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Abstract

We consider the Cauchy—Dirichlet problem for linear divergence form parabolic operators in bounded
Reifenberg-flat domains. The coefficients are supposed to be only measurable in one of the space vari-
ables and small BMO with respect to the others. We obtain boundedness of the Hardy—Littlewood maximal
operator in the generalized Morrey spaces WP, p € (1, co0) and weight ¢ satisfying certain supremum
condition. This permits us to obtain Calder6n—Zygmund type estimate for the gradient of the weak solution
of the problem.
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1. Introduction

The classical Morrey spaces LP* are originally introduced by Morrey in [25] in order to
prove local Holder continuity of the solutions to elliptic systems of partial differential equations.
A real valued function £ is said to belong to the Morrey space LP** with p € (1, 00), A € (0, n)
provided the following norm is finite

1/q

1
s = | swp [ sy

r)eER? xR
(x,r) + B

where the supremum is taken over all balls B, (x) C R”. The main result connected with these
spaces is the following celebrated lemma: let |Df| € LP"~* even locally, with n — A < p, then
u is Holder continuous of exponent « = 1 — =% This result has found many applications in
the study of the regularity of the solutions to elliptic and parabolic equations and systems. In
[11] Chiarenza and Frasca showed boundedness of the Hardy-Littlewood maximal operator in
LP*(R™) that allows them to prove continuity in these spaces of some classical integral opera-
tors.

In [24] Mizuhara extended Morrey’s concept taking a weight function ¢(x,r) : R” x R, —
R instead of r*. So was put the beginning of the study of the generalized Morrey spaces MP%
p > 1 with ¢ belonging to various classes of weight functions. In [26] Nakai proved bounded-
ness of the maximal and Calderén—Zygmund operators in M”-? imposing suitable integral and
doubling conditions on ¢. These results allow to study the regularity of the solutions of various
linear elliptic and parabolic boundary value problems in M?-¢ (see [8,28,30]). A further devel-
opment of the generalized Morrey spaces can be found in the works of Guliyev [15-17], see
also [1,18-22] and the references therein. Here we consider a supremum condition on the weight
(14) which is optimal and ensure the boundedness of the Hardy—Littlewood maximal operator
in M?-?.  We use this maximal inequality to obtain the Calderén—Zygmund type estimate for the
gradient of the solution of the problem (1) in the M?-%.

The presented here result is a natural extension of the previous papers of Byun, Palagachev and
Wang [7] which deals with the regularity problem for parabolic equations in classical Lebesgue
classes and of Byun, Palagachev and Softova [5,6] where the problem (1) is studied in the frame-
work of the weighted Lebesgue and Orlicz spaces with a Muckenhoupt weight and the classical
Morrey spaces LP*(Q) with A € (0, n + 2). See also the recent results of Byun [3,4], Byun and
Wang [9], Byun and Softova [8], Dong and Kim [14] and Dong [13]. In our previous works we
also studied the global regularity in M?¢ of strong solutions of various boundary value problems
for linear elliptic and parabolic equations with VMO (or small BMO) coefficients. In those works
we used explicit representation formula for the solutions and the boundedness in M4-% of certain
integral operators (see [21,22,29]). Here we extend these study, obtaining regularity estimates
for the gradient of the weak solutions of boundary value problems with the Dirichlet data for
divergence form linear operators.

The our main tool is the maximal inequality in M7 ¢ obtained in Section 3 and a version of
the Vitali covering lemma.
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Let Q C R" be a bounded domain, n > 2, and Q = Q x (0, T] be a cylinder in R"*+! with
base €2 and height 7. We consider the problem

ur — Do(a® (x,t)Dgu) = Dy f%(x,1) in Q 0
ulx,t)=0 ondpQ

where dp Q = (02 x [0, T]) U (2 x {t = 0}) stands for the parabolic boundary of Q and the sum-
mation convention over the repeated lower and upper indexes, running from 1 to n, is adopted.
Denote by a the coefficient matrix a(x, 1) = {a®? (x, nHi pe1’ 0 — M"™*" and by F the non-

homogeneous term F(x,7) = (fl(x, 1)y, fM(x, t)). Suppose that the operator is uniformly
parabolic with measurable coefficients, that is, there exist positive constants L and v such that

llallzeo0) < L @
a®P(x,1)E,p > V[E]?, VEER", foraa. (x,1)€ Q.

In case of continuous coefficients and smooth enough boundary of €2, there are classical results
treating the unique solvability of (1). Recall that under a weak solution of (1) we mean a function

ueC%0,T; L>(R)) NL*0, T; Hi ()

that satisfies

fuw,dxdt—/a“ﬁD,guDa(pdxdt:/f"‘Da(pdxdt
0 0 0

for all ¢ € C3°(Q) with ¢ =0 for t = T'. Moreover, the following L?-estimate holds

/|Du(x,t)|2dxdt§C/|F(x,t)|2dxdt (3)
0 0

where the constant C depends only on n, L, v and Q.

