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ABSTRACT

In this work, we study slant helices in the n-dimensional Euclidean space. We give methods to
determine the position vectors of slant helices from arclength parameterized curves that lie on
the unit hypersphere. By means of these methods, first we characterize slant helices and Salkowski
curves which lie on 2n-dimensional hyperboloid. After that, we characterize rectifying slant helices
which are geodesics of 2n-dimensional cone.
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1. Introduction

The notion of slant helix in the Euclidean 3-space has been introduced by Izumiya and Takeuchi in [14]. Slant
helices defined by the property that normal lines of a regular curve make a constant angle with a fixed direction.
They also gave some characterizations of these curves. After that, slant helices in the Euclidean 3-space were
studied by other researchers from different fields [3, 15, 16, 17].

The notion of slant helix in Euclidean 3-space can be generalized to higher dimensions by using the same
definition [1, 22]. In [1], authors gave some necessary and sufficient conditions for a curve to be a slant helix in
Euclidean n-space.

If the position vector of a space curve always lies in its rectifying plane, we call it a rectifying curve. Such
curves are first studied by Chen [7, 8]. Later, he stated that a curve on a cone in Euclidean 3-space is a geodesic
if and only if it is either a rectifying curve or an open portion of a ruling in [10]. Because of the importance of
these curves, a rich literature has been created by different researchers [9, 10, 11, 13, 23]. Afterwards, authors
extended the rectifying curve concept to upper dimensions [6, 18].

About a century ago, E. Salkowski introduced a family of space curves (that would later be called Salkowski
curves [21]) with constant curvature and non-constant torsion. Recently, ]. Monterde showed that these curves
are also slant helices [19]. Although, there are many studies about Salkowski curves in the 3-dimensional
Euclidean space, there are no characterizations or examples about these curves in n-dimensional Euclidean
space whenn > 3.

Despite the studies on these subjects, the position vectors of slant helices, rectifying slant helices and
Salkowski curves couldn’t be generalized the n-dimensional Euclidean space. In this work, we give methods
to determine the position vectors of such curves by using arclength parameterized curves that lie on the unit
hypersphere for n > 3. In addition, we introduce families of rectifying slant helices that lie on cones which are
also geodesics of these cones. We also introduce slant helix families that lie on hyperboloids.
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2. Preliminaries

Let E" denote the n-dimensional Euclidean space with the standart orthonormal basis {e1,es,...,e,}, that
is, R" equipped with the standard inner product

n
=1

for each = = (21,72, ...,2,), ¥y = (Y1,Y2, .., yn) € R™ where the norm of a vector x € R" is given by ||z||*=
(x,z).

Similar to space curves; for a regular curve o : I C R — E”, we have the Frenet frame V1, V5, ..., V,, that satisfy
the equations

) Vi (t) = v(t)ki(t) Vo (t)
Vi (t) =v(t)(—ki—1(t) Vier () + ki(t) Vi (1), i=2,3,..,n—1 (2.1)
Vo (t) = =v(t)kn-1(t) Va1 (1)

where v(t) = ||d5(t)/dt||=||8'(t)|| and k;, ¢ € {1,2,...,n — 1} denote the ith curvature function of the curve
A 12].

From Equation 2.1; if k,_1(t) = 0 for all ¢ € I, then the curve § lies in the orthogonal complement of V,,.
Therefore, we can say £ lies in a (n — 1)-dimensional hyperplane which is perpendicular to V;,.

Similar to above, if the position vector of a curve § lies in the orthogonal complement of V2 which is

Vit (t) = {v € TsyE"| (v, Va(t)) =0},
then we call it a rectifying curve [6]. Therefore, we state rectifying curve definition as follows.

Definition 2.1. A curve 3 : I — E" is called rectifying curve if, for all ¢ € I, the orthogonal complement of V>
contains a fixed point [5].

Note that this definition is independent from the coordinates. A necessary and sufficient condition for a unit
speed curve to be a rectifying curve is that

(B(s) Vi (s) = s +c 2.2)

for some constant ¢ € R where s is the arclength parameter of the curve g [5]. We extend the condition in
Equation 2.2 for arbitrary speed curves in Corollary 3.2.

