, Azerbaijan.
E-mail addresses: vagif@guliyev.com (V.S. Guliyev), mehriban041219811 @rambler.ru (M.N. Omarova).
1 Partially supported by the grant of INTAS (Project 05-1000008-8157).

0022-247X/$ — see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2007.09.012



V.S. Guliyev, M.N. Omarova / J. Math. Anal. Appl. 340 (2008) 1058—-1068 1059

group (see, for example [1,16,17,20]). We obtain the necessary and sufficient conditions for the boundedness of the
fractional maximal operator and the fractional integral operator on the Laguerre hypergroup from the spaces L ,(K)
to the spaces L, (K) and from the spaces L1 (KK) to the weak spaces W L (K).

The paper organized as follows. In Section 2, we give the our main result on the boundness of the fractional integral
on the Laguerre hypergroup. In Section 3, we present some definitions and auxiliary results. In Section 4, we give polar
coordinates in Laguerre hypergroup and some lemmas needed to facilitate the proofs of our theorems. The main result
of the paper is the inequality of Hardy-Littlewood—Sobolev type for the fractional integral, established in Section 5.
We prove the boundedness of the fractional maximal operator and fractional integral operator from the spaces L , (K)
to Ly (K) and from the spaces L;(K) to the weak Lebesgue spaces W L, (K). We show that the conditions on the
parameters ensuring the boundedness cannot be weakened.

2. Main result

Let o > 0 be a fixed number, K = [0, oo) x R and m, be the weighted Lebesgue measure on K, given by

x2etl gx dt

d )= ————
ma(xa) jTF((X+])’

o>

For every 1 < p < oo, we denote by L,(K) = L,(K; dm,) the spaces of complex-valued functions f, measurable
on K such that

1/p
||f||LF<K>=</|f<x,t)|”dma(x,r>) <oo, ifpell,00),
K

and

I f Il Lo @) = ess sup| f(x,0)|, if p=oo0.
(x,n)eK

For 1 < p < oo we denote by WL, (K), the weak L, (IK) spaces defined as the set of locally integrable functions
f(x,1), (x,t) € K with the finite norm

1wz = supr (ma {2 1) € K |fee, | =)

Let |(x,1)|g = (x* + 4634 be the homogeneous norm of (x,?) € K. For » > 0 we will denote by §,(x,t) =
(rx, rt) the dilation of (x, ) € K, and by B, (x,t) the ball centered at (x, t) with radius r, i.e., the set of B, (x,t) =
{(v,8) eK: |(x —y,t — )|k <}, and by B, the ball B,-(0,0).

We denote by

fre )y =r" (51 (x, 1))

the dilated of the function f defined on K preserving the mean of f with respect to the measure dmy, in the sense
that

/f,(x,t)dma(x,t):/f(x,t)dma(x,t), Vr > 0and f € L{(K).
K K

For (x,1), (y,s) e Kand 8 € [0, 2x [, r € [0, 1] let
((x. 1), (.9),, = ((x2 +y2 4 2xyr cos@)l/z, I+ s+ xyrsing).

The generalized translation operators T(Effz) on the Laguerre hypergroup are given for a suitable function f by

oL pom : do if o =0,
7 f(y’s)z{znlo S (G, 0. 40, ifo
’ & T FUG D, 3, 5))e,)dO)r(1—rH* Vdr,  ifa > 0.
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Now on the Laguerre hypergroup we define the fractional maximal function by

B
Mg f(x, 1) = sup(mg B,) %t~ / T | f(3.9)|dma(y.s), 0<B<20+4
r>0
B,

and the fractional integral by

Iﬁf(x,t):/T((xofz)|(y,s)|§72a74f(y,s)dma(y,s), 0<pB<2a+4.
K

If B =0, then M = M) is the Hardy-Littlewood maximal operator on the Laguerre hypergroup (see [13]).
In [13] the following theorems is proved.

Theorem 1. (See [13].)

1. If f € L1(K), then Mf € WL{(K) and

IMfllwe, ) <Cill fllL, ®),

where C1 > 0 is independent of f.
2. If feL,(K),1<p<oo then Mf e L,(K) and

IMfllL,m <CpllfilL,x),

where Cj, > 0 is independent of f.

Corollary 1. If f € Lioc(K), then

, 1 (@)
lim /|T(x,,)f<y,s> — D) dma(y,s)=0
B,

fora.e. (x,t) e K.