Our goal is to develop an optimal regularity theory for the problem (1) in the setting of the
generalized Morrey spaces. Namely, taking F € M?-?(Q) with suitable assumptions on ¢ and p
we show that the spatial gradient Du belongs to the same space M?%(Q) under minimal regular-
ity assumptions on a(x, ¢) and a very low level of geometric requirements on d€2. Precisely, we
suppose that a®? (x, t) are only measurable in one spatial variable, say x1, and they possess small
mean oscillation (BMO) in the remaining variables (x’, r). This partially BMO condition on the
coefficients is quite general and allows arbitrary discontinuity in one spatial direction which is
often related to problems of linear laminates, while the behavior with respect to the other direc-
tions, including the time, are controlled by their small BMO norm, such as small multipliers of
the Heaviside step function, for instance. It is clear that the cases of continuous, VMO or small
BMO principal coefficients with respect to all variables are particular cases of the situation con-
sidered here. Regarding the underlying domain €2, we suppose that its non-smooth boundary is
Reifenberg flat (cf. Reifenberg [27]). It means that a2 is well approximated by hyperplanes at
each point and at each scale. This kind of regularity of the boundary means also that the boundary
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has no inner or outer cusps. It ensures the validity in 2 of some natural properties of geomet-
ric and functional analysis such as W1-P-extension, non-tangential accessibility of the boundary,
measure density condition, the Poincaré inequality and so on. We refer the reader to the works of
Kenig and Toro [23], Toro [32] and the references therein for further details. In particular, a do-
main which is sufficiently flat in the sense of Reifenberg is also Jones flat. Moreover, domains
with C!-smooth or Lipschitz continuous boundaries with small Lipschitz constant belong to that
category, but the class of Reifenberg flat domains extends beyond these common examples and
contains domains with rough fractal boundaries such as the Helge von Koch snowflake with a
small angle of the edge.

The boundary problems and the corresponding regularity theory developed here are related
to important variational problems arising in modeling of deformations in composite materi-
als as fiber-reinforced media or, more generally, in the mechanics of membranes and films
of simple non-homogeneous materials which form a linear laminated medium. In particular,
a highly twinned elastic or ferroelectric crystal is a typical situation where a laminate appears.
The equilibrium equations of such a linear laminate usually have only bounded and measurable
coefficients in the direction of the stratification. We refer the reader to [12,13] for the general
statement of the problem. The non-smoothness of the underlying Reifenberg flat domain, in-
stead, is related to models of real-world systems over media with fractal geometry such as blood
vessels, the internal structure of lungs, bacteria growth, graphs of stock market data, clouds,
semiconductor devices, etc.

The paper is organized as follows. In Section 2 we introduce some notions and give the def-
inition of the generalized Morrey spaces MP?-?((Q). Section 3 is dedicated to the properties of
the weight ¢ and the maximal inequality in M?-¢. In Section 4 we formulate our problem and
the main result while in Section 5 we prove the gradient estimate in M7 ?(Q). The technical
approach is based on the Vitali-type covering lemma, boundedness of the Hardy-Littlewood
maximal operator in M7”-¢(Q) and estimates of the power decay of the upper level sets of the
spatial gradient.

Without essential difficulties, the technique employed in studying of the regularity of the
solution to (1) could be extended to the case of systems and, that is why, in the final Section 6
we restrict ourselves only to announce the M ?-?-regularity result for the weak solutions to linear
second order parabolic systems with partially BMO coefficients in Reifenberg flat domains. The
same results hold also for elliptic operators in divergence form.

Throughout the paper the letter C will denote a universal constant that can be explicitly com-
puted in terms of known quantities such as n, L, v, p, ¢ and the geometric structure of Q. The
exact value of C could vary from one occurrence to another.

2. Generalized parabolic Morrey spaces

We start with the definitions of the families of domains that we use:
e parabolic cylinders centered in a point (y, ) € R**! and of radius r > 0

(v, 1) ={(x,n) e R |x —y| <r |t — 1| <72}

with Lebesgue measure |Z,| = C(n)r"“. We also write Q, =Z,(y, t) N Q for each (y, ) € O,
27, (y,t) =1y (v, 7) and B(ZI,(y, 7)) for the complementary set of 2Z,.(y, 7).
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e parabolic cubes centered in a point (y, t) = (y1,y’, 1), Y = (y2, ..., ¥u), such that

C(y,t)={(x1,x, ) eR" s jxi —yil <, X =Y <nlt—t| <r?)

with Lebesgue measure |C,| = C(n)r"t2.
o clliptic cubes in R" centered in y = (y1, y’) defined as

C ={(x1, XY eR": [xi =yl <r ¥ =y <r)

with Lebesgue measure |C.| = C(n)r".
We call weight a positive measurable function ¢ : R"*! x R, — R . For any parabolic cylin-
der Z, (v, ) we use the notation ¢(y, 7;r) = ¢(Z, (3, 7)).