In E?, a curve a with ki (t) # 0 is called a slant helix if the principal normal lines of the curve 8 make a
constant angle with a fixed direction [14]. Therefore, we will use the definition below to show the curve g is a
slant helix.

Definition 2.2. A curve : I — E" is called slant helix if its principal normal V> makes a constant angle with a
fixed direction [1].

Salkowski curves, a space curve family with constant curvature and non-constant torsion, are defined in [21].
From the paper [19], we know this family of curves are also slant helices. If we combine these two concepts,
we can give the Salkowski curve definition in E” as follows.

Definition 2.3. A slant helix 3 : I — E™ is called a Salkowski curve if the first curvature function is a constant
function and the other curvature functions are non-constant functions.

In this study, we work with non-degenerate curves which means k;(t) #0 for all te€l and i€
{1,2,...,n—1}.

3. Methods of constructing slant helices in E"
In this section, we give methods to develope different type of slant helices. We characterize slant helices

by constructing them starting from an arclength parameterized curve on the unit hypersphere. Our first
characterization is as follows.
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Theorem 3.1. Let v (u) : I — E™ be a unit speed spherical curve on S™~* with

’dzv(U) ‘

du?
v () = (u),72 (W), ;Y1 (u),c)
where u (t) : I — R is a differentiable function, a > 1 and ¢ € R/{0}. Then, the curve (3 defined by

such that

mwzfaww>ﬁ

is a unit speed slant helix in E™ where

a(u) = sin(u) y(u) + cos(u) dy (u) .
du
Proof. From the definitions of the curve v, we have
_ dy ()| _ dy (W] _
=1 | = |5 -

With straightforward computations, we have the spherical general helix « (See [4]) with

do (u)
du

e ()| = 1,

‘ =+/a — 1cos (u).
Therefore, 3 is a unit speed curve with the first curvature function

kY = \a—1cos (u) o (3.1)
where Va — 1= H% +7(u)H.

If we compute the first two Frenet vectors of the curve /3, we have

Vf =a(u),
vi - L () + d*y (u)
> T Va1 \! du?
1 1 (u) Py ()
- a_1<71(u)+ du? 7"'7’>/n—1(u)+ du2 yC | -
Therefore, 3 is a unit speed slant helix whose second Frenet vector makes the constant angle 6 =
arccos (ﬁ) with e,,. O

Now, we give an important result of the Theorem 3.1. In order to reach our goal, we use W-curves, i.e. a
curve which has constant Frenet curvatures [2, 5].

Lemma 3.1. Consider the W-curve v (u) : I — S*"~1 (P, R) C S*" C E*"*! such that

R n n
y(u) = NG (Z cos (cju) egj—1 + Zsin (cju) €2j> +vV1—R2eany

j=1 j=1

1/2
where w : I — R is a differentiable function, P = (0,0,...,0,v/1— R?) e E*"*!, 0 < R = (ﬁ) <1 and
j=16i
ci,c; € R/{—-1,0,1}, ¢; # ¢;, 1 <i < j <n.Then, the curve 3 defined by
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is a slant helix in E2"+1 where

dy (u) (32)

is a spherical general helix.

d*y (u)
du?

Proof. With straightforward calculations, we have
dry (u) ‘ _ (z >/

ot =1, |2 <1, s

Hence; v satisfies the conditions in Theorem 3.1. Therefore, 3 is a unit speed slant helix in E>"+1.

The Corollary below is a compile of interesting results of Lemma 3.1.

Corollary 3.1. If we take u(t) = t in Lemma 3.1, then we have the following results;
(i) The slant helix (3 lies on the hyperboloid

H2" ={<x1,$2, . 7$2n+1) S E2n+1 |
2

(Z;L:l C?) zi: <C§ ~ 1>2 ($§j_1 +x§j) _ M = 1}.

7 T2n+1
P — n P n+
4n e n+y.

(ii) Forn > 2, if ¢; = ¢, 1 < j,k < n, j # k. The slant helix 8 is included in the (2n-1)-dimensional hyperplane
of E>"*1 5o we can consider it to be a slant helix in E*"~1. Also, the slant helix (3 lies on the hyperboloid

H> 72 = {(@1,32,...,won41) € H? | 09j_1 = Top_1, X2j = Top | .

