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0. Introduction

For x € R" and r > 0, let B(x,r) denote the open ball centered at x of radius r.
Let f € Llf’c(]R"). The maximal operator M and the Riesz potential I¢ are defined by

Mf(X)=sug\B(x,t)!7] / |f)|dy.
t>
B(x,t)

1“0 = /lf(yjl‘,fya 0<a<n,

where |B(x,t)| is the Lebesgue measure of the ball B(x, t).

The operators M and ¥ play important role in real and harmonic analysis (see, for example, [22,24,25]).

In the theory of partial differential equations Morrey spaces L, x (R") play an important role. They were introduced by
C. Morrey in 1938 [21] and defined as follows: For 0 <A <n, 1< p <oo, f €Ly (RN if f € LII?C(R”) and

_i
I fll,, =0 fll, @y = sup 1 Pl fllL,Ber) < oo.
xeR" r>0
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If A =0, then L, ; R") =L,(R"), if A =n, then L, (R") = Looc(R"), if A <0 or A > n, then L, ; (R") = ©, where © is the
set of all functions equivalent to 0 on R".

These spaces appeared to be quite useful in the study of the local behaviour of the solutions to elliptic partial differential
equations, apriori estimates and other topics in the theory of partial differential equations.

Also by WLy, 5 (R") we denote the weak Morrey space of all functions f € WL?C(R”) for which

I fllwe,, =1 fllw, @y = sup 1P| fllwe,Ber) <00,
xeRM, r>0
where WL, (R") denotes the weak Lp-space.
E. Chiarenza and M. Frasca [7] studied the boundedness of the maximal operator M in Morrey spaces Lp ; (see, also
[4,5]). Their results can be summarized as follows:

Theorem A.Let0 <o <nand0<A<n, 1< p <o

(1) If1 < p < oo, then M is bounded from Lp » to Lp ;.
(2) If p=1, then M is bounded from L1 j to WLy ;.

The classical result by Hardy-Littlewood-Sobolev states that if 1 < p < q < oo, then I* is bounded from L, (R") to Lg(R")
if and only if o = % - g and for p=1<q < oo, I% is bounded from L;(R") to WLy(R") if and only if « =n— g. D.R. Adams
[1] studied the boundedness of the Riesz potential in Morrey spaces and proved the follows statement (see, also [6]).

A

TheoremB.Let0 < <nand 0< A <n, 1< p < 122,

M Ifl<p< "a;’\ then condition % — % = % is necessary and sufficient for the boundedness of I* from Ly, ; (R™) to Lg 5 (R™).

(2) If p =1, then condition 1 — % ~%- is necessary and sufficient for the boundedness of I* from Ly ; (R") to WLg ) (R").

Ifoa=
Sobolev.
The maximal operator, potential and related topics associated with the Laplace-Bessel differential operator

, then A =0 and the statement of Theorem B reduces to the abovementioned result by Hardy-Littlewood-

Q3

n
p

n k

92 Vi
A :§ — LA 0,..., 0,
’ i=1 8X1'2+H xom 77 ‘

have been investigated by many researchers, see B. Muckenhoupt and E. Stein [20], I. Kipriyanov [17], K. Trimeche [27],
L. Lyakhov [19], K. Stempak [26], A.D. Gadjiev and L.A. Aliev [10], L.A. Aliev and S. Bayrakci [3], V.S. Guliyev [11-14],
V.S. Guliyev and ].J. Hasanov [15], V.S. Guliyev, A. Serbetci and I. Ekincioglu [16], A. Serbetci and I. Ekincioglu [23] and
others.

In this paper we consider the generalized shift operator, generated by the Laplace-Bessel differential operator Ap in
terms of which the B-maximal operator and the B-Riesz potential are investigated in the B-Morrey space.

We obtain necessary and sufficient conditions for the operator I3 to be bounded from B-Morrey space Ly .y t0 Lg sy
and from B-Morrey space Ly ; , to weak B-Morrey space Wig s .

