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PREFACE

The present book is based on lectures which the author has given at
Kirsehir Ahi Evran University during the past eight years. This is primarily
a textbook to be studied by undergraduate and graduate students on their
own study or to be used for a course on Lie algebras. The first three
chapters might be read by a bright undergraduate; however, the remaining
chapters are admittedly a little more demanding.

The book consists of more material than normally would be taught in a one
year course. This gives the lecturer flexibility with respect to the selection
of the content and the level at which the book is to be used. This book aims
to give a rigorous treatment of the fundamentals of Lie algebra with
numerous examples to show the concepts. A good knowledge of linear
algebra is presupposed, as well as some acquaintance with the methods of
abstract algebra.

This book is designed to introduce the reader to the theory of Lie algebras.
Lie algebras are used in many different areas. Besides being useful in many
parts of mathematics and physics, the theory of Lie algebras is inherently
attractive. The purpose is to present a simple straihtforward introduction,
for the general mathematical reader, to the theory of Lie algebras,
specifically to the structure and the finite dimensional representations of
the semi-simple Lie algebras. | hope this book will also enable the reader
to enter into the more advanced phases of the theory. | have tried to make
all arguments as simple and direct as | could, without entering into too
many possible ramifications.

I am grateful for a number of friends and colleagues in encouraging me to
start the work, persevere with it, and finally to publish it. I would like to
acknowledge with gratitude, the support and love of my family. They all
kept me going, and this book would not have been possible without them.

Kirgehir Ahi Evran University
Nil Mansuroglu

October 2022
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Fundamentals of Lie Algebras

CHAPTER 1

Basic Structures

1.1 Algebras

Let Fbeafielde.g. F=C or F =RorF = F,, thefinite fielding = p"

elements where p is prime.

Definition 1.1.1 A vector space A over a field F is called an algebra (often
F-algebra) if there is a bilinear map
AXA—-A (x,y)x.y
such that
(A1) (Axy + pxz).y = Ax1.y + pxy.y
(A2) x.(Ayy + py;) = Ax.yy + px. y,
for all x,y,x1,%2,¥1,y, €A, AL, u€F.

We say that x. y is the product of x and y and it is shown shortly by xy.
The algebra A is sometimes denoted by (4, .).

Example 1.1.1 Let VV be a vector space over F. Amap V XV —= V given

by (x,y) = 0 forall x, y € V is satisfying the bilinear properties. Thus, V
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together with zero product is an F-algebra.

Example 1.1.2 Let V be a finite dimensional vector space over a field F
and End (V) be the set of all linear maps from V to V. The set End(V) is
again a vector space over F and this space becomes an F-algebra together

with the composition of maps.

Example 1.1.3 The vector space M, (F) of all n X n matrices over a field

F together with matrix multiplication is an F-algebra.

Definition 1.1.2 Let A be an algebra over F. If (xy)z = x(yz) for all

x,y,z € A, then A is called associative.

Example 1.1.4 The algebra M,,(F) of all n X n matrices over F together

with matrix multiplication is associative.

Definition 1.1.3 We say A is commutative if xy = yx for x,y € A.

Definition 1.1.4 An algebra A is called anti-commutative if x2 = xx = 0

forall x € A.

Remark 1.1.1 Let A be an anti-commutative algebra. Then we have
x+y)2=x*+xy+yx+y?=0.

By anti-commutative law, we have x? = 0 and y2 = 0. Thus, we obtain

xy = —yx forall x,y € A. Now, if we have xy = —yx forall x,y € A4,

we suppose that x = y, so we get x? = —x? or 2x? = 0. If charF = 2

(2 # 0in F), then x? = 0. Namely, if xy = —yx and charF # 2, then A

is anti-commutative.
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Definition 1.1.5 Let A be an F-algebra. Cyclic permutations on {x, y, z}
are xyz,yzx,zxy. Forx,y,z € A, J(x,v,z) = (xy)z + (yz)x + (zx)y is
called the Jacobi element of x, y, z. If

J(x,y,2) = (xy)z + (y2)x + (zx)y = 0
for all x,y, z € A, then we say A satisfies the Jacobi identity.

Definition 1.1.6 Let A; and A, be two algebras over F. If a linear map
0: A; — A, is satisfied that 0 (xy) = 6(x)6(y) for all x,y € A;, then 6 is
called an algebra homomorphism.

If 6 is surjective, it is called epimorphism; if it is injective, it is called
monomorphism and if it is bijective, it is called isomorphism. Moreover, if

A; = A, and 6 is bijective, then this map is called automorphism.

1.2 Lie Algebras

Definition 1.2.1 Let A be an F-algebra. If A is anti-commutative and A
satisfies the Jacobi identity, then we say A is a Lie algebra.

Remark 1.2.1 Let L be a Lie algebra over a field F. For all x,y,z € L, we

have
(y)z + (y2)x + (zx)y = 0
(xy)z = —(yz)x — (zx)y ( By anti-commutative law )
= x(yz) + y(zx)

+ x(yz).
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So, L is a non-associative algebra.

Let A be an algebra over F. We define new product [,] on A by
[x,y] =xy —yx

for all x,y € A. A becomes an algebra over F together with new product

and denoted by (4, [,]). The element [x, y] is called commutator of x and

y. If (4,[,]) is commutative, then the product becomes zero product

([x,y]=xy —yx =xy —xy = 0).

Let L be a Lie algebra, we say that the product in L is denoted by [x, y]
rather than xy and it is called Lie bracket or Lie product.

Definition 1.2.2 Let L be a Lie algebra over a field F. If [x, y] = 0 for all
x,y € L, the algebra L is said to be abelian Lie algebra.

Example 1.2.1 The field F is a 1-dimensional abelian Lie algebra.

Example 1.2.2 The cross product on L = R3 makes L a Lie algebra, i.e.,

x Xy = (X2Y3 = X3Y2,X3Y1 — X1¥3, X1¥2 — X2¥1),
the dot product on L is
X.y =X1y1 t X2¥2 + X3Y3,
where x = (xq,%5,x3) and y = (y1,¥,v3) € R3.

Here, it is easy to show that the cross product on R3 is bilinear. Moreover,
[x,y] =x Xy =—yXxx=—[y,x] is also well-known. By vector triple

product x X (y X z) = y(x.z) — z(x.y), we have
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[, [y, 1] + [y, [2,x]] + [z [x, ¥]]
=xX(yX2)+yx(zxx)+zXx(xxXy)

=y(x.2) = z(x.y) + z(y.x) — x(y.2)
+x(z.y) = y(z.x)

=0.

Hence, (L,x) is anti-commutative and it satisfies the Jacobi identity. So, L
is a Lie algebra.

Proposition 1.2.1 Let A be any associative algebra over a field F. Then
(4,[,]) is a Lie algebra.

Proof. We need to show that (4,[,]) is anti-commutative and (4, [, ])
satisfies the Jacobi identity. For all x € A4, [x,x] = xx —xx = 0, so anti-
commutativity holds. Now, let us show that j(x,y,z) =0 in (4,[,]) for
all x,y,z € A. We have

J(x,y,2) = [[x,y], 2] + [[y, 2], x] + [[2,x], ¥]
=[xy —yx,z] + [yz — zy,x] + [zx — x2, V]
= (xy —yx)z — z(xy — yx) + (yz — zy)x
—x(yz — zy) + (zx — x2)y — y(2x — xz)
= (xy)z = (yx)z — z(xy) + z(yx) + (y2)x — (zy)x
—x(yz) + x(zy) + (zx)y — (x2)y — y(2x) + y(x2).