(i) For n > 2 and j e {1,2,---,n}. If |¢;| =1, then (2j — 1)th term of the curve (3 vanishes and the (2j)th
term of the curve 3 becomes a linear function of the parameter t. Therefore, it is included in the 2n-dimensional
hyperplane of E*"*' and its first Frenet vector makes a constant angle with es;_1. So, we can consider it to be a

general helix in E*".

Example 3.1. Let us take
n=2c=1c=4 ult)=t

in Lemma 3.1. Then, we have the W-curve
cos(t) sin(t) cos(2t) sin(2t)

3
””“”:< 5V BB \@

With straightforward calculations, we find
t  25cos(3t) + 9cos(5t) 25sin(3t) 4+ 9sin(5t) /15
t) = 07 ) ) » 1~ 3 .
B () ( V1T 30V/17 30V/17 17 cos(?)

We can consider the curve (3 as

t  25cos(3t) + 9cos(5t) 25sin(3t) + 9sin(5t) /15 COS@)) _

6(t): <\/ﬁ, 30\/ﬁ ) 30\/ﬁ ) 17

If we compute the Frenet vectors and curvature functions of the curve 3, we have

B 1 5sin(3t) + 3sin(5t) 4cos3(t)(3 cos(2t) — 2) 15 sin
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v @t) = (o, —@ cos(4t), —@ sin(4t), i) ,
VE (1) = 4 cos(t) —58in(2t) + 9sin(4t) — 3sin(6t)
s B VI74/9 —8cos(2t) V17,/9 — 8cos(2t) ’

5 cos(2t) — 9 cos(4t) + 3 cos(6t) 2\/%sin(2t)

A = ; —4sin 1cos 1sim \/E

K2 (1) = 4\/?‘;) cos(t),

kS (1) = \/E V9 — 8cos(2t),
kS (t) = \/E V9 — 8cos(2t).

Therefore, 3 is a general helix whose first Frenet vector makes the constant angle § = arccos ( ) with e;.

1
VIT
Example 3.2. Given that

n=1¢ =2 u(t)=t

in Lemma 3.1. Then, we have the W-curve

5 (u(t)) = (; cos(2t), % sin(21), *f)

Therefore, we have the spherical general helix (See Figure 1)

a(u(t)) = (i(?) sin(t) — sin(3t)), cos®(t), ? sin(t)> .

Consequently, we have the slant helix (See Figure 2)

B(t) = %2 ((9cos(t) + cos(3)), (9sin(t) + sin(3¢)), ~6v3cos(t))
that lies on the hyperboloid of one sheet

with the Frenet vectors

vPt) = (—i(?) sin(t) + sin(3t)), cos® (), ;\/gsin(t)> ,
V2’B (t) = (—? cos(2t), —V/3sin(t) cos(t), ;) ,

VP () = (—; cos(t)(cos(2t) — 2), sin3(1), ? cos(t))

and the curvature functions
K () = V3eos(t),
kb (t) = V3sin(t).
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Figure 1. The spherical helix o on S2.
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Figure 2. The slant helix 3 on the one sheeted hyperboloid 9 (23 + 23) — 3—2"1 =1

In Definition 2.3, we defined Salkowski curves. From the method introduced in Theorem 3.1, we can
construct Salkowski curves in E” by the Lemma below.

Lemma 3.2. Let /3 be a curve defined by Theorem 3.1. 3 is a Salkowski curve if and only if u (t) = + arcsin ( L+ al)

a—1

where a1 € R.

Proof. From Equation 3.1, we have

kY = a—1cos (u) v/ (3.3)

By solving the differential equation

Vva—T1cos(u)u' =1,
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we have

u (t) = £ arcsin (

t
— ta |.
va—1 1>

Example 3.3. Given thatn = 2, ¢; = 3, ¢ = 4in Lemma 3.1. Then, we have the W-curve

Consequently, we have the spherical general helix

a(u(t) = ( %sin(u(t)) cos(3u(t)) — gsin(?)u(t)) cos(u(t)),

é sin(u(t)) sin(3u(t)) + g cos(u(t)) cos(3u(t)),
é sin(u(t)) cos(4u(t)) — g sin(4u(t)) cos(u(t)),

% sin(u(t)) sin(4u(t)) + g cos(u(t)) cos(4u(t)),

;msm(u(t)))

By means of Lemma 3.2, if we take a; = 0, then

w(t) = arcsin (23’%) .