Definition 2.1. Let Q be a cylinder in R™*1. A function f € LP(Q), 1 < p < o0, belongs to the
generalized Morrey space MP-?(Q) if the following norm is finite

P
1 1
| flmrecoy = sup / P dxde | @)
@ heo 0T (1) i
r>0 r

If ¢ = r*==2/P then MP-¥ coincides with the classical Morrey space LP*, A € (0, n + 2).
Let M denote the Hardy-Littlewood maximal operator on R"*!. For any f € L}, (R"™!) we
have

1
Mf(y, 1) =sup ——— / | f(x,t)dxdt.
U AT /
I (y,1)

If D is a bounded domain in R"t! and f € L'(D), then Mf = M f, where f is the zero
extension of f in the whole space. It is well known that M is a bounded sub-linear operator
from L7 into itself. Precisely, if f € L?(R"*!), p € (1, 00), then

[ irwnrasacs [ mreorasar=c [ sl dsar )
R+l Rr+l Rnr+l1
for some positive constant C = C(p, n). Moreover, the following weak-type estimate holds
n+1 kP
e, ) e R™H M f(x, 1) > A Y | f(x,)|P dxdt (6)
Rn+!

forany 1 < p <ooand any A > 0.
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3. Boundedness of the maximal operator in generalized Morrey spaces

We denote by L°>?(0, co) the space of all functions g(n), n > 0 with finite norm

lgll Loow 0,00) = sup v (1) g (1)
n>0

and L™ (0, co) = L°1(0, 00). Let M(0, 0o) be the set of all Lebesgue-measurable functions on
(0, 00) and M (0, co) its subset consisting of all nonnegative functions on (0, c0). We denote
by 9T (0, 0o; 1) the cone of all functions in 9+ (0, co0) which are non-decreasing on (0, 00)
and

A= {go e M (0,00; 1) : lim ¢(n) :O} .
n—0+

Let v be a continuous and non-negative function on (0, co). We define the supremum operator

Sy on g € M(0, o0) by

($v8)m) ==V glliL=(y.00, 1€ (0,00).
The following theorem holds.

Theorem 3.1. (See [2].) Let vy, vy be non-negative measurable functions satisfying 0 <
lvillLoo(n,00) < 00 for any 1 > 0 and let v be a continuous non-negative function on (0, 00).

Then the operator S, is bounded from L°1(0, 00) to L%'2(0, c0) on the cone A if and
only if

H S, (IIU1I|Z§O(.,OO)) HLOO(O o < 7)

Choose a point (v, ) € R"*! and consider the cylinder Z, (y, 7). The following lemmata give
some estimates of the maximal function.

Lemma 3.2. Let 1 < p < oo. Then the inequality

ni2 .
||Mf||LP<Ir<y,r))SC<||f||LP<Izr(y,r>)+V 7 sups" 2||f||L1(L<y,r>)> ®)

§>2r

holds for all f € LY (R"1). Moreover, the inequality

loc

§>2r

IM Ay g =€ (1@ 72 05 2l ) O

holds for all f € L} (R™*1),

loc
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Proof. Let 1 < p < oo and consider the decomposition

f=hH+1Hh= fXZIr(y,r) + fXG(ZIr(y,r)) .
Then

IMFlLr ,0) < MM fllLr@, 5,0 + IMf2llLe @, (v,0))-

By the continuity of the operator M : L? (R™*t1y — LP(R"1) (see (5)) we have

IMfiller @ o) < ClALP @ (v,0) S CUFlLe @, (3,00 -

Let (x, t) be an arbitrary point from Z,(y, t). If Zs(x, ) N C(ZI, (y, 7)) #0, then s > r. Indeed,
if (z,¢) eIx(x,t)ﬁEQL(y,r)), thens > |x —z|>|y—z|—|y—x|>2r —r=r and s> >
t=¢l=lt—¢l =t —tl> @)% =r? > 72

On the other hand, Z; (x, 1) NC (2Z, (v, 7)) C Zos (v, 7). Indeed, (z, ¢) € Z,(x, ) NC 2T, (v, 7)),
thenweget |y —z| <|x —z|+|y—x|<s+r<2sand |t —¢|<|t—C|+ |t —t] <s?+r? <
(25)%. Hence

1
Mfr(x, 1) =§1£m / | f(z,8)dzdg

Z,(x,nNC2Z, (y,7))

1
<rPsp [ G oldc
s>Ir) |Zos (y, T)
ZZS()’aT)

1
=2 Sugm / | f(z,¢)|dzdg.