Since A is associative, we have (xy)z = x(yz). Hence the final expression

cancels and thus J(x, y, z) = 0. Therefore, (4, [,]) is a Lie algebra.
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Example 1.2.3 Let IV be a vector space over a field F. The linear space of
all endomorphisms of V is denoted by End (V). Note that End (V) carries
on algebra structure given by composition of linear maps. This algebra is
associative. Therefore, (End(V), [,]) is a Lie algebra, known as the general

linear algebra and it is denoted by gl(V).

1.3 Matrix Lie Algebras

The space M,,(F) of all n X n matrices over a field F together with matrix
multiplication is an associative algebra. Hence, by Proposition 1.2.1,
(M, (F),[,]) is a Lie algebra. This Lie algebra is called the general linear
Lie algebra and denoted by gl,,(F) (or gl(n, F)). As a vector space, the
algebra gl, (F) has a basis consisting of ¢;; for 1 <i,j < n. Here, ¢;; is
the n X n matrix which has a 1 in the ij-th entry and all other entries are

0. By the matrix multiplication, we have
€ij€kl = Sjkeilv

where § is the Kronecker delta defined by 6;; = 1 ifi = j and §;; = 0 if

i # j. Therefore,
lei, ex1] = eijers — exieij = Sjeq — Siex.
Note, for everyn > 1,
dimgl, (F) = dimM,(F) = n%.

Recall that for A € gl,,(F), the trace of A is the sum of all diagonal entries
in A and it is denoted by tr(A). We define the set
10
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sy (F) = {A € gl (F)| tr(4) = 0},

it is easy to show that it is the subspace of gl,, (F) consisting of all matrices

of trace zero.

Lemma 1.3.1 sl,,(F) is a Lie algebra.
Proof. For 4, B € gl,,(F),
tr([A, B]) = tr(AB — BA) = tr(AB) — tr(BA) = 0.

This means that [4, B] € sl,,(F), that is, sl,,(F) is a Lie algebra.

This Lie algebra is called special linear algebra. As a vector space, the
algebra sl,,(F) has a basis consisting of the e;; for i # j together with

€ii — €i+1,i+1 fori<i<nForn=> 2,
dimsl,(F) =n? — 1.
In particular, forn = 2, dimsl,(F) =22 —1 = 3. Let
_(1 0 _ (0 1 (0 0
h_(o _1)' e_(o 0)' f_(1 o)'

Thene, h and f are linearly independent and belong to si, (F). Hence, they

form a basis of sl, (F), which is called standard. Note that

hel=he—ch=(3 °)O -0 G 2)

=(o o

= 2e,
11
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similarly, we have

lefl=ef—fe=(; °))=h

and

hfl=hf=fh=(", )=-2f.
Recall that a matrix A is called the upper triangular if a;; = 0 whenever
i > j.Letu,(F) be the subspace consisting of all upper triangular matrices

in gl,,(F). Again this is a Lie algebra with the Lie bracket. Moreover,

_ 2
dimu, (F) = w +n= ”zﬂ

Similarly, a matrix A is called the strictly upper triangular if a;; =0

whenever i > j. Let su,(F) be the subspace consisting of strictly upper

triangular matrices in gl,, (F). By the Lie product, this space becomes a Lie

algebra. We have

(n-1)n _ n?-n

dimsu,(F) = > >

A matrix A is called the diagonal matrix if a;; = 0 whenever i # j. Let

d,,(F) be the subspace consisting of diagonal matrices in gl,,(F). Then
dimd, (F) = n.

Note that u,(F) =d,(F) @ su,(F) is a vector space direct sum
with [d,,(F), su, (F)] = su, (F). Hence, [u,(F),u,,(F)] = su,(F).

Remark 1.3.1 Let V be a vector space over F with a basis B. There is an
isomorphism, determined by the basis B, between the algebra gl (V) of all

linear operators on V and the algebra gl,, (F) of all n X n matrices over F.

12
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Thus, every linear mapping will correspond to an n X n matrix determined
by the basis B.

Recall that let VV be a vector space over a field F with charF # 2 and f be
a non-degenerate symmetric bilinear form on V over F. A symmetric
bilinear form f:V XV — F is bilinear and f(v,w) = f(w,v) for all
v,w € V. If f isnon-degenerate, this means that thereisno 0 # v € V with
f(v,w)=0forallw €V, thisis,v = 0.

Let {us,u,,...,u,} be abasis of a vector space V. Then the non-singular
symmetric matrix M = [f(u;,u;)] characterizes f, this means that if
v=Y" vy, w=Xr, wu; and we identify v and w as (vq, ..., vp)T

and (wy, ..., w;,)T respectively, then f(v,w) = vTMw. We set

o(V) ={x e gl(V)| flx(v),w) + f(v,x(w)) =0 forallv,w eV}

Lemma 1.3.2 o(V) is a subalgebra of gl(V).

Proof. By using the bracket of gl(V), clearly the anti-commutativity and
Jacobi identity are satisfied. Now we need to prove that o(V) is closed

under bracket. Forall x,y € o(V), v,w €V,
([ y1@),w) + £ (v, [x, y](w))
= f((y = y0) (@), w) + £ (v, (xy — yx)(W))
= £y (@), w) — f(yx (@), w) + f (v, xyW)) — f (v, yx(w))
= f(x(y@).w) = fF(y(x()),w)
+f (v.x(yw)) = f .y (xW)))

= —f(y('l]),X(W)) + f(X(U)), }’(W))
13
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—f(x(@),yw)) + f(y(v), x(w))
=0.

This means that [x, y] € o(V).

o(V) is called orthogonal Lie subalgebra.

Remark 1.3.2 In the proof of Lemma 1.3.2, we did not use the symmetric
property of f. The proof works for non-degenerate skew-symmetric
bilinear form f, that is, f(v,w) = —f(w, v) forall v,w € V. Set

sp(V)
={x e gl(V)| f(x(v),w)+ f(v,x(w))0 forallv,w €V},

where f is non-degenerate skew-symmetric bilinear form.

Lemma 1.3.3 sp(V) is a subalgebra of gl(V).

Proof. We use a similar way to the proof of Lemma 1.3.2.

sp(V) is called symplectic Lie subalgebra.

But it turns out skew-symmetric non-degenerate form f on V implies that

V is even dimensional.

14
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Remark 1.3.3 We can also verify it in terms of matrices. We describe o (V)
in terms of matrices and it is denoted by o,, (F). The form f on V' is defined
by the matrix M as we explained as above, i.e., f(v,w) = vTMw for all

v,w €V, where
0 I I
(Is 0) ifn=2s 1

M=< 1 0 O }
(0 0 IS> ifn=2s+1

0 I, 0 )

We know that M is non-singular symmetric. So

0 A B
0,601(F)={-BT ¢ D |€sly1(F)| DT =-D, ET =-E
-AT E (T

(¢ D T _ _ T _
055 (F) = {(E —CT) € slys(F)| DT =-D, E" =E }.
S0 {eij = estjsajl 1 S i< j<s}U{essij— esijisCisej = €sai| 1<
[ <j < s}is abasis of 0,5(F), where e;; € gls(F) is the standard basis

element with ij-th entry 1 and others zero. Hence,

025 (F) = 57 + X1 4 S-1

= 2s% —s.