Therefore, we have the unit speed Salkowski curve 3 in E° as follows

s - (312 —25¢2)"% 12565 — 3000¢% + 36504t
B 1521000 60840 ’
52 (12564 — 390012 4 36504) ¢ (312 — 25¢2)*/
48672+/78 T 243360V78
1 §t2 )
4V 78
With necessary computations we have,
t (312 — 2512)*° 62514 2
Vi o= (- (312 —25¢%)™7 625t* — 11700t + 36504
! 12168 ’ 60840 ’
5t (125¢4 — 26002 + 12168) (52 — 25¢2) (312 — 25¢2)*/

b

81124/78 ’ 40560+/78
1 /23
— 7t ,
2\ 78 )
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VB - V312 — 2512 (252 — 78) 5t (25t — 234)
2 () = 3042 ’ 3042

5 (625¢* — 7800t% + 12168) 25#@ (25t% — 156)

811278 ’ 8112 ’
E
312

Therefore, the second Frenet vector of the Salkowski curve 3 makes the constant angle § = arccos(y/ 25 ) with

es. The curvature functions of the curve 3 are

By () =1,

4350
() =)/ ——— o —
2 (1) \/4056 — 325¢2

K (1) = 175v/61/1625¢% + 3732
° V4056 — 325¢2 (325t2 + 294)

125+/138t+/325t2 + 294
V2512 — 312 (1625¢2 4 3732)

Now, we give another method to construct slant helices from an arclength parameterized curve on the unit
hypersphere. By means of this method, we can construct rectifying slant helices in E™.

kS (t) =

Theorem 3.2. Let v (u) : I — E™ be a unit speed spherical curve on S™~* with

‘ d*y (u)

du?
’Y(u) = (’71 (’LL) )y Y2 (u)a"w’yn*l (U) 76)
where u (t) : I — R is a differentiable function, a > 1 and ¢ € R/{0}. Then, the curve § defined by

such that

B (t) = sec(u(t)) v (u(t))

is a slant helix in E™.

Proof. From the definition of , we have

I O] T
=1, || ) <1, | S -
Then, we have
181 = secu

B =secu u’ <tanu v (u) + dZiELU)> :

2

[u'| . (3.4)

|18']] = secu
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With straigtforward calculations, we have

d
V¥ =sinuy (u) + cos (u) 7 (u)
u
N 71 (u)
—(SIHU’71 (u) + cosu FEREE

dryn—
sinu y,—1 (u) + cosu %TMU), ¢ sin u)
u

and

2 u
o= %(v(uwrdgug))
- \/11171(%(u)—’—d3;2(U)"",7n_1(u)+w’c)-

Therefore, 5 is a slant helix whose second Frenet vector makes the constant angle 6 = arccos ( \/;TJ with

en- O

Slant helices that have been constructed from the method in Theorem 3.2 are also rectifying curves. In order
to show this, we need the following Corollary which is an immediate consequence of the Theorem 4.4 in [5].

Corollary 3.2. Let 5 : I — E™ be a curve with nonzero curvatures. Then, (3 is congruent to a rectifying curve if and only
if the tangential component of the position vector of the curve satisfies the equation below

(B0 Vi @) = [ vt ©5)
Therefore, we have the following Lemma.

Lemma 3.3. The curve (3 defined by Theorem 3.2 is a rectifying slant helix.

Proof. By straightforward calculations, we have

wuxmu»=mnwu»:/y@ﬁ.

From the Corollary 3.2, 3 is a rectifying curve. As we see at Theorem 3.2, this curve is also a slant helix.
Therefore, the curve 3 is a rectifying slant helix.
U

We can construct unit speed slant helices by means of Theorem 3.2 and Corollary 3.2 as follows.