Is(y,7)
Therefore, for all (x, ) € Z.(y, T) we have
1
Mfo(x, 1) <C sup ——— |f(z,$)dzdg. (10)
§>2r |Is())a T)|
s (y,7)

Thus

IMFlle o) < CUL ez, (v,0)

1 1
HLG N sp s [ 170l dzde).

Zs(y,7)

Consider now p = 1, then

IMfllwe, .0y < IMAlwL,, .0 + IMPlwe, @ .0 -

By the continuity of the operator M : L' (R**!) - WL (R"*1) (see (6)) we have
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IMfillwerz, .o = WLz, )

Then by (10) we get the inequality (9). O

Lemma 3.3. Let | < p < oo, then the inequality

2 _nt2
IMFllLr @ v,o) <Cr v sups 7 || fllLr(z,v,0))

§>2r

holds for all f € LY (R™t1).

loc
Moreover, the inequality

2 —n—2
IMFllw iz, cy.oy < Cr" sup s ™" 721 fll 11z, .0y

s>2r
holds for all f € L} (R"*1).

Proof. Let 1 < p < co. Denote

1 1
A= T 0.0l - sup e / \f (2. 0l dzde.

Zs(y,7)
Ao = fllLr @z, (v,0))-
Applying Holder’s inequality, we get
1
P
1 1
A1 =CIZ(y, D7 - sup ——— |f(z, O dzd¢
X>2r |Is(y1 ‘[)|P Is()’;r)
On the other hand,
1
P
1 1
IZ,(y, O|? - sup ——— f |f(z, OIF dzd¢
§>2r |Is(y,f)|p .’Z:_;(,V,T)
1 1
> CIZ(y, 0|7 - sup —— 1 fllLr 2z, (y,7)) = CA2.

§>2r |Is(yv I)IE
Hence by Lemma 3.2
IMFllLr, o) <A1+ Az,

we arrive at (11).
In the case p = 1, the inequality (12) follows directly from (9). O

2375

(1)

12)
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Theorem 3.4. Assume that there is a positive constant k such that for any fixed (y, t) € R*+!
and any r > 0 it holds

n+2
essinf 1 (Z(y, 7))o 7
sup 2 <k (T (y, 1)) (13)

r<s<oo s P

with k independent of (y, t) and r. Then for p > 1, M is bounded from M?-%! to MP-%? and for
p =1, M is bounded from M"“*' to WM"-#2.

Proof. By Lemma 3.3 we get

_ _nt2
M Sl pgper @ty <C - sup @2(Zy(y, 7)) ! (SUPS » ||f||L1’(L(y,z))>
(y,T)ERn+1 s>r
r>0

1 _n+2
<C sup o &G TP NfllLe o)
(y,‘[)ERn+l
r>0

= C”f”Ml’-‘/’l (Rn+1y

with p € (1, 00), and in case p = 1 we have

IMFllyproo @y <C - sup @a(Z (v, 1)~ (sups"2||f||L1<L<y,t>)>
(y,t)eR”“ s>r
r>0

<C swp @O )N L@ )
(y,T)eR"*!
r>0

= Cll fllpg101 ety - g

Corollary 3.5 (Maximal inequality). Assume that there is a positive constant k such that for any
fixed (y,7) e R"" r > 0and 1 < p < oo it holds

n+2
essinf ¢ (Zy(y, 7))o P
§<O <0

=k¢r(y, 7). (14)

Sup 2
r<s<oo s P

For 1 < p < 00, there is a constant Cp, > 0 such that

||f||Mp~aﬂ(]Rn+l) = ||Mf||Mp.¢(Rn+l) = Cp”f”Mp.w(RnH) Ve Mp,w(Rn+l)_

Remark 3.6. Denote by G, the set of all decreasing functions ¢ : (0, oc) — (0, 00) such that

n+2
re0,00)—>r r ¢(r) e (0,00) is almost increasing. Then Corollary 3.5 implies that for all
functions r € (0, 00) = ¢ (Z,(y, 7)) in G, the inequality (14) is valid.
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Impose in addition a kind of monotonicity condition on ¢, precisely

(L (v, )P < o(Zy(z,0))Ps"™ forall Z(y, 1) CLi(z, ). (15)
This implies that for a given Q =Q x (0, T] C R"+1 there holds
1Z,(y, T) N Q|

sup ———
y.neo P (y, T)Prit?