The structure of the paper is as follows. In Section 1 we present some definitions and auxiliary results. In Section 2 we
study some embeddings into the B-Morrey spaces. In Section 3 the boundedness of the B-maximal operator on B-Morrey
space Lp .y is proved. The main result of the paper is the Hardy-Littlewood-Sobolev theorem for B-Riesz potential in the
B-Morrey space, established in Section 4.

1. Definitions, notation and preliminaries

Suppose that R" is n-dimensional Euclidean space, x = (x,...,X;) € R?, |x* = Z?:]xiz, X = (x1,...,x) € Rk,
X'= Xpg1s - Xn) €R7K x= (¥, x¥") e R, n > 2, IR{ZJr =kx=K,x)eR" x1>0,...,% >0}, 1<k<n, Ex,r) =
[yeRl ; x=yl<rh Eb=EQ.0, ¥y =1 .. V1 >0, e >0, [y =1+ + i K)Y =]k,

For measurable E C R} 4 suppose |E|, = Je (XY dx, then |E;|, = w(n, k, Y)r¢, Q =n+|y|, where

nk k Yit1
b NG )
— Y dx = 2
a)(n,k,y)_/(x) dx = o 11—! F(%) .
Eq =
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Denote by TV the generalized shift operator (B-shift operator) acting according to the law
T T
Tyf(X)=Cy,k/~-~/f((X’,y’)ﬂ,X”—y”) dv(pB),
0 0
1 . , e
where (i, y)p, = (X —2x1y; €08 fi+y2) 2, 1 <i <k, (€, ¥)p = (X1, Y1)pys - - -+ %o YO g)» AV(B) = [Ty sin¥ 1 i dBy - -,
1<k<nand
I

Cop=m 2 —— = — w2k, k, ).
y.k E F(%) - ( V)

We remark that the generalized shift operator TY is closely connected with the Bessel differential operator B (for exam-
ple, n=k=1see [18],n> 1, k=1 see [17] and n, k > 1 see [19] for details).
Let Lp,y(Rﬁ ) be the space of measurable functions on ]RZ n with finite norm

k.

1/p
£y, :||f||Lp,V<Rn_+)=( / |f<x>|‘”<x’>ydx) . 1<p<oo,
B,

For p = oo the space Ly y (R} ) is defined by means of the usual modification

i, = If Lo = €SS SUPxerr | |fe0].
The translation operator T generates the corresponding B-convolution
fogw= / fW[TYg]() dy.
L

for which the Young inequality

If@gls,, <IflL,, g, 1<p.q<r<oo, % + % =41
holds.
Lemma 1.
/ g dy=C, / g(\/z% +22...., \/zg +2;,7")du(z, 2),
L R x (0,00)k

where (z,7) € R x (0, c0)X, du(z, 2) = (Z)Y ~VdzdZ, dZ =dz; ---dzy, (Z )Y 1= )" - (Z¥ L

Lemma 2. For all x e R} . the following equality is valid

/ g dy =G} / g(\/z% +23,..., \/zﬁ +22,7")du(z,7),
E(x,t) B((x,0).1)

where B((x,0),t) = {(z.Z) € R" x (0,00)%: |(x1 — \JZ2+Z2,....xx — \JZ2 + Z2.x" — 2| < t}, du(z, 7)) = ()Y "' dzdZ,

dz/ =dzy---dz, (Z) V=@ @l

Lemma 3. Forall x € R}}! n the following equality is valid

[ TV g(x)(y)Y dy = f g(JZ% +2%,...,/z£ +2;,2")dp(z, 2),

E¢ E((x,0),t)

where E((x,0),t) = {(z, 7)) € R" x (0, c0)*: |(x — 2, 2))| <t}

Lemma 1 in the case k =1 was proved in [2]. The proof of Lemmas 2, 3 is straightforward via the following substitutions

7' =X, Zi = X cOS j, Zi=xisina;, O0<Laj<m, i=1,...,k,

XeRl.,, Z=(1,...7), (27)eR"x(0,00¢ 1<k<n.
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Lemma4. Let 0 < o < Q. Then for 2|x| < |y| the following inequality is valid
TV |x1*72 —|y|* ¢ <207y e T, (1