Lemma 3.4. Let (3 be a curve defined by Theorem 3.2. 3 is a unit speed rectifying slant helix if and only if u(t) =
+arctan (¢t + a1) where a; € R.

Proof. From Equation 3.4, we have
18]l = secw® u'|.
By solving the differential equation
secu® |u'| =1,
we easily have
u (t) = £ arctan (¢t + aq).
O
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The following Lemma is a result of Theorem 3.2.

Lemma 3.5. Consider the W-curve ~y (u) : I — S?"~1 (P, R) C S?" C E2"*! such that

R n n
v(u) = % (Z cos (cju) eg;—1 + Zsin (cju) €2j> +V1—R%eyni

Jj=1 Jj=1

1/2
where w : I — R is a differentiable function, P = (0,0,...,0,v/1— R?) € E*"*!, 0 < R = (Z%cﬂ) <1 and
¢,cj € R/{—1,0,1}, ¢; # ¢j, 1 <i < j < n. Then, the curve ( defined by '

B (t) = sec(u(t)) v (u(t))
is a rectifying slant helix in E2"+1,

Proof. The proof of this Lemma is similar to the Lemma 3.1. Therefore, we omit the proof. O

Similar to the Corollary 3.1, we have

Corollary 3.3. For the curve 3 in Lemma 3.5, we have the following results;
(1) The rectifying slant helix (3 lies on the cone

C2n _{(xl,CCQ, e ,ZE27L+1) S E2n+1 |

2
2 n 0571

(D) |- (1 I
47711 Z( ]02 ) (xgj—1+x§j)_mxzn+1 =0,.

j=1 J

(ii) The rectifying slant helix j3 is a geodesic of the cone C*™.
(iii) For n > 2, if ¢; = ¢, 1 < j, k < n, j # k. The slant helix (3 is included in the (2n-1)-dimensional hyperplane
of E2"1 so we can consider it to be a slant helix in E*"~1. Also, the rectifying slant helix 3 lies on the cone

C* 7% = {(w1, w9, ..., Tant1) € O | w951 = wop—1, Taj = Loy, } -

(iv) For n >2and je€{1,2,---,n}. If |¢c;| =1, then (2j — 1)th term of the curve /3 vanishes and the (2j)th
term of the curve (3 becomes a linear function of the parameter t. Therefore, it is included in the 2n-dimensional
hyperplane of E2"*1 and its first Frenet vector makes a constant angle with es;_1. So, we can consider it to be a

general helix in E?".
Example 3.4. Given that
n=3, wu(t)=arctan(t), ¢ =v2, «&=V3, c=V5

in Lemma 3.5, then we have the unit speed rectifying slant helix

B(t) = (cos 2 arctan(t ) (\f arctan(t )) ,

(v2
coS (\/§ arctan(t > sin (\/3 arctan(t)) ,
cos (\/5 arctan (t > sin (\/5 arctan(t)) ,

V7

in E7, which is a geodesic of the cone
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151 ,

S (@3 ad) + g (B ad) + o (w34 ad) = pad

12 9 3
with the second Frenet vector

~ cos (V2arctan(t)) ~ sin (V2 arctan(t))

Vi (1) = N A N
_cos (vV3arctan(t)) _sin (V3arctan(t))
V7 ’ V7 ’
2cos (Vbarctan(t))  2sin (V5 arctan(t))
V7 - V7 ’
1
2

Therefore, the second Frenet vector of the rectifying slant helix 5 makes the constant angle § = arccos(
e7. The curvature functions of the curve 3 are

kY (t) = \ﬁ

)= B
V70 (82 + 1)/
o 152523912 + 11323 |
V2 4+ 1(235¢2 4 39)
/54623512 + 39v/6086t2 + 335

1) with

E? (t) =
i (0 (t2 +1) (25239t2 + 11323)
10, /595¢2 + 271+/25239¢2 + 11323
kﬂ (t) _ 13
5 6086t4 + 64212 + 335 ’
44 /35¢/6086t2 + 335
13
kg (t) =

595t4 + 866¢2 + 271

By means of the methods that introduced in this work, we can find different families of slant helices which
lie on other hypersurfaces.
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