Example 1.3.1 We describe the orthogonal Lie algebra o;(C). Let

0 0 O 0 0 1 0 -1 0
A=<0 0 —1),B=(0 0 O), C=<1 0 0).
01 0 -1 0 O 0 0 O

Itis clear to see that A, B and C are a basis over C for o5 (C). One computes

[4,B] = C, [B,C] = A4, [C,A] = B.
15
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Exercises 1

1.1 Let F be an algebraically closed field. Let L be a three dimensional
vector space over F with basis {x, y, z}. Define an algebra structure on L

by setting

[x,yl ==y, xl =zy.zl = -[zy]l = x,[z,x] = =[x, z] = y,
[x,x] = [YIy] = [Z'Z] =0,

and extending to L by F-bilinearity. Show that L is a Lie algebra.

1.2 Show that the following equations and those imposed by F-bilinearity
and the anti-commutativity property define a Lie algebra structure on

L = span{x,y, z} with
[x,y] =2z [x,z] =y, [y,z] = 0.

1.3 Let L be a Lie algebra such that [[x, y],y] = 0 for all x,y € L. Show
that 3[[x, y], z] = 0 forall x,y, z € L. Hint: Observe that [[x, y], z] is three

linear and skew-symmetric in x, y, z and apply the Jacobi identity.
1.4 Let L be a Lie algebra. Show that [x, 0] = [0,x] = 0 forall x € L.

1.5 Let L be a Lie algebra and suppose that x,y € L satisfy [x,y] # 0.

Show that x and y are linearly independent over F.
1.6 Show that u,,(F) and su,, (F) are Lie algebras.
1.7 Show that L is a Lie algebra with product [x, y] = x.

1.8 Summarize the 1-dimensional and 2-dimensional Lie algebras.

16
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1.9 Verify that End (V) with the bracket [x, y] = xy — yx is a Lie algebra

over F.

1.10 What is the difference between gl(V) and End(V)? Explain.

17
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CHAPTER 2

Subalgebras and Ideals

2.1 Subalgebras and Ideals

Definition 2.1.1 Let A be an algebra and B be a subspace of A. We say B
is a subalgebra of A if xy € B forall x,y € B.

Definition 2.1.2 Let A be an algebra and B be a subspace of A. For two
subspaces U and V of A, we denote by U.V the linear span of all xy with

x € U,y € V. In other words,
U.V = span{xy|x e U,y € V}.

So, B is a subalgebra if B.B < B.

Definition 2.1.3 A subspace I of A is called a left ideal of A if A.1 €I,
and called a right ideal if I. A < I. Any ideal (left or right) is a subalgebra.
We say [ is a two-sided ideal of A if I is both a left and right ideal.

Remark 2.1.1 If A is anti-commutative, then for x € A, any y € I, we have

xy = —yx. S0, any left ideal of A is aright ideal of A, and vice versa. Thus,

18
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we do not distinguish between left and right ideals.

Example 2.1.1 sl,(F) is an ideal of gl,,(F) and su,(F) is an ideal of
uy, (F).

Remark 2.1.2 An ideal is always a subalgebra, but a subalgebra need not
be an ideal.

Example 2.1.2 su,, (F) is a subalgebra of gl,,(F), but for n > 2, this is not
an ideal of gl,(F). Indeed, for e;; € su,(F) and e,; € gl,,(F), we

have [e;;,e11] = €51 & su,(F).

Example 2.1.3 The subspace U of skew-symmetric matrices,
U={A€gl,(F)| A" = -4},

where AT is the transpose matrix of A, is a subalgebra of gl,,(F), but not
an ideal. Indeed, forany A,B € U, then

[4,B]T = (AB — BA)T
— BTAT _ ATBT
= (=B)(=4) — (=4)(-B)
= BA — AB
= —[4, B].

19
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But forall A € U and B € gL, (F), we have

[4,B]T = (AB — BA)T = BTAT — ATBT = —BTA + ABT = —[BT, Al.

Therefore, [4,B] € U. So, U is not ideal.

Definition 2.1.4 Let L be a Lie algebra. L is itself an ideal of L and {0} is

an ideal of L. L and {0} ideals are called the trivial ideals.

Definition 2.1.5 Let L be a Lie algebra. The algebra L is called abelian if
[x,y] =0forall x,y € L.

If L is abelian, then every vector subspace is an ideal.

Definition 2.1.6 Let L be a non-abelian Lie algebra. If the ideals of L have

only L and {03}, then L is called simple Lie algebra.

Example 2.1.4 If char(F) # 2, then L = sl,(F) is simple. Firstly, note
that sl,(F) is not abelian, because [e,f] = h # 0. Let I be a non-zero
ideal of L. We need to show that I = L. Observe that [h,I] S 1 as isan
ideal.

If fel then[e,f]=helande ==[h,e] €1.So,I = L in this case.

N | =

If hel, thene =

N | =

[h,e] €l and f =_71[h,f] € 1. So, I = L again.

Ifecl, then—[f,e] =h€landf =—[h f]€1.So0,I =L,

Thus, sl,(F) issimple.
20
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When char(F) = 2, sl,(F) is not simple. Suppose that char(F) = 2,
(2=0inF). Then {e, h, f } is still a basis of sl,(F). Since =1 =1inF,

1 0

we have h = (0 1

) = I, (identity matrix). Also we have the relations
[h,e] =2e =0,

[hfl=-2f=0

le,fl=h=1,.

Hence, I = Fh, this means that I = L, namely L is not simple.

Lemma 2.1.1 Let I and J be two ideals of a Lie algebra L. Then
[1,]]1 = span{[x,y]| x € I,y €]}
is an ideal of L.

Proof. We need to show that [z, [x,y]] € [1,/] for all z€ L, x € I and

y €]. Now, [z,x] € I and [z,y] €] as ! and ] are ideals. Thus,
[z, [x,¥]] = —[[x,¥],z] (Jacobi identity)
= [[y, 2], x] + [[z x], ¥] (anti-commutativity)

=—llzy]. x] +[[zx], y]

€] €I el €]

€[LJ1+[L]1=1[LJl.

As required.
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Definition 2.1.7 Let L be a Lie algebra over a field F. The linear span of

all commutators [x, y] with x, y € L is called the derived subalgebra and it
is denoted by [L, L] or L'. By Lemma 2.1.1, the subalgebra [L, L] is an ideal
of L.

Proposition 2.1.1 Every two dimensional Lie algebra contains a one

dimensional ideal.

Proof. As we known, there are only two examples of a 2-dimensional Lie
algebra. Either the basis elements commute, in which case L is abelian, or
they do not commute, in which case [L, L] is 1-dimensional. In both cases,

L has a 1-dimensional ideal.

Definition 2.1.8 If [L, L] = L, then we say L is perfect.

Example 2.1.5 gl,,(F) is not perfect. To see this, for 4, B € gl,,(F), we
know that tr([A4, B]) = 0. Hence, we have [gl,,(F), gl,,(F)] c sL,,(F). If
char(F) # 2 orif n > 3, then the Lie algebra sl,,(F) is perfect.

2.2 Centralizers and Normalizers

Definition 2.2.1 Let X be a non-empty set in a Lie algebra L. The set

C,X)={yelL|[x,y] =0forallx € X}
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is called the centralizer of X in L.
If X = {x}, then C {{x}} is denoted by C; (x). Note that

CL(X) =Nyxex CL(x).

Lemma 2.2.1 If {A;| i € I} is a family of subalgebras, then N;¢; A; isa

subalgebra.