Proof. Let us show that

T b
[TV X% = 1y* ¢ < Cpi f : -~/H((x’, Yipx = y") "~ 1142 |du(p).
0 0
First we estimate
H((X/v y,)ﬂ, ¥ — y//)|Ot—Q _ |y|a7Q ’
By the theorem about mean value we get

H((X/’ y/)ﬁ,x” _ y//)’a*Q _ |y|a7Q’ < H((X/’ y/)ﬁ’x// _ y//)‘ _ ‘y” '$a7Q7]’

where min{|((x', y)g, X" — ¥y, |y} <& <max{|((x, y)p, X" — ¥y, |y}
We note that

3 1
(X, y)p. ¥ = y")| < Ix+ 1yl < Sl (&Y. =y = x =yl >yl - Ix| > 14
and
(X, 8. X =Y =yl <Ixl+ 1yl = IyI< Ik, Iyl= (& y)s.x" —y")| <yl —1x =yl < |xl.
Hence
l / / v " 3 / / v "
SI< (X, yhs. X" = y")| < S, (X ¥ %" = y")| = yl] < Ixl.

Thus we obtain (1). O
2. Some embeddings into the B-Morrey spaces
Definition 1. Let 1 < p < oo. We denote by WL, , (R} ) the weak Ly, space defined as the set of locally integrable

functions f(x), x € R} . with the finite norms

£ e, =sugr!{xeR}Z,+: [Feo] ="
r>

Definition 2. (See [12].) Let 1 < p < 00, 0 < A < Q. We denote by Lp.x,y(R;h) Morrey space (= B-Morrey space), associated

with the Laplace-Bessel differential operator as the set of locally integrable functions f(x), x € R} 4» with the finite norm

1/p
IflL,,, = sup (t*A f Ty|f(x)\"(y’>ydy> :

n
t>0, XERk,+

We note that

Lpo.y (Re 1) =Lp.y (R ;).
and if A <0 or A > Q, then Ly , (R} )=0.

Lemma 5. Let 1 < p < oo. Then
Lp.a.y(RL,)=Loo(R},) and [ fllL, o, =@k )P fllL,.

Proof. Let f € LOO(RZ ) Then

1/p
<t‘Q/Ty|f(x)|p(y/)”dy) <ok )P L

Et

Therefore f € Ly g (R} ) and

1£llLyq, < @@k )P £l
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Let felpq.y (R} - By the Lebesgue’s theorem we have (see Section 3, Corollary 1)

tligg)w;l/Ty}f(x)lpw’)ydy: e
E¢

Then

1/p
|f(x)|:(gilrg)|5t|;1/Ty|f(x>|”<y/)ydy) <ok )" VP1flL,,.,-

Et

Therefore f € Lo (R}, 4) and

1fllie <@ k) PlIflILy e, O

Lemma6.let 1< p <oo,0< A < Q.Thenfora = %,
Lpiy(RE,)CLig-ay(RE,) and |fIl <om k, »HYPYfI
p.Ay k,+ 1,Q-a,y k,+ L1,g-ay X K Y Lpiy»

where 1/p+1/p’ =1.

Proof. Let f e Ly, , (R} ) 1<p<00,0<21<Q and op = Q — A. By the Holder's inequality we have

1/p , , , 1/p
/Tylf(x)l(y/)” dy < (f(TY|f<x>|)”<y/>V dy) Ecly/? <o, k,p)"/P'tQ/P (f Y| fx)|" (v dy)
E¢ E¢ E¢
Moreover

1/p 1/p
22 / TY|f%)|(y)" dy < o(n, k, y)l/P’t“—Q/P(/ Y| f)|" (v dy) <w(n,k,y)P (r—* f Y| f)|" (v dy)

E; E; I
< k. 1/P
<om k) flL,, -

Therefore f € L1 q—a,y (R} ) and
1fllirgay < @@k ISllL,,,. O

Definition 3. (See [15].) Let 1 < p < o0, 0 <A < Q. We denote by WLy ; » (R} ) the weak B-Morrey space as the set of
locally integrable functions f(x), x € R} n with finite norm