r>0

=x < 400 (16)

with » depending on n, p, k, ¢ and Q. In fact, since Q is bounded domain there exists d > 0
such that Q C Z;4(0, 0). Then, if » > 2d for any (y, 7) € Q we have the inclusion

Q CZ4(0,0) CLra(y, 1) €L, (y, T)
that implies

Iz, DNQOI 4
0 (L, (v, )P r"t2 = ¢ (Z4(0,0))P dnt2”

On the other hand, if 0 < r < 2d, then we see from (14) that

essinf ¢ (Zy (y, 7)) o2
Kk o(Z;(y,T)P > sup =I==

r<s<oo

sn+2

essinf ¢(Zy (y, 7))Po™t?
2d <o <00

- (2d)"+2
_ 9(Ta(y. 1) 2d)"?
(2d)n+2
¢(Z4(0,0))Pd"+2 »
2T aap T Cy (Za(0,0)" .
It implies that
Z(.onQl __ Crt? C

<
@ (L (v, NP r 2 7 9 (L (y, 1) T2 T 9 (2a(0,0))P

with C =C(n, p,«, Q).

4. Assumptions and main result

For each parabolic cube C,(y, 7) and for some fixed x| € (y; —r, y1 +r) we set Cl(yv,7) to
denote the x{-slice of C, (v, 7), that is,

Ci(y, 1) ={(x', ) eR" ' xR: |x' —y'| <r |t — 7| <r?}.
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Then we define the integral average of a with respect to (x', r)

1
ac,(y.o(x1)=——— / a(xy, x’, t)dx'de.
0o G (v, )
¢y,

Definition 4.1. We say that the couple (a, 2) is (§, R)-vanishing of codimension 1, if the follow-
ing properties are satisfied:
e For every point (y, 7) € Q and for every number r € (0, %R] with

dist(y, 9) > v/2r, (17

there exists a coordinate system depending on (y, t) and r, whose variables we still denote by
(x, t) so that in this new coordinate system (y, t) is the origin and

1

— —a 2 2, 1
C(0.0)] / la(x, ) —ac,,0)(x1)|"dxdt <6 (18)

C+(0,0)

e For any point (y, t) € Q and for every number r € (0, %R] such that

dist(y, 92) = dist(y, xo) < v/2r

and for some x( € 0€2, there exists a coordinate system depending on (y, t) and r, whose vari-
ables we still denote by (x, #) such that in this new coordinate system (xg, T) is the origin,

QN{x eC5.(0):x1 >3r8} CQ2NC5,(0) CN{x €C5.(0) : x; > —3rd} (19)
and

1

102 (0.0)] / la(x, 1) — ac,, 0,0)(x1)|* dxdr < 8%,
r k]

C3,(0,0)

Because of the scaling invariance property of the Reifenberg flat domains (see [7, Lemma 5.2]),
we can take for simplicity R = 1 while § > 0 is an invariant under such a scaling argument. If a
is (8, R)-vanishing of codimension 1, then for each point and for each sufficiently small scale,
there is a coordinate system so that the coefficients have small oscillation in (x’, 7)-variables, i.e.
a € BMO with a small BMO-norm in (x’, ) while these are only measurable in the x;-variable
and therefore may have arbitrary jumps with respect to it. In addition, the boundary of the domain
is (8, R)-Reifenberg flat satisfying (19) (see Reifenberg [27]) and the coefficients have a small
oscillation along the flat direction x’ of the boundary and are only measurable along the normal
direction x;. The number ~/2r in (17) is selected for convenience since we need to take the size
of the parabolic cubes in (18) such that there is enough room for rotation of C,(y, t) in any
spatial direction.
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We suppose that F € MP7?(Q), p € (2,00) with a weight ¢ satisfying (15). This implies
F € L?(Q). Precisely, choose (y, ) € Q, then

sup {|ly —z|++It —¢|]} <diam Q.
(z.0)€Q

Hence there exists r* < diam Q and such that Q C Z,«(y, ) C Zp4(0, 0). This gives the relation

IEI2, 0 = IFP1 2 <@ (ro)rt 5 NFPI
Lr L2(Q) ’ MZY(Q)
(n+2)2

< 9(Za(0,00)(2d) 7 |IIF|

ME4Q)

Then the Holder inequality implies

IFI2, <[] FIF2] »
LX(Q) = L2(Q)

2(n+2) 2
C 1) (- (20)

<1017 ¢ (T2(0,0) ) wheo)

that ensures the existence of a unique weak solution u of (1) according to [4,9]. We prove the
following Calderén—Zygmund type estimate.