Lemma2.2.2 Let L be a Lie algebraand x € L. Then C; (x) is a subalgebra
of L.

Proof. Leta, b € C;(x). Thenwe have [a, x] = 0 and [b, x] = 0. We need
to show that [a, b] € C;(x), namely, [[a, b], x] = 0. By using the Jacobi

identity, we have
[[a bl x| = —[[b,x],a] — [[x,al, b]
= [0,a] + [0, b]

=0.

Definition 2.2.2 The centre of L, denoted by Z(L), is defined as

Z(IL)=C,(L)y={y€L|[x,y]=0,vx €L}

Lemma 2.2.3 The centre of L is an ideal of L.

Proof. For z € Z(L) and x,y € L, we have
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[y, [x,z]] = [y,0] = 0.

=0

Hence, it follows that [L, Z(L)] = {0} € Z(L), this is, the centre of L is an
ideal of L.

Lemma 2.2.4 Let L be a Lie algebra over F. Then Z(L) = L if and only if

L is abelian.

Proof. Suppose that Z(L) = L. We need to show that for all x,y € L,
[x, y] = 0. By the definition of the centre of L, it is clear to see that for all
x €Z(L) =L, y € L,we have [x,y] = 0. Now let L be abelian, then for
all x,y € L, [x,y] = 0. By the definition of Z(L), we have x € Z(L) = L.

Definition 2.2.3 Let L be a Lie algebra and V be a subspace of L. The set
N,(V) ={x €L|[x,v] eV forallv eV}

is called the normalizer of V in L.

Definition 2.2.4 Let L be a Lie algebra over F and V be a subspace of L. If
V = N, (V), then V is called self-normalizing.

Example 2.2.1 Let L = span{x, x,, x3, x4, x5} be a Lie algebra over a
field F with
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[x1,x4] = x4, [x1, X5] = —%3, [x3,%4] = x3, [, X5] = X1, [%4, X5] = x3.

First, we compute the centre of L. Let y = ¥'?_, a;x; € Z(L), a; EF. It

means that for all x € L, [x,y] = 0. Thus, we have
[x1,¥] = ayx; — asx; =0,
[x2,¥] = aux; + asx; =0,
[x3,¥] =0,
[x4, ] = —a1x1 — 2%, + asxs = 0,
[x5,¥] = a1x; — azx; — asx3 = 0.

By linearly independence of {x;, x5, x3,x4, X5}, Wehave a; = a, = a4 =
as = 0. Therefore, we obtain that y = a3x3 € span{x;}. Then this means
that Z(L) = span{xs}.

Now, let V be a subspace of L with a basis {x;, x5}, then we obtain that
N, (V) = span{x,,x3}. Clearly, for every v =ax;+bxs €V and
x =cxy +dx, +exs+ fx, + gxs € N (V), where a,b,c,d,e,f,g €EF,

we have [x,v] € V. Namely,
[x,v] = [cxq + dx, + exs + fx, + gxs, ax; + bxs)
= —cbx, + dbx; — fax, + fbxz + gax, €V.

Thus, —cb + ga = 0, fb = 0. Therefore, x = dx, + ex3 € span{x,, x3}.
This means that N (V) = span{x,, x3}.

2.3 Heisenberg Algebras

Let V be a 2n-dimensional vector space over a field F with basis
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{uy, uy, ..., Uy, v, vy, ..., vy }. Let Fz be a 1-dimensional vector space over

F spanned by z. We structure an anti-commutative algebra L = V @ Fz by

setting
(H1) [ui,uj] =0 and [vi,vj] =0forl1<ij<n
(H2) [u;, vj] = 6;jz, where & is the kronecker delta
(H3) [z,u;] =0 and [z,v;] =0for1 <i <n.

We have [a,b] = Fz and [[a,b],c] =0 for all a,b,c € L. Therefore,
J(a,b,c) =0forall a,b,c € L. Hence, L is a Lie algebra. This algebra is

called n-th Heisenberg Lie algebra over F.

Example 2.3.1 Let

010 0 0 0 0 0 1
x=[0o 0o o],y=(o 0 1],Zz=(0 0 0]€egl(C
0 0 0 0 0 0 0 0 0

and the Lie algebra K = span{X,Y,Z} with [X,Y]=1Z, [X,Z] =0,

[Y,Z] = 0 has a Heisenberg algebra structure.

2.4 Factor Algebras (Quotient Algebras)

Let V be a finite dimensional vector space over F and W be a subspace of
V. Let {wy,w;, ..., w, } be a basis of W. By the Basis Extension Theorem,
there exists {vy, vy, ..., vy, } SUch that {wy, ..., wy,, v4, ..., v, } isa basis of V.
Hence, dimV =m+n and dimW = n. For v € V, the coset v + W is

definedas v+ W = {v+w|w € W} Let
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V/W:{U+W|UEV}
be the set of all cosets. Foru + W, v+ W € V/W and A € F, we define
uUu+mM+@w+W)=m+v)+W
Av+W)=(Av)+W.

The zero vector of V/W is the zero coset (0 + W = W). Then (V/W )

becomes a vector space over F. Any v + W can be written in a unique way

as a linear combination
WW+W)=a (v + W)+ -+ ap (v, + W).
Hence, {v; + W, ..., v, + W} is a basis of V/W. So
dimV/W =m=m+n)—n=dimV —dimW.
The space V/W is called the factor space of VV by .

Let L be a Lie algebra and I be an ideal of L. L/I iS a vector space. By

setting forall x,y € L
[x+Ly+1I]=[xy]+],
L/, is an algebra.
This is well-defined. Notethatx + 7 = z + I ifandonlyifz — x € I. Then
[z+Ly+I1l=[zy]+1

=[x+ (z—-x),y]+1
el

= [x,y]+[z—x,y] + I (asI isan algebra)

= [x,y] + 1.
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Lemma 2.4.1 Let L be a Lie algebra and I be an ideal of L. Then L/I isa

Lie algebra.
Proof. For every x € L, we have
[x+Lx+I]l=[x,x]+1=0+1

the zero coset. So L/I is anti-commutative. Since J(x,y,z) = 0 for all

X,y,z € L, we have

Jx+Ly+1z+1)
=[lx+Ly+ILz+I|+[ly+Lz+1x+1|+[[z+ Lx+ 1]y +]1]
=[xyl +Lz+1]+[ly.z] + Lx+1] +[[zx] + Ly +1]
=[xyl z]|+ 1+ [y zlx] + 1+ [[zx].y] +1

=J(x,y,z)+1

=0+1.

Hence, L/I is a Lie algebra, it is called the factor algebra of L by I.

2.5 Derivations

Definition 2.5.1 Let A be an algebra over a field F. A derivation of A is a

linear map D: A — A satisfying the property
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D(xy) = D(x)y + xD(y)

for all x,y € A. The set of all derivations of A is denoted by DerA. This
set is closed under addition and scalar multiplication. Moreover, this set
has the zero map. Hence, DerA is a vector space over F and it is a subspace
of gl(A).

Lemma 2.5.1 Let A be an algebra over F. Then DerA is a subalgebra of
gl(4).

Proof. We need to show that for all D, E € DerA, we have [D, E] € DerA.
Now, for every x,y € A,

[D,E](xy) = (DE — ED)(xy)
= (DE)(xy) — (ED)(xy)
= D(E(xy)) — E(D(xy))
= D(E(x)y +xE(y)) — E(D(x)y + xD(y))
= D(E())y + E()D() + D@EQ) +xD(E())
—E(D(x))y = D(x)E() — E(x)D(y) — xE(D(¥))
= (DE — ED)(x)y + x(DE — ED)(y)

= [D,E](x)y + x[D, E]1().