As an application, we give a result about approximations of the identity. The maximal function can be used to study
almost everywhere convergence of f * ¢, as they can be controlled by the Hardy—Littlewood maximal function M f
under some conditions on ¢.

Theorem 2. (See [13].) Let Y a nonnegative and decreasing function on [0,00), |o(x,t)|] < ¥ (|(x,1)|k) and
Y (|(x,t)|g) € L1(K). Then there exists a constant C > 0 such that

My f(x,t) = su18|(f * @) (x, )| K CMf(x,1).

Corollary 2. Let ¢ € L1(K) and assume ngo(x, tydmg(x,t) =1. Then for f € L,(K), 1 < p <00
lim || f *@r — fllL, &) =0.
r—0
The following theorem is our main result in which we obtain the necessary and sufficient conditions for the frac-

tional integral operator Iz to be bounded from the spaces L, (K) to L,(K), 1 < p < g < oo and from the spaces
L1(K) to the weak spaces WL, (K), 1 <g < o0.

Theorem 3. Let 0 < 8 <20 +4 and 1 <p<2°‘,%4.

=L s necessary and sufficient for the boundedness of 1g from

() If 1 < p < 222 then the condition % - é =3t

L,(K) to Ly(K).
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(2) If p =1, then the condition 1 — % = 20{/14 is necessary and sufficient for the boundedness of 1g from L1(K) to
WL, (XK).

Recall that, for 0 < 8 < 2« + 4, the following inequality hold

B _
Mg fx.0) < QFF  1o(1f1) .0,

where £2; is the volume of the unit ball in K. Hence the boundedness of the fractional integral operator /g implies the
boundedness of the fractional maximal operator Mg.

Corollary 3. Let 0 < 8 <2a+4and 1 < p < _201/;4'

(1) If 1 < p < 224 then the condition
L,(K) to L, (K).

@ Ifp =Hé, then the condition 1 — é =5 oﬁi—4 is necessary and sufficient for the boundedness of Mg from L1(K) to
WL,(XK).

% é =5 a’i 7 is necessary and sufficient for the boundedness of Mg from

For 1 < p,g <ooand 0 < s < 2, the Besov space on the Laguerre hypergroup B;’ ¢ (K) consists of all functions f
in L, (K) so that

1T £ = FOI 1/a
1) Lp®) me (x, t)) < 00. (D

If 1By, a0 = Ifllz, @) + (/ prw—
e [(x, Dk

Besov spaces in the setting of the Laguerre hypergroups studied by Assal and Ben Abdallah [1]. In the following
theorem we prove the boundedness of the maximal operator in Besov spaces on the Laguerre hypergroups.

Theorem 4. For 1 < p <00, 1 < g <00 and 0 < s < 2 the Hardy—Littlewood maximal function operator is bounded
on B‘;q (K). More precisely, there is a constant C > 0 such that

IMfliss, @ < CIfllBy,

pq

hold for all f € By, (K).
3. Preliminaries

Consider the following partial differential operators system:

9
Di=—,
ot
92 20419 92
D=yl a0
ax2 x  0x or?

(x,1)€]0,00[ x R and «a €]0, o0l.

For o« =n — 1, n € N \{0}, the operator D; is the radial part of the sub-Laplacian on the Heisenberg group H,,.
For (A, m) € R x N, the initial problem

Diu=il\u,

1
Dru = —4|)»|<m + a—2|- )u,

9
(0,0) = 1, a—”(o,t)=0 forall 7 € R,
X

has a unique solution ¢;,_,, given by

m(x, 1) =M LD (Ax?),  (x,1) €K,



1062 V.S. Guliyev, M.N. Omarova / J. Math. Anal. Appl. 340 (2008) 1058-1068

where /.Zf,'f ) is the Laguerre functions defined on R by
L () =e 2L ) /LY 0)

and L,(;f ) is the Laguerre polynomial of degree m and order « (see [1]).
For f € L1(K) the Fourier—Laguerre transform F is defined by

F)Ghum) = / 0 (1) F (o 1) dmeg(x, )
K
such that

1O, <Nl

(see [1,17]).
The generalized translation operators T((xofi) on the Laguerre hypergroup satisfies the following properties (see
(1,17])

T f ) =T fn. T f(.9) = f(.9),

170 F g < WF ey forall (v,0) €K, f € Ly(), 1< p<os, @)
F(TE) F)Com) = F(f) )@y (. 1).

The translation operator T((xof;) is defined by

T f (v, 8) = / F@0)We (6,0, (3,5), 2, 0) 2 dzdv,
K

where dz dv is the Lebesgue measure on K, and W, is an appropriate kernel satisfying

/Wa((-xvt)s (y’ s)7 (Z, U))Z2a+l dZdU = 1
K

(see [16]). For all (A, m) € R x N, the function ¢;_,, (x, t) satisfies the following product formula
©Dx,m (x,1) @A,m()’v s) = T((Xg)(p)u,m (y,s).