Theorem 4.2. Let p € (2, 00) and ¢ be a weight satisfying (14) and (15). Then there exists a small

positive constant § =8(n, L, v, p, k, x, ¢, Q) such that if the couple (a, Q) is (8, R)-vanishing
of codimension 1 and F € MP-%(Q), then Du € MP-¥(Q) and the following estimate holds

| Dullprreco) < ClIFlpre) 21
with a constant C depending on known quantities.

We start with constructing of suitable family of cylinders and a version of the Vitali lemma
corresponding to that construction. Then we apply the covering lemma to derive a power decay
estimate of the upper level sets for the maximal function of | Du|>. The estimate (21) follows then
by the standard procedure of summation over the level sets and the properties of the maximal
operator.

5. Gradient estimate in MP-?(Q)

Choose a point (yg, 79) € Q, take a parabolic cylinder Z, (yg, 7o) and denote Q, = Z, (yo, 7o) N
Q. Let u be a weak solution of (1), then we define the sets

C={(x,1) € Q,: M(|Du|?) > A%} (22)
and

D ={(x,1) € Qr: M(IDu|*) > 1} U {M(IF*) > §?) (23)
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with A1 > 1 and § > 0. It is easy to see that € C © C Q,. For each (y, ) € € consider the
parabolic cube C,(y, t) and define the following auxiliary function

_1ENC (. D)l

® = 0.
) =" 0,0l p=

Then ® € C%(0, 00), O(0) = lim, 0, ®(p) =1 by the Lebesgue Differentiation Theorem and
lim,,_, {50 ©(p) = 0. We start with some preliminary lemmata in which we take R = 1 because
of the invariance property of the Reifenberg domain (see [9]).

Lemma 5.1. Let Q2 be a bounded (8, 1)-Reifenberg flat domain verifying (19), and € and © be
as above. Suppose that for any (y, t) € € there exists € € (0, 1) such that ©(1) < ¢ and

O(p) >¢ implies Q,NCy(y,T) CD. (24)
Then
n+2
104/2
Iﬁlse(%> 9. (25)

Proof. Since ©(1) < € forany (y, 7) € € then there exists p(y, ) € (0, 1) such that ®(o(y, 7)) = ¢
and ©(p) < ¢ for all p > p(y, 7). Consider the family of parabolic cubes {Cp(y,r) O, D}y, 0ee
which forms an open covering of €. By the Vitali lemma (cf. [31, Lemma 1.3.1]), there ex-
ists a disjoint sub-collection {C,, (y;, 7;)}i>1 With p; = p(y; ;) € (0, 1), (i, ;) € € such that
O(pi) =&,

> 1 il =Clel and € | JCsp, (i)

i>1 i>1

with a positive constant C = C(n). Since ®(5p;) < ¢, we have

1€ N Csp, (i, )| < €ICsp; iy T = €5"F2(Cy (i, 7)1 -

Further, making use of the bound obtained in [7] (see also [10]) we get

+2
2v2\"
|Cp,-()’ia )| < (m) O ﬂCp,-(yi, 7i)|.

Now we have
1= | (€N Cs G w)| = 3 1€N sy (i, )
i>1 i>1
<& [Csp (vin ) <€D " 1C, (i )

i>1 i1

n+2
10v/2
58( f) Y10, NCy iy 7).

1-6 a1
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Having in mind that {C,, (y;, 7;)};>1 are mutually disjoint, ®(p;) = ¢ and (24), we get

n+2 n+2
1042 1042
|€|§8<T) ‘UQr NCp, (i, T) §8<m) D] o

é .
i>1

The following approximation lemma has been proved for various functional spaces in [14,
Corollary 8.4], [7, Lemma 5.3] and [10, Lemma 5.5].

Lemma 5.2. Assume (2) and let u be a weak solution of (1). Then there is a constant A =
M(L,v,n) > 1 such that for each ¢ € (0, 1) there exists § = §(¢) > 0 such that if the couple
(a, Q) is (8, 1)-vanishing of codimension 1 and if C,(y, T) satisfies ©(p) > &, then we have

0,NCp(y, ) CD.