Hence, [D, E] is a derivation of A.
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Example 2.5.1 A = F[xq, ..., x,] is a polynomial algebra over a field F.

For every i < n, the partial derivative D; = % is a derivation of A. If D is

a derivation of A and f € A, then fD is also a derivation. Here,
(fD)(h) = f.D(h) for all h € A, where the product is product of

polynomials. So, any operator

n

D i

i=1

is a derivation of A. One can prove that any derivation of A is of that form.

2.6 Structure Constants

Definition 2.6.1 Let A be an algebra over a field F and {v,, v,, ..., v,,} be

a basis of A. For x,y € 4,

xy = (Z aivi) (Z ﬂjvj) = Z a;Bjvv;

and

n
- K K
1417 —Zcijvk, c;j EF.

Here, for 1 <i,j,k <n, ci"j are called structure constants with respect to

{v1,vq, ..., 10}

Remark 2.6.1 Structure constants depend on the choice of basis of A. In

general, different bases will give different structure constants.
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Lemma 2.6.1 Let L be an algebra over a field F. Then L is a Lie algebra

with a basis {x4, x5, ..., x,} if and only if
(i) ck=oforallik,
(ii) c{‘j + c}‘i =0 foralli,j,k,
(iii) Zk(c{‘jcﬁl‘ + cﬁc}c’; + c{‘ic}(’]’- =0 foralli,j,[,m.

Proof. (i) Let L be a Lie algebra over F. By anti-commutative law, we have
[x;, x;] = 0 for all x; € L. As a consequence, [x;,x;] = Y, ckx, = 0.By

linear independence of x;, we obtain c£ = 0. Hence, (i) holds.

(ii) By anti-commutative law, we have [x;x;]+ [x;,x;] = 0.

Therefore,
Trckxg + Xcfx =0.

So, we have Zk(cikj + c}i)xk = 0. By linear independence of x;, we have

¢ + cfi = 0. Thus, (ii) holds.
(iii) By using Jacobi identity, we have
(o ] 2] + [ 2] 2] + [ ] = o
Notice that
[[xi,xj],xl] =[S chxe, %] = Ticcls [ 2] = S ks Tom €l xm

— k
- Zm(Zk Cij Ci’z’) Xm»

_ K _ K _ K m
[[xj,xl],xi] = [Z cji xk,xi] = Zk cji la, x] = zk cjj z Rt Xm
m

k
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= Zm(Zk C]li Clrcrll) Xm

and

[[xl,xi ],xj] = [Z cl xk,xj] = Z ¢t [xe %] = Z 052 Cikj Xm
k k k m
= Zm(z:k Clki Clrcr;')xm-

So the Jacobi identity implies that ¥, (c/cit + cficki + clicit) = 0.

Example 2.6.1 The Lie algebra gl,, (F) has a basis consisting of e;; for

1 <i,j < n. By the matrix multiplication, we have e;je,; = &j,e;, where

d is the Kronecker delta and
[eij' ekl] = 5jkeu - 5uekj + 0.e5 + 0.ep+. ...

The structure constants of gl,,(F) are 8, —6;;, 0,0, ....

Example 2.6.2 Let L be Lie algebra with a basis
{e, = (1,0,0),e, = (0,1,0), e3 = (0,0,1)}
as in Example 1.2.2. We have
ler, e2] = e3, [eq,e3] = —e,, [e5, €3] = 4.
The structure constants are
ct2=0,¢c,=0,¢c,=1,¢{3=0, ci3=-1, ¢f3=0,¢c33 =1,

2 _0 3 —
¢33 =0,c53 = 0.
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Example 2.6.3 Let L be a Lie algebra with a basis {x, y, z} with [x, y] = z,
[x,z] =y, [y,z] = 0. The structure constants are

1 _ .2 _ 3 _ 1 _ .3 _ 2 _ 1 _ .2 _ .3 _
c2=¢12=0,¢c12=1, ci3=¢i3=0, ci3=1, ¢33 =¢c33 =¢c33=0.

Exercises 2

2.1 Prove that Lemma 2.2.1.

2.2 Show that [L, L] is a subalgebra of L. Is it true that [L, L] = L for every

L? Explain by an example if the answer is not.

2.3 Is [K,M] always a subalgebra of L if K,M are subalgebras of L?
Explain.

2.4 Let L be a Lie algebra and I, ] be ideals of L. Prove that
M I+]={x+y| xe€l, ye]J}isanideal of L.
(i) InJisan ideal of L.
2.5 Prove that the subspace U is not ideal of gl,,(F) in Example 2.1.3.
2.6 Show that N, (V) is a subalgebra of L.
2.7 Prove that if V is an ideal of L, then N, (V) is an ideal of L.

2.8 Let L = span{x,y,z} be a Lie algebra and V = span{y,z} be a
subspace of L. Product table of L is [x, y] = —z, [x,z] = y.Findthat Z(L)
and N, (V).

2.9 Find that Z(L) when L = sl,(F).
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2.10 Let L = span{x,y,z} be a Lie algebra with [x,y] =z, [y,z] = x,

[z,x] = y.
(i) Compute the centralizer C; (x — 2y).
(it) Prove that L is a simple Lie algebra.

2.11 Let L = span{x,y,z} be a Lie algebra with [x,y] =z, [x, z] = y.
Compute the centre Z(L).

2.12 Let L = span{x;,x,,x3,%x,} be a Lie algebra with [x;,x3] = x5,
[x1, x5] = x5, [x2, x4] = x1 and V be a subspace of L with a basis {x;, x4},
Compute the centre Z(L) and N, (V).

2.13 Prove that Lemma 2.2.4.

2.14 Let A be an algebra over F with multiplication (x,y) ~ x.y. Let D

be a linear operator on A. We say that D is a derivation of A if

D(x.y) =D(x).y +x.D(y)

for all x,y € A. Verify that the commutator [D,D'] = DD' — D'D of two
derivations of A is a derivation whereas the composition DD’ € End(A)

need not be.

2.15 Let L and S be Lie algebras. Show that L is isomorphic to S if and
only if there is a basis A of L and a basis B of S such that the structure
constants of L with respect to A are equal to the structure constants of S

with respect to B.
2.16 Find the structure constants of si, (F).

2.17 Show that any three dimensional Lie algebras with [L,L] = Z(L) is

isomorphic to the Heisenberg Lie algebra.

2.18 Classify all Lie algebras L with dimL = 3 and Z(L) # 0.
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2.19 Let S be an n X n matrix with entries in a field F. We define the set
gls = {x € gl,(F)|x"S + Sx = 0}.
(i) Show that gls is a Lie subalgebra of gl,, (F).

(ii) LetJ be the n X n matrix:

0 0 1
j=|0 }0
1 00

Now let S be the 2n X 2n matrix:

(5 )
_] 0 )
Find conditions for a matrix to lie in gls and hence determine the

dimension of gls.

2.20 Let V be a vector space with basis ey,...,e,. Let E;;:V — V be the
endomorphisms defined by E;j(e;) = &je;. Verify the commutation

relations:
[Eijy Ext] = B — 81iEij-

Recall that sl(V) c gl(V) denotes the subalgebra of traceless
endomorphisms. Use the above relations to show that sl(V ) = gl(V ).