1/p
I fliwi,,., =supr sup (t‘k / Y dy) .
r>0 t>0,xeRy |
' (yeEe: TY|f(0)|>1}
We note that
Lp,)h,y(R]r:’_F) C WLp,A,y (Rz#) and ”f”WLp,;hV < ||f||Lp.~M/-
3. Ly,»,y-boundedness of the B-maximal operator

In this section we study the Lj ; ,-boundedness of the B-maximal operator (see [11])

My fx) = sup |Erl,! / TY|f(x)| () dy.
E

Theorem 1.
(M Iffe Llyk,y(Rﬁ#), 0<A<Q,thenM, f e WLl,)\,y(Rz,J) and

1My fllwe,,, <Craplflli,.,

where Cy 5, depends only on A, y, k and n.
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2)Iffe LP,A,V(RZ&), 1<p<o00,0<Ai<Q,thenM,fe Lp,k,y(RZ.Q and

IMy flit,,, < Cpoylflliys, -

where Cp ;. depends only on p, , v, k and n.
Proof. We need to introduce the maximal operator defined on a space of homogeneous type (Y,d, v). By this we mean a
topological space Y =R x (0, co)¥ equipped with a continuous pseudometric d and a positive measure v satisfying
V(E((x,x),2r)) < Cv(E((x, X)), 1)) (2)

with a constant C; independent of (x,x") and r > 0. Here E((x,x),r) = {(y,y") € Y: d(((x,x), (y,y)) <71}, dv(y,y") =

— — - _ — = — = = = ol
WY dydy', ()= @D T G A X)), (1Y) = 1K) — (1Y) = (x— y P+ (= y)H)2.
Let (Y,d, v) be a space of homogeneous type. Define

M, f(x,X) = sugv(E((x, X)) / |f (v ¥)]dv(y).

E((x,X),r)

where f(x,x)= f(,/x} +X2, ..., /x} + % x").
It is well known that the maximal operator M, is of weak type (1, 1) and is bounded on L,(Y,dv) for 1 < p < oo

(see [8]). Here we are concerned with the maximal operator defined by dv(y, y’) = (y))Y~'dydy’. It is clear that this
measure satisfies the doubling condition (2).
It can be proved that

Myf(J2 42 [+ 22 ) =M (J2+ 2.\ 22+ 2.2',0) (3)

and
My f(x) = My f (x, 0). (4)
Indeed, by Lemma 3 we have
/Ty}f(\/z%+2f,...,\/z£+2,f,z”)|(y/)”dy= / F . 7| dv(y. 77
Er (242 [ 222 001)
and

|Erly = uE((\/zf +22,...,\/z,§ +22,7,0),1)

imply (3). Furthermore, taking z, =0 in (3) we get (4).
Using Lemma 3 and equality (3) we have

/Ty(Myf(x))p(y’)V dy = / (Myf(\/zf +23,..., \/zﬁ +22,7")) dv(z,7)
Er E((x.0).1)

- / MF(JZ2+2....\[2+2.2.0) dvz. D).

E((x,0),r)

In [9] there was proved that the analogue of the Fefferman-Stein theorem for the maximal operator defined on a space
of homogeneous type is valid, if condition (2) is satisfied. Therefore

/ (Muo(y, YD) ¥ (y, y)dv(y,y) < Ca / lo(, Y)|"Muyr (v, y)dv(y, ). (5)

E((x.X),r) E((x.X).1)

Then taking @(y, y') = f(\/y% +¥4... \/y,f +¥2,y",0) and ¥ (y,y’) =1 we obtain from inequality (5) and Lemma 3
that

[ re)eray = [ TRV Ty 0) .
Er E((x,0),r)

<G [ F(R+Te Ty o) o)

E((x,0),1)




V.S. Guliyev, ]J. Hasanov /J. Math. Anal. Appl. 347 (2008) 113-122

—C [ UG R )P
E((x,0),r)

ZCZ/Ty}f(x)y’(y')ydy<c2r*||f||fm~ 0
Er

Corollary 1. Let f € L'{’; (R} ), then

lim £, [ 17560y dy = £
E¢

for almost all x € Rﬁﬁ.
Corollary 2. (See [14].)