By using the generalized translation operators T(iaz), (x,1) € K, we define a generalized convolution product * on
K by
(a(x,t) * 8()’,5))(]0) = T((XDTZ)f(ys s),

where 8, 1) is the Dirac measure at (x, 7).
We define the convolution product on the space Mj(K) of bounded Radon measures on K by

(e = [ T8 00 dutr. o)
KxK
If u=~h-myand v =g -m,, then we have
wxv=_(h*g) my, withg(y,s)=g(y,—s),

where, i and g belong to the space L;(K) of the integrable functions on K with respect to the measure dmy (x, t),
and & * g is the convolution product defined by

(h*g)(x,t)=/T(§j§)h(y,s)g(y,—s)dma(y,s), for all (x,1) € K.
K
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Note that, for the convolution operators the Young inequality is valid: If 1 < p, r <g < oo, 1/p' +1/qg=1/r,
f€Ly(K), and g € L, (K), then f * g € L;(K) and

If*glo,x < Iflle,mlglL, ), 3)

where p’ = p/(p — 1).

(Mp(K), %, 1) is an involutive Banach algebra, where i is the involution on K given by i(x, ) = (x, —t) and the
convolution product * satisfies all the conditions of Jewett (see [3,15]). Hence (K, %, i) is a hypergroup in the sense of
Jewett and the functions ¢, ;, are characters of K. If « =n — 1 is a nonnegative integer, then the Laguerre hypergroup
K can be identified with the hypergroup of radial functions on the Heisenberg group H,,.

4. Polar coordinates in Laguerre hypergroup and some lemmas

Let ¥ = X be the unit sphere in K. We denote by w; the surface area of X' and by £2 its volume (see [12,13]).
For & = (x, t) € K, consider the transformation given by

x:r(cosgo)lﬂ, t:rzsin(p,

where —7/2 < ¢ < 7/2,r = |&|g and £ = ((cos@)!/?, sing) € .
The Jacobian of the above transformation is 72**3(cos ¢)®. If f is integrable in KK, then

/2 oo

— ; 172 .2 20+3 [
/f(x,t)dma(x,t)—znr(a_l_l) / /f(r(coqu) T smgo)r (cosp)*drde.
K —7/2 0

Since
/2

1 o _ ’
2aT(a + 1) /(COS@ dw_/dg’

—r/2 X

we get
/ P ) dma(e,1) = / / P23 £ (5,E"y dr dE 4
K > 0

Here d¢’ is the surface area element on X.

Lemma 1. (See [12,13].) The following equalities are valid
_ resh) o= resh) _
NCINCRENNCES 4ym(@+2)M @+ DI +1)

w2

Note that for any x € K and r > 0, the area of the sphere S,(x,) is r>*T3w, and its volume is r2*T42, =
2+4 _w)

r Jat4-

Lemma 2. (See [12,13].) The function f(x,t) = |(x, t)|ﬁ‘< is integrable in any neighborhood of the origin if and only
if A > —2a — 4, and f is integrable in the complement of any neighborhood of the origin if and only if . < —2a — 4.

For the norm on K the following lemma holds.

Lemma 3. Let £ = (x,1), n = (y,5) €K, (p,0) € [0,1] x [0, 7[, and (&, n)(p.0) = (x> + y> + 2xypcos)'/2,
t + s+ xypsin®). Then the following inequalities holds

&1k — Inlk <[ & M6 |x < 5K+ Inlk. (5)
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Proof. The methods of the proof used here are closer to that in [20]. Consider the five-dimensional Heisenberg group
Hy = R? x R? x R with multiplication law

(X1, Y1, 1) (X2, 2, 12) = (X1 + X2, Y1 + Y2, 11 + 12 + X1Y2 — X2¥1),

where X;,y; € R2, and for the X = (x1,x2), y = (y1,y2) Xy = x1y2 — x2 y; is the Euclidean product in R2. Then
x,y, t)’1 = (—X, —y, —t) and norm is defined by