2.21 Prove that the centre of gl,,(F) equals s,, (F) which is the algebra of

all scalar matrices.

2.22 Prove that sl,, (F) has centre 0, unless charF divides n, in which case

the centre is sl (F).

2.23 Prove that the set of diagonal matrices is a self-normalizing

subalgebra, when charF = 0.
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2.24 Prove that u,(F) and d,(F) are self-normalizing subalgebras of

gl (F), whereas su,, (F) has normalizer u,, (F).
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CHAPTER 3

Homomorphisms and Representations

3.1 Homomorphisms

Definition 3.1.1 Let L and M be two Lie algebras over a field F. A linear
map 6:L — M is called a Lie algebra homomorphism if

6([x, y]) = [6(x),0()]
forall x,y € L.
If 6 is injective, we say 6 is a monomorphism.
If 6 is surjective, we say 6 is an epimorphism.

If 6 is bijective, we say 6 is an isomorphism and L = M.

Example 3.1.1 The zero map is a homomorphism of Lie algebras.

Example 3.1.2 Suppose that charF = 2. Let H; be the 3-dimensional
Heisenberg Lie algebra over F with a basis {u, v, z} such that [u, v] = z,
[u,z] = 0 and [v, z] = 0. We define a linear map
0:H; —» sl,(F) by 6(u) =e,0(v) =f,0(z) = h.
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Then 6 is a linear isomorphism respecting Lie brackets. So, 6 is a Lie

algebra isomorphism and H; = sl,(F) when charF = 2.

Example 3.1.3 tr: gl,,(F) — F is a homomorphism of Lie algebras (with
a field F the abelian Lie algebra). Clearly,

tr([x,y]) = tr(xy) — tr(yx) = 0 = [tr(x), tr(y)].

Therefore, sl,,(F) is an ideal in gL, (F).

Definition 3.1.2 Let 8: L — M be a Lie algebra homomorphism. The set
Kerf = {x € L| 8(x) = 0}

is called the kernel of 6. The set
Imf = {6(x)| x € L}

is called the image of 6.

Lemma 3.1.1 Let 6: L - M be a Lie algebra homomorphism. Then Ker8

is an ideal of L.

Proof. We need to show that [x,y] € Ker6 for all x € Kerf and y € L.
Since x € Ker6, we have 6(x) = 0. Then

6([x,y]) = [6(x),6(»)] = [0,6(¥)] = 0.

So, [x,y] € Ker@. In other words, Ker8 is an ideal of L.
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Example 3.1.4 In Example 3.1.3, it is clear to see that the kernel of tr is
sl (F).

Lemma 3.1.2 Let 6: L - M be a Lie algebra homomorphism. Then Im6

is a subalgebra of M.

Proof. For all a,b € Im6, we need to show that [a, b] € Im8. For some

x,y € L,we have a = 8(x) and b = 6(y). Then

la, b] = [6(x),6(y)] = 6([x, y]).

Hence, [a, b] € Im#. So, Im6 is a subalgebra of M.

Lemma 3.1.3 Let L be a Lie algebra and I be an ideal of L. Then the linear
map m:L - L/I defined by m(x) = x + 1 is a homomorphism of Lie

algebras.
Proof. For all x,y € L, we have
(e, yD) =[xyl+1=[x+1Ly+1] =) ()]

This shows that i is a Lie homomorphism.

Definition 3.1.3 The surjective Lie homomorphism as defined in Lemma

3.1.3 is called the canonical map.
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Theorem 3.1.1 Let 6: L — M be a Lie algebra homomorphism. Then

L ~

Proof. The map 6: L — M induces a linear map 8: L/Kere — M given by
O(x + Kerf) = 6(x) forall x + Ker6 € L/Kere' Then 6 is a linear map.
Clearly, we have Im@ = Im@. Hence, 8: L/, — Im# is surjective. If

O(x + Kerf) = (y + Ker), then 6(x) =0(y). So, x —y € Ker®.
Therefore, x + Kerf = y + Ker. This means that 8 is injective. For all

x + Ker6,y + Kerf € L/Kere , we have

0([x + Ker6,y + Ker6]) = 8([x,y] + Ker)
= 60([x,¥])
= [0(x),0(y)]
= [0(x + Ker6),0(y + Kerf)].

Hence, 6 is a homomorphism. Therefore, 8 is an isomorphism. Thus,

L ~

Theorem 3.1.2 Let 6: L. - M be a Lie algebra homomorphism. If I and |
be ideals of L, then

d+), -
1= angy

Theorem 3.1.3 Let 6: L. - M be a Lie algebra homomorphism. If I and J

be ideals of L such that I < J, then
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(i) 7/, is an ideal of L/},

&y 1)/
(ii)
d/

Proof. (i) Suppose that I < J. Forall x + ] e]/l andy+1€ L/I,

IR

L/]_

[x+Ly+I]=[xy]+1 EJ/I.
So,]/l is an ideal of L/.

(ii) Consider a mapping 6: L/I - L/] suchthat@(x + 1) =x +J. 1t

is easy to show that this mapping is well-defined. Let x + 1 € Ker®.
Hence, we have 8(x +1) =0+ ]. So, x + ] = . Since x € J, we obtain

x+1 E]/I- This means that Ker® Q]/I. Conversely, let x + I e]/I.
Then

Ox+D)=x+]=]=0+].

Hence, x + 1 € Kerf. So Kerf = 1/1. Clearly, this mapping is surjective.
By applying Theorem 3.1.1, we obtain

L/,
J /;

IR

L/j'

Remark 3.1.1 Recall that [L, L] is an ideal of L. The factor algebra L/[L L]

is abelian. Indeed, for x + [L,L],y + [L,L] € L/[L L we have

[x + [L, L],y + [L,L]] = [x,y] + [L,L] = [L,L] = 0 + [L, L].
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So, L/[L’ 1] is abelian.

3.2 Representations

Definition 3.2.1 Let V be a vector space and L be a Lie algebra over F. A
Lie algebra homomorphism p: L — gl(V) is called a representation of L in
V. For each x € L, the element p(x) is a linear operator on V and for all

x,y €L,

p(lx,¥]) = [p(x), p(W)] = p(X)p(Y) — p(¥)p(x).

Definition 3.2.2 If Kerp = {0}, the representation p is called faithful.

Now, we define the adjoint representation. Let L be a Lie algebra. For each
x € L, we define a mapping ad,: L — L by ad,(y) = [x,y] forall y € L.
Note,

ad,(ay + Bz) = [x, ay + Bz]
= alx,y] + B[x, 7]
= aad,(y) + fad(2).

Hence, ad, is a linear operator on L. Consider ad: L — gl(L) such that

x — ad,. Note that for all z € L, we have
adgx+py)(2) = [ax + By, 7]
= alx, z] + B[y, Z]
= (aad, + Bady)(z).
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S0, adgx4py = aady + Bad,,. In other words, ad is a linear mapping.

Remark 3.2.1 The kernel of ad is the centre of L. Indeed, let x € Ker(ad).
Then ad, = 0. Namely, for all y € L, ad,(y) = 0. So [x,y] = 0. Thus,
x € Z(L).

Lemma 3.2.1 ad: L — gl(L) is a representation of L.

Proof. We need to show that ad is a Lie algebra homomorphism. Then for

all z € L, we have
adjy.)(2) = [[x,y],2]
= —[[y, z], x] — [[z x], ]
=[x . 2]] = [y, [x. 2]]
= ad,([y, z]) - ad,([x,z])
= ad,(ad, (2)) — ady(ady(2))
= (adyad, — ad,ad,)(z)
= [ad,, ad,](2).