(M Iffe LM,(RZ&), then My, f € WLLy(RZ’Jr) and

IMy fliwe,, < CryllfllL,,,

where Cy,,, depends only on y, k and n.
2)Iffe Lp,y(R;z’+), l1<p<oothenM,f e LP,V(RZ_Q and

IMy fllt,., < Cpy L, -

where Cp, ,, depends only on p, y, k and n.

In Theorem 1 if we take A =0, we obtained Corollary 2 and if we take k = 1, we obtained Theorem 2 in [15].
4. Hardy-Littlewood-Sobolev theorem for B-Riesz potential in the B-Morrey space

Consider the B-Riesz potential

15 f(x) = f TV f () dy, 0<a<Q.

n
]Rk.+

The examples show that the B-Riesz potential I;’j is not defined for all functions f € Lp,,\,},(]RZ.Jr), 0<r<Q,ifp> Q-2
For the B-Riesz potential the following Hardy-Littlewood-Sobolev theorem in the B-Morrey spaces is valid.

Theorem2.[et0 <o <Q,0<A<Q —aand1<p< Qa’k.
MIf1<p< % then condition % — % = ﬁ is necessary and sufficient for the boundedness of I;‘j from Lp .y Ry L) to
quk,y(Rz&).

(2) If p =1, then condition 1 — % = ﬁ is necessary and sufficient for the boundedness of I?j from Ly y (R;("Jr) to Wiy s,y (R} ).

k,+
Proof. (1) Sufficiency. Let f € L,,,A,y(Rzer). Then
19 £ (x) = (/ + )Tyf(X)lyI“‘Q(y/)V dy = AX,0) + C(x, D). (6)
Ec  R! \E

For A(x,t) we have

-1

|A(x,t>|</Ty|f(x)||y|“*‘l(y’)ydy< 3 (@) / TV | f(0](y) dy

E¢ J== Eyj+1,\Eyj,

-1 o]
< 3 (@0 Y Eydy My F0) = o, k, )22 My () Y275
j=—oo j=1
Hence

k,y)2¢
|A(x,0)] < C3t*M,, f(x) with cgz%. (7)

119
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For C(x,t) by the Holder’s inequality we have

1/p , 1/p'
|C(X’t)|<< f 'y'_ﬁmf(x)‘p(y/)ydy) ( / |y|(§+“‘Q)”<y’>VdY> =1+

REA\E: R 4\Ex
Let A <8< Q —ap. For J1 we get

[ee}

1/p
h=\Z / Ty\f(x)!"lylﬁ(y’w;v) <25 ||f||Lp,V<Zz<k 2

j=0 0
J Ezj+1 \Eyj¢ J

where C4_(2}g 2 1)1/”

For J, we obtain

Srll

'!:x‘._‘

where Cs = (@(n,k, )(Q + <§ +a—Q)p)HP.
Then

-Q

C, ] < Cot 7 1 flly
where Cg=Cy4 - Cs.
Thus, from (7) and (8) we have
1% F 0| < C3tM Cot @
|15 fO0| < C3t“My, f) +Cot @ [|fllL, -

Minimizing with respect to t, at t = [(Myf(x))—l ||f||L,,4A,y]"/(Q‘“ we arrive at

|12 F 0| < Co(My F0)P 1 F11E P,

where C7 = C3 + Cg.
Hence, by Theorem 1, we have

/Tyllo’f(X)Iq(y)de <GIAL? fTY(Myfoo) () dy < C1Cpsy 1L
E¢ Et

where Cg =C7-Cp -
Therefore 1% f € Lg s, (R} ,) and

157 s, < Coll N

Necessity. Let 1 < p < % and Ig bounded from Lp,A.y(R L) toLgy, V(Rk )
Define f;(x) =: f(tx). Then