1/4
&, 5.0y, = (212 +152)° +4e2) %,
where |X| = (x1 + xz)]/ 2 denotes the Euclidean norm in R?, satisfies the triangle inequality (cf. [22])

vivelm, < Viln, +1v2lH,. Vi v2 € Ha. (6)

Now for & = (x,1), n = (y,s) € K consider y;, y» € H given by y; = (x,0,0,0,¢) and y» = (ypcos#,0,
y(1 —pH2, ypsind, s). A straightforward calculation yields |y |+, = |§|k, |v2|#, = Inlk and, moreover,

yiveli, = [E M0 k- (7
Thus, (6) and (7) imply the right-hand side of (5) and

il = Invays ', < vl + vy e = Innli, + 2l
gives the left-hand side of (5). The proof of Lemma 3 is completed. O

Corollary 4. For every (x,t), (v, s) € K the following inequality is valid
|0 = |09 STEL 09 <@ D] + |09 g ®)

5. Hardy-Littlewood—Sobolev theorem for the fractional integral on the Laguerre hypergroup

The examples considered below show that if p > 2‘)‘; 4, then /g is not defined for all functions f € L, (K).

Example 1. Let (x,1) e K, 0 < 8 <2a +4, f(x,t) = +XEBZ()C, t), where GBr =K\ By, r > 0. For

e, 01 In (el

p= 2""%4, we have f € L,(K) and Ig f(x, 1) = +o0.

Example 2. Let (x,7) e K, 0 < 8 <20 +4, f(x,t)= |(x,t)|H_<ﬁX[;Bz(x,t). For p > 2"‘;4, we have f € L,(K) and
Ig f(x,1) =+o0.

For the fractional integral on the Laguerre group the following analogue of Hardy-Littlewood—Sobolev theorem is
valid.

TheoremS.LetO</3<2a+4andl<p<M.

=)

) Ifl<p< 2“+4 , feLy(K) and——é: st then Ig f € Ly(K) and

||I/3f||Lq(]K) S CpgllfliL, @), ©)
where Cpq =2(C3)!7P/4(C2C)P/4, Cy = 2522074 /(2P — 1), C3 = (822q/p")V/7'.

@ Iffeli(K)and1 -1 = then 15 f € WL, (K) and

B
200+4°
Mg fllwe, ) < CiglfliL, ), (10)

where C14 =2(C1C2)/4.
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Proof. (1) Let f € L,(K), 1 <p < 2“T+4 Then we write
() B—2a—4
Igf(x,0) = </+ f)T(,C,,)f(y,s)l(y,s)|IK dmg(y,s) = A(x,1) + C(x,1).
B, CB,
By taking sum with respect to all integer k& > 0, we get
—2a—4
|AGe )] </T(“Z)|f(y G dm(y. 5)
B,
> 20—4
=2 / TN F [0 dma(y.s)
*=1 By i1, \Byk,
> 200—4
(. / T | £ (3.o9)| dma(y. s)
k=1 327k+1 \B,—k,
R YY) S e e R
k=1
o0
=22 P (Mf)(x, 0 27
k=1
9222a+4 }3
< L=
ST (Mf)(x,1).
Therefore it follows that
|AGe, )| < CarP Mf (x, 1). (11)
By Holder’s inequality and the inequality (2) we have
1
—2a—4 v
|c<x,r>|<(f(r<“3)|f(y 9)|)? dma(y. s)) (/|(y, | E dmg (y, s))
Cp,
—2a—4 v
Ty ([ 109 dmatr.))
CBr
1
—2a—4)p’ 7 _
<||f||L,,<K>( / | )|E 2 dm a<y,s>> = Car @ 1)l ).
C
Consequently, we get
|C(x, )| < Car~ @™V £ ). (12)

Thus, from the inequalities (11) and (12), we have
|16 f (x| < CorP Mf (1) + C3r™ @94 £l .
The minimum value of the right-hand side is attained at

=[(CMf (. t))_lC3||f||L,,(K)]p/(2“+4),

and hence

|15 0] <2(CaMF . 0) " (Cl L, 00) 7.
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By Theorem 1, we have

/ [1sf (v, )| dme(y.s) <20(Cll fllL, )" " / (C2Mf(y.9)" dma(y, 5)
K K
<21C)TPCLLYP IS ey

Then we get

g fllL, @) < 2(C3)'PHCLC )P L, x)-
(2) Let f € L1(K). We have

ma{(x 1) eK: |I,3f(x t)|>2t} ma{

>t} +mo{x,0)eK: |B(x,0)|>1}.