Hence, adjy,; = [ad,, ady]. This means that ad is a Lie algebra

homomaorphism, as desired.

Definition 3.2.3 The representation ad: L — gl(L) is called the adjoint

representation. The operator ad,, is called the adjoint endomorphism of x.
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Example 3.2.1 Let L = sl,(F) and B = {e, h, f} be the standard basis. We
compute ad,, ad, and ady with respectto B = {e, h, f}. We have

ad.(e) =[e,e] =0=0.e +0.h+0.f
ad,(h) = [e,h] = —[h,e] = —2e = (—2).e + 0.h + O.f
ad,(f)=[e,fl=0.e+1.h+0.f.

0 -2 0
Hence, [ade]3=(0 0 1).

0 0 O
We can compute [ad}, ] and [ad]p in a similar manner. We have
ady(e) = [h,e] = 2e
adp(h) =[h,h] =0

ady(f) = [, f] = =2f.

2 0 0
Hence[adh]3=(0 0 0).

0 0 =2
ads(e) = [f,e] = —h

ad;(h) = [f,h] = 2f

0 0 O
Hence [adf]p = -1 0 0.
0 2 0

Example 3.2.2 Let L be a Lie algebra with a basis B = {x, y} satisfying
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[x,y] = x. Here, we have
ad,(x) =[x,x] =0,

ad,(y) =[x,y] =x=1.x+0.y.

Hence [ad, ]z = (8 (1)) Similarly, we have

ad,(x) = [y,x] = —x =-1.x+0.y,

ad,(y) = 0.
H _(-1 0 _ o
ence [ad,]p = ( 0 0). Therefore, ad: L — End(L) is injective. Thus,

ad; c End(L) is a Lie algebra isomorphic to L. Clearly,

adyady, — adyad, = [ad,, ad,| = ad|, , = ad,.

Lemma 3.2.2 For x € L, ad, is a derivation of L.
Proof. For y, z € L, we have
adyly, z] = [x, [y, z]]
= ~[y,[zx]] = [z [x, ¥]]
= [[x,¥],z] + [y, [x, 2]]

= [ady(y), z] + [y, ady(2)].

This shows that ad,, is a derivation of L.
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Remark 3.2.2 If Z(L) = {0}, then the adjoint representation ad is faithful.
Indeed, the centre of L is 0, the kernel of the representation ad: L — gl(L)

is zero too. This means that ad is faithful.

3.3 Modules

Definition 3.3.1 Let V be a vector space and L be a Lie algebra over F.
The vector space V is called an L-module if there isa mapping L XV - V,

where (x,v) — x.v forall x € L,v € V such that
(M1) The mapping is bilinear. In other words,
(ax + By).v=ax.v+ By.v
x.(au+ Bv) = ax.u+ fx.v
foralla,p € F,x,y €L, u,veV.

(M2) [x,y].v=x.y.v—y.x.v forallx,y e L,v e V.

Remark 3.3.1 There is an 1-1 correspondence between modules and
representations. Now, for an L-module V, we consider p: L — gl(V) given
by p(x)(v) = x.v for all x € L,v € V. Then (M1) and (M2) show that
p = py s a representation of L in V. Conversely, if 7: L = gl(W) is a
representation of L in W, then W is an L-module, via x.w = t(x)(w) for

alxeL,weWw.

Definition 3.3.2 A subspace W of an L-module V is called an L-submodule
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ifx.weWforall xeLandw € W.

Example 3.3.1 The zero subspace {0} and V itself are L-submodules.

Definition 3.3.3 We say V is irreducible (or simple) if {0} and V' are only
L-submodules of V. A representation p: L — gl(V) is called irreducible if

V is an irreducible L-module.

Remark 3.3.2 Let L be a Lie algebra over a field F. A Lie algebra L is
simple if and only if Lis non-abelian and the adjoint representation

ad: L — gl(L) is irreducible (submodules of ad are ideals).

Definition 3.3.4 Let L be a Lie algebra over a field F. A homomorphism
of L-modules is an F-linear map f: V — W between two L-modules VV and
W suchthat forallv € Vandallx € L, f(vx) = (fv)x. Itis called an

isomorphism if there is a homomorphism g: W — V of L-modules with

Lemma 3.3.1 (Schur I) Let V and W be irreducible L-modules for a Lie
algebra L over F and let f: V — W be an L-module homomorphism. Then

either f maps every element of V to zero or it is an isomorphism.

Proof. The image Imf and the kernel Kerf of f are submodules of W and
V respectively. Since both VV and W are irreducible, either Imf = 0 and
Kerf =V,orImf =W and Kerf = 0.

47



Nil Mansuroglu

Remark 3.3.3 Let VV be an F-vector space and f:V — V be a linear map.
Then an eigenvalue is an element A € F, for which a vector v € '\ {0}
exists with f(v) = Awv. Every such v is called an eigenvector for the
eigenvalue A. The set of eigenvectors for the eigenvalue A together with

the zero vector is called the eigenspace for the eigenvalue A.

Corollary 3.3.1 (Schur II) Let V be an irreducible L-module for a Lie
algebra L over Cand f:V — V be an L-module homomorphism. Then f is

a scalar multiple of the identity map.

Proof. Let f:V — V be any L-endomorphism. Then f is in particular a
linear map from V to V so it has an eigenvalue A with corresponding
eigenvector v € V. Thus, the linear map f — Aidy, has v # 0 in its kernel,
and it is an L-endomorphism, since both f and id, are. By Lemma 3.3.1,
this linear map f — Aid, must be equal to zero and thus f = Aidy . Note
that A and thus f can be equal to zero.

3.4 Automorphisms

Definition 3.4.1 Let L be a Lie algebra over a field F. An invertible linear
operator o on L is called an automorphism of L if a([x, y]) = [0(x), a(¥)]

forall x,y € L.
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Remark 3.4.1 The automorphisms of L form a group under composition
of linear mappings. The group of all automorphisms of L is denoted by
Aut(L).

Lemma 3.4.1 If g is an automorphism, then ¢~ is an automorphism.

Proof. Since ¢ is an automorphism, a([x,y]) = [o(x),o(y)] for all
x,y €L. Let 071 be the inverse of o. For some x,y € L, we have
a=o(x)and b = a(y). Then

o~ ([a,b]) = 07 ([o(x), e
=07 'o([x, y])
= [x,¥]
= [o7 (@), 071 (D)],

this implies that o~ is an automorphism.

Lemma 3.4.2 If ¢ and t are automorphisms, then ¢z is an automorphism.

Also, 1 = id; is the identity automorphism.
Proof. For all x,y € L, we have
o1([x,y]) = a(z([x, y]) (since 7 is an automorphism)

= o([t(x),7(y)]) (since o is an automorphism)
= [0(z(0),o(z)]

= [(eD) (%), (aD)W)].
49



Nil Mansuroglu
As required.

Example 3.4.1 Let L = gl(V) and x be any invertible linear operator on
V. Define o,:L - L by o,(y) =xyx~! for all y € L. Then o, is an
automorphism. Indeed, x~? is a linear operator on V (as x is invertible).
Also,

0,10 (¥) = 0,-1(0x ()
= o1 (xyx™1)
= x"txyx~1x
=y.

So, 0,1 = (a,)~ L. In particular, a, is invertible. Also,

o ([u,v]) = x[u, v]x~1

= x(uv — vu)x !