Q
p

1/p s
I fellLy.,., = sup (r—* f T«V|f<rx>}’J<y/>Ydy> =t S Iy,

n
r>0, XGRI(.+ .

and

I3 fe) =71 f (tx),

1/4 .
=t sup (fl / T Wf(tX)!q(y’)”dy) =t 7 sup

n
r>0, xe]Rkar

|15 1

H Ly

o=
— 7Y ”Ilo/lf“ngA,y'

By the boundedness of Ii‘j from Lp,k,y(R L) toLgs, y(Rk )

Q-1 _Q-2
11 £, < Coannt™™ T 7 1 flpsy

where Cp g1, depends only on p, g, , ¥, k and n.

n
r>0,xe]Rk+

1/p
p
) =Cat P [ fllLy,,

p :Ct)n q
I =G IFIL

1/q
(r* f Tyvif(x)\"(y/)ydy)

Etr

(8)
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If % < % + ﬁ then in the case t — 0 we have ||I§; fll,, , =0 for all feLp; Ry ).

As well as if % > % + ﬁ then at t — oo we obtain [|I fllr,, , =0 for all fe LP,A,y(RZ&).
1_1, a
Therefore 7=71t o=
(2) Sufficiency. Let f € L1,y (RY ). We have
I{yeEe: TY[ISf0)| > Zﬁ}]y <|{yeEe TV|Ax 0| > ﬂ}\y +|{y € Ee: TY[C(x,0)| > ﬂ}|y.
Taking into account inequality (7) and Theorem 1 we have

Cot¥ A
< NSl

y B

{y e B TVA 0] > Y|, < HJ’EEI: T (My () > Ci"‘}

—Q
where Cg = C3-Cy,;,, and thus if Cet "7 Hflllmy =B, then |C(x,t)| < B and consequently, |{y € E;: TY|C(x,t)| > B}, =0.
Finally

C i \?
{y e B T[12F00| > 28)], < thkr“nfnh,x,y =cmt*(”f”$) :

where C19g=Cg - Cgil.
Necessity. Let I bounded from Ly ; , (R} ) to WLg sy (R ). We have

1/q
115 fellw, _=supr  sup <7,'_)‘ / o dy)
@y >0 1>0, xe]RZJr
' {yeEr: TY|IS fr(0)|>1}
1/q
=t"%suprt® sup (‘c”\ / whHY dY>
r>0 7>0, xe]RZ+
’ {yeEr: TUIIS f(tx)|>rt¥}
. 1/4
=t"“ 7 suprt® sup (tk(tt)’A / o) dy)
r>0 7>0, XERZ+
' {y€Eer: TYIS f(0)|>rt®}

VY A
= q 1 .

S

By the boundedness of I?‘, from LL,\,},(RZﬁ) to WLq,,\,y(Rzﬁ)

Q-2 _(o_
||I$f||WLq,k,y < C],q,l,)/tuH— qA @ ”f”LUMV’

where C14,5, depends only on g, A, ¥, k and n.

If1< % + ﬁ then in the case t — 0 we have ||I9 fllwy,, , =0 for all f e L1.Ly(]R;}’+).

Similarly, if 1 > % + ﬁ then for t — oo we obtain ||I?ff||WLq,x,y =0forall fe L1,k,y(R;},+).
Therefore 1= % + 45

Theorem 2 is proved. O

Corollary 3. (See [14].) Let 0 <o < Q and 1< p < <.

Q .. 1 1
(1) If1 < p < , then condition 771

(2) If p =1, then condition 1 — % = % is necessary and sufficient for the boundedness of I;’j from Ly, (R} Do Wig,, (RY

= % is necessary and sufficient for the boundedness of I)",‘ from Ly, (RZ&) toLg,y (R;},Jr).

-+
Remark 1. Note that, the sufficiency part of statement (1) Corollary 3 in the case n > 1, k=1 was proved in [10] and in

the case n,k > 1 in [19]. Also, the sufficient part of Theorem 2 in the case k =n > 1 was proved in [12] and statement
Theorem 2 in the case n > 1, k=1 in [15].
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