Taking into account the inequality (11) and applying Theorem 1 we have

tma{(x,1) €Ki |A(x,0)| > 1} <7 / dmy(x, 1)

{(x,t)eK: CorPMf(x,t)>1}

T
:tma{(x,t)eK. Mf(x,t)>m}
<C1rﬂ/|f(x,t)|dma(x,t)
K

= C1C2”ﬂ||f||L1(JK)

and
Ctr, )] < / T F G|l dma(y, 5) < P20 f T £(3.9)| dma(y. s)
Cp, CB,

2044 2044
<ro 9 /|f(x,l)|dma(x,t)=r Ly )

20+4
r 7 Il fllz, ) =7, then |C(x, )| < 7, and hence
> 'L’} =0.

|

Then we get

mo{(x, 1) €K: |Igf(x,0)| > 21} <mo{(x,0) e K: |A(x,1)| > T} + mo{(x,1) €K: |B(x,1)| > 7}

C1C2 2044
S PPl flyao = C1CarP 70 = ¢ Cor®ett
C1C2
=C1Ct™ q”f”Ll(K) ”f”L|(]K)

and hence

g fllwe, @ <2C1CDY | fllL, )-

Therefore the proof of the theorem is completed. 0O

Proof of Theorem 3. Sufficiency part of the proof follows from Theorem 5.
Necessity. (1) Let 1 < p < %, f € L,(K) and assume that the inequality

g fliL,) < ClIflL, ) (13)
holds, where C depends only on p, ¢ and «.
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Define f,(x,1) := f(rx, r’t), then

_ 2044
Ifrlle,ay=r 7 I fllL, )
and

,5,%
g frllL, ) =7 g fllL, )
By the inequality (13)

2044 20+4

||Iﬂf||Lq(]K) crf* e I fllL,)-

If 1 5> 5 + m, then for all f € L,(K) we have |1 fllr,x) =0 as r — 0, which is impossible. Similarly, if
% < % + zofﬁ, then for all f € L, (K) we obtain |1 f ||, ) = 0 as r — 0o, which is also impossible.

Therefore % = é + 5512

(2) Let I bounded from L;(K) to WL, (K). We have

_g_2a+4
g frllwe,a0 =70 g fllwe,x)-

By the boundedness /g from L1 (K) to WL, (K)
ﬂ_;_ﬂ
q

Mg fllwe, @) =7 g frliwL, )

4204 + 22 (g4
<P ol = Cr” CtN Fllz, w0

where C depends only on ¢ and «.
Ifl<-= -|- B , then for all f* € L;(K) we have |1 fllwL, &) = 0as r — 0. Similarly, if 1 > é + ﬁ’ then for

all fe Ll(K) we obtam ||Iﬂf||WLq(K) 0asr — oo.

_B

w3~ Thus the proof of Theorem 3 is completed. O

Hence we get 1 = 5 + 5052

Proof of Corollary 4. Sufficiency part of the proof follows from Theorem 5 and the inequality
B
Mg f(x, 1) < 2,7 I(1f1)(x,0), 0<B<2a+4.
Necessity. (1) Let Mg be bounded from L, (K) to L,(K) for 1 < p <

Mg fr(x,0) =r P Mg f (rx, 1),

20t+4,l<p<q<oo Then we have

and

_pletd
IMp frllz, e =r "~ "0 1M flL,@.-
B

By the same argument in Theorem 3 we obtain % = é + 573
(2) Let Mg be bounded from L (K) to WL, (K). Then we have

_p_atd
ﬁ q

Mg frilwe, @) =r Mg fllwe,x)-

Hence it is not hard to verify that 1 = % + m}ﬁ‘ Thus the proof of Corollary 4 is completed. O

Proof of Theorem 4. For (x,t) € K, let T(gcaz) be the generalized translation by (x, ). By definition of the Besov
spaces it suffices to show that

UT&a?)Mf - Mf”L,,(K) < C||T('1;)f f”LP(K)

It is easy to see that 7, i) commutes with M, i.e. T((az) Mf=M (T(gf‘z) f). Hence we have

(o) (@) (o)
|T(fz)Mf _Mf| = |M(T az)f) Mf| < M(|T at)f f|)
Taking L ,(K) norm on both ends of the above inequality, by the boundedness of M on L, (KK), we obtain the desired
result. Theorem 4 is proved. O
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