Lemma 5.3. Under the assumptions of Lemma 5.2, we suppose additionally that for each (y, t) €
Q; holds ®(1) < e. Then for eachk = 1,2, ..., we have

(.0 € 0 M(DuP) > 234

< el [0 € 0 MADUP) > 1) +_ijs§ {0 e 0 maFP) = 2347 26)

=

loﬁ)n+2

where &1 = ¢ ( =5

Proof. Since ®(1) < ¢ then Lemma 5.2 ensures the validity of the hypotheses of Lemma 5.1 for
the sets (22) and (23). Thus, we get by (25)

(.0 € @ MADuP) = 33) =1 [((x. 1) € 0 M(DUP) > 1)

o1 (1) € Qi MUFP) > 82)|

lova " The last inequality i i = i
=3 . quality is exactly (26) with k = 1. Further, we proceed with

where ¢1 = ¢ ( —
the proof by induction, as it is done in [3, Corollary 4.15]. Suppose that (26) holds true for each
weak solution of (1) and for some k > 1. Define the functions u| = % and F| = % Itis easy to
see that u; is a weak solution to the problem (1) with a right-hand side F;. Hence Lemma 5.2
holds with sets € and © corresponding to #; as defined in (22) and (23). According to (26), the
inductive assumption holds true for u; with the same k > 1. The definition of u; ensures the
inductive passage from k to k + 1 for u. Namely,

H(X,t) € 0, M(IDul*) > )L?(k+l)}‘

= () € 0 M(DIP) > 23|
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=< alf ‘{(x,t) € 0, M(|Duy?) > 1}‘ +i‘€i “(x,t) € 0, M(IF1 %) > 32)L%(k7i)”
i=1

k
= el [(cr.0 € 0 MADuP) =33 + 3l {0 € 0 MAFPR) > 822133
i=1

<&l (r. 0 € 0 M DU > 1)

k+1

+ Zs‘l
i=1

{(x, 1) € 0 M(F]?) > azxf“‘“‘””. o

Let us note that because of the arbitrary choice of the point (yg, 7o) € Q the above estimates
hold locally for any Q, =Z,(y, )N Q with (v, t) € Q. The next result follows from the standard
measure theory.

Lemma 5.4. Let h € L' (Q) be a nonnegative function, ¢ be a weight satisfying (14) and (15),
q € (1,00) and 6 > 0, .. > 1 be constants. Then h € M9 ¥ (Q) if and only if

A (x, 1) € Qp:h(x, 1) > 02K}
5= e n+2
(y,r)(e)Q 1 0@ (y,1))r
r> -

Moreover,
1 q
&S < Mhljeg <CA+S)

where C =C(0, X, q,k, ¢, Q).

Proof. Choose (y, t) € Q and take a cylinder Z,(y, 7), then

1
@(Z:(y, )rm+2

1
T 0T (y, 0))Ir 2 h(x, ) dxdt
{(r.N€Qrh=01}

1

- - q

+ E o (T (. 0))irn 2 / hx,t)? dxdt
kzl T ’

{(x,1)€Q, 01k <h<@rk+1}

/ h(x,t)? dxdt

r

|Or|
oI (y, 1))4r"+2

Qkk+l q
+ZW|{(“) € Qr 1 hix,1) > 02k}
kZl r ’

< @M1

10 +Zxkq|{<x,r>e Qr th(x,1) > 02}

— q
=n @(Z:(y, T))4rn+2 @(Z:(y, T))4rn+2

k>1
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Taking the supremum over (y, t) € Q, and r > 0, and making use of (16), we get

1804000y < CA+S)
with a constant depending on ¢, n, ¢, A, k, 6 and Q. On the other hand

1

0, (y. 0)r"+? / hx,0)? dxd

n_2 h(x,t)
— qr " q—1
_w(L(y,r»q/ f §1dE | ddi
[0} 0

r

W/|{(x 1) € Qr:h(x, t)>£—‘}|;;:q ]d%'

ok
>—n H(x,0) € Qr th(x, 1) > 02K} / g1l gg
0L, (y, 0)7r"+2 ; e

1 > a1 € @ th(x. 1) > 025)]

=091 -2 —
2
0T (3, )

Taking again the supremum over (y, 7) € Q and r > 0 we get

1
q
||h||Mq,¢(Q) = ES
with a positive constant C = C(0,A,q). O
We are in a position now to prove Theorem 4.2.

Proof of Theorem 4.2. Recall that F € M?¢(Q), p € (2, 00) with a weight ¢ satisfying (14)
and (15). Because of the scaling invariance property of (1) under a normalization, we can assume
that the norm of F is small enough. In fact, taking

Su(x,t) _ OF(x,1)

ﬁ(x,t):— and F(x,t)=—
JIERL 2 20 JIFEI 2 “0)
=42, Then we need to prove boundedness of

instead of u# and F in (1) we get ||F|? ||M2 “(0)

the norm of | Dii|?. Because of the properties of the maximal function (see Corollary 3.5), it is
enough to get

IM(Dilf? . °0) =C.

: . . _ =2y 4 12 g -
For this goal, we apply Lemma 5.4 with h = M(|Di|), A =A7,0 =1and g = g.
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Let € be the set defined in (22) and corresponding to the solution #. We note that for each
(. eq,

NGO-DI _ 16y = ¢ (x.1) € 0r: M(DP) > A2}
C1(y. D

IA

C/M(|Dﬁ|2)(x,t)dxdt§C/|D12(x,t)|2dxdt
O 0,

IA

C/|Dﬁ(x,t)|2dxdt§C/|F(x,t)|2dxdt
0 0

CIFPI » cs?,

<
M22(Q) ~

IA

according to (20) with a constant depending on 7, p, ¢ and Q. Taking § small enough, we get

[€NCi(y, T)] -

< Cs? <¢.
IC1(y, T)

e() =

Therefore Lemma 5.3 gives

244 {0 € 0 MDaP) > 23]
= o(T, (v, 7)) 52
ip 1 (G 0) € Qr: M(IDi|?) > 1

< Z)”l &

k=1 9T, (y, 7)) T rn+2
k . |{(x 1) e 0 M(IF]?) > SZAz(k’i)}|
+ ZZ)‘Ilcpgi ’ 1

)4
k>1i=1 o(Z (y, 7)) 2rnt2

EZ()\{)Sl)k |Qr|

P
k>1 o(Z:(y, 7)) 2r"+2

: o [0 € 0 M(IF) > 8227570y
+Z()‘f81)lz)‘f(k t)| Bf 1 |
i>1 k=i 02 (L (y, T))r"+?

Sl

<k Y (We) + > (Wer)'s

k>1 i>1

where we have used (16) for the last inequality. Let us note that

§ = YA [{(x. 1) € 0t M(FP?) > 8227477
= 0(Z,(y, 1) 5 2
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p

:Z()‘z(k l)) {(x,) e O, M (|F|2) o z(k—i)}|
k=i o (y, r))zrn+2

< kp
T 9T (y, 1) T2

| |2 5
|Qr|+/M (x,t)dxdt

& LRV
= (p(l'r(y,t))§rn+2 |Qr|+é/( 52 ) (x,t)dxdt

Taking again the supremum over (y, ) € Q and r > 0 and making use of (16) we get

)4
2
p < M5 “’<Q))

M2%Q)
Taking ¢, and the corresponding §, small enough such that 0 < Af &1 <1 we get

S'<cCc|1+

)

» 2k
?k |{(.X t)eQr M(|Du| )>)" }| CZ()Lfé'l)kSC
k>1 (I (y’ ‘[))2r"+2 k>1

Taking again the supremum over (y, t) € Q,r > 0 in the estimates above, and making use of
Lemma 5.4 we find that

IM(Dif? . 0 = =C.

This way, Corollary 3.5 and the definition of & imply

11 Dul?| < CIIFP|

MEeQ) = MZ¥ Q)

with constant depending on known quantities. O
6. Parabolic systems in divergence form

The previous result can be easily extended to the case of nonhomogeneous parabolic systems
in divergence form

(4D s00p) D) o
ui(x,t)=0 ondpQ,

fori=1,...,m.
The tensor matrix of the coefficients

Alx,1)= {a?j.ﬁ(x’ H}:0— RMnXmn
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is assumed to be uniformly bounded and uniformly parabolic, namely, we suppose that there
exists positive constants L and v such that

IAllpoqg ey < L. aff (x,08LE] > vlg [ (28)

for all matrices & € M™*" and for almost each (x,7) € Q.

When the nonhomogeneous term F(x, 1) = { fo’; (x,1)} belongs to L2(Q,R™), the Cauchy—
Dirichlet problem (27) has a unique weak solution u = (ul, ...,u"™) with the standard
L2-estimate

”Dll”LZ(Q’]Rmn) < C”F”LZ(Q,R’”")7

where C is a positive constant depending only on known quantities. In particular, the weak solu-
tion of (27) belongs to

H2(0, T; LX(Q.R™) N L2(0, T: HY (2. R™)),

and satisfies the estimate

([l + 1Dull 29 grmny < ClIFl 120, rmn)»

1
H2(0,T;L3(QR™)NL20,T; HY (2,R™))

where the constant C is independent of u and F.
The proofs given in Sections 5 apply also to the weak solutions of the system (27). That is
why, we shall restrict ourselves only to announce this result.

Theorem 6.1. Assume (28) and let p € (2,00) and ¢ be a weight satisfying (14) and (15).
There exists a small positive constant § = §(n, m, L, v, p, ¢, Q) such that if the couple (A, Q2) is
(8, R)-vanishing of codimension 1 and F € MP-?(Q, R™), then the spatial gradient Du of the
weak solution to (27) lies in MP%(Q, R™") and

| Dull a0 rmmy < ClIF|p1p0(0 R,
with a constant C independent of u and F.
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