= (xuv — xvu)x~!

1 1

= XUvX ~ — Xvux~

1 1

= xux lxvx~! — xvx"lxvx~
= 0x (Wox (V) — o, (V)0 (W)
= [ox (W), 0, (V)]

for all u,v € gl(V). So, o, is an automorphism of gl(V/).
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Remark 3.4.2 Let x € gl,,(F) be a matrix of distinct eigenvalues. We
know that a matrix with distinct eigenvalues is diagonalizable. Let
y~lxy = d, where d is a diagonal matrix. Recall that let o € Aut(gl,,(F))
defined by o(x) = yxy~1,x € gl,,(F), where y € gl,,(F) is non-singular.
Then

ady(x) = cad,o™"
for all o € Aut(gl,(F)). Because it is
ady(x)(2) = ady,y-1(2) = [yxy ™', 7]
=yxy 'z —zyxy™"
=ylx,y zyly™.

Hence, ad,;(,y and ad, have the same eigenvalues, since they are similar.
As o(d) = ydy™ ! =x, ad, and ad, are similar and they have same
eigenvalues. So it is sufficient to consider that ad;, where
d = diag(1y, Ay, ..., 1) With

adage,y = (A= A)ej, 1<ij<n

So e;; are eigenvectors of ad, with eigenvalue 4; — A; and there are n?

eigenvalues. They need not be distinct.

Remark 3.4.3 Let F be a field with char(F) = 0 and L be a Lie algebra

over F. If D is a nilpotent derivation of L, then D™ = 0.

Lemma 3.4.3 If char(F) = 0 and D is a nilpotent derivation of a Lie

algebra L (i.e. D™ = 0 for some n), then the linear operator
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D D? D"
exp(D) = e? ldL+1+?+ +—

is an automorphism of L.

Proof. Suppose that for n, D™ = 0. Then

[ (o), e” )] = S 22, 3pmg 2O

1 [D(x),DI ()]
=y s P20l

D ( )Dm—l
2211 Z(Zm [D'(x (J/)])

il.(m-i)!

=322, () = D', D™D ()]

= yn-2 M)

m!

m! m!
=0

Zn 1 D™ ([XY])+22n 2 D™ ([x,y])

= eP([x, y]).

Therefore, the linear operator e is an automorphism of L.

Remark 3.4.4 If ad, is nilpotent, then e%?x is an automorphism of L. This
automorphism is called inner automorphism. The set of all inner
automorphisms of L has a group structure. This group is called inner
automorphisms group and it is denoted by Inn(L). Moreover, an

automorphism which is not inner is called an outer automorphism. The set
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of all outer automorphisms of L is called outer automorphisms group and

denoted by the quotient Aut(L)/Inn(L) or Out(L).

Exercises 3

3.1 Let{e, h, f} be an ordered basis for s, (F). Compute the matrices of

the linear operators ad,, ady, ady relative to this basis. Compute

le, f1,[h, el, [, f].

3.2 Suppose that charF # 2. An element ¢ of a Lie algebra L over F is
called a sandwich element if (ad.)? = 0, that is, [c, [c,x]] = 0 for any

x € L. Prove that
(ad;)(ady)(ad;) =0
forall x € L.

Deduce from this that if ¢; and c, are two sandwich elements of L, then so

is [c1, C2].

3.3 Let L = sl,,(F) and let g be an invertible n x n matrix with entries in

F. Prove that the map 6,: L — L defined as
Oy(x) = —g.xt.g7", Vx€L,
is an automorphism of the Lie algebra L.

3.4 Show that if L is a Lie algebra then L/Z(L) is isomorphic to a
subalgebra of gl(L).
3.5 Show that if x € [L, L], then tr(ad,) = 0.
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3.6 Prove that Theorem 3.1.2.

3.7 Let L be a Lie algebra. In Section, we explained how to pass between
a L-module V and a representation p: g — gl(V ). Prove that these two

procedures are inverse to one another.

3.8 Let F be a field and L = gl,,(F). Let x € L be a diagonal matrix with
eigenvalues A4,...,4,,. By describing a basis of eigenvectors for
ad,: L — L show that ad, is diagonalisable, with eigenvalues 1; — 4; for

1<i,j<n

3.9 Show that any irreducible complex representation of an abelian Lie

algebra is one dimensional.
3.10 Show that the adjoint action of L on itself defines a representation.

3.11 Prove that the set of all inner derivations ad,, x € L is an ideal of
DerlL.
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CHAPTER 4

Nilpotent and Solvable Lie Algebras

4.1 Nilpotent Lie Algebras

Definition 4.1.1 Let L be a Lie algebra over F. Set L' = L and define
L¥* =[L¥ L] for k > 1. Then

'=1,
L? = [L, L] (the derived subalgebra of L),

L’ =[1? L],

and so on. By using Lemma 2.1.1 and induction on k, it is easy to show

that each L¥ is an ideal of L. Then we obtain a chain of ideals
L=L'2I1?232..2L"D..

and it is called the descending central series (or lower central series) of L.

Definition 4.1.2 If L™ = 0 for some n (then L = 0 for all m > n), then

L is called nilpotent.
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Definition 4.1.3 If L is nilpotent and non-zero, then there exists an m such

that L™ = 0 and L™*! = 0. This m is called the nilpotency class of L.

Example 4.1.1 A (non-zero) abelian Lie algebra is nilpotent of class 1.
Indeed,

0+#L=11
and

12=1[L L] =0.

Example 4.1.2 A Heisenberg Lie algebra is nilpotent of class 2. Indeed,
L=V @Fz,

L>=[LL=Fz+#0
and

13 =[1% L] = [Fz,V @ Fz] = 0.

Remark 4.1.1 Recall that a Lie algebra L is called simple if it is non-
abelian and it has no ideals other than {0} and L. No simple Lie algebra L

is nilpotent, since [L, L] is a non-zero ideal and thus, it is equal to L.

Example 4.1.3 sl,(F) with char(F) # 2 is not nilpotent.
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Lemma 4.1.1 Let L be a Lie algebra over a field F. Then for all i,j > 1,
[LL, L] € Lt

Proof. Induction on . Forj = 1, we have [L}, L'] = L"* forall i > 1, the
statement holds. Now, suppose that [Li,L""] C Lk for some k and for all
i. Then

[LE, L] = LY [LK, L] (by Jacobi identity)
c [z, 1], 1] + [[£4, 1], L]

c [Li+1,Lk] + [Li+k,L]

C [itk+1 + Litk+1 — pitk+1

As required.

Theorem 4.1.1 Let L be a Lie algebra over a field F. Then

(i) If L is nilpotent, then all subalgebras and homomorphic images of
L are nilpotent.

(ii) If L is nilpotent, then the centre of L is non-zero (Z(L) #+ 0).

Proof. (i) Let M be a Lie subalgebra of L. By definition of L*, we have
M¥ c L¥. Since L is nilpotent, then L™ = 0. So, M™ = 0. Namely, M is
nilpotent. This means that all Lie subalgebras of L are nilpotent. Now, let
0: L — S be a Lie algebra homomorphism. Recall that 8(L) is a subalgebra
of S. Since 6 respects Lie brackets, we have 8(L*) = (6(L))* for all

k = 1. Therefore, if L™ = 0, then we have

@)™ = 8(L™) = 6(0) = 0.
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This means that all homomorphic images of L are nilpotent.

(ii) Suppose that L is nilpotent and non-zero. Let m be the nilpotency

class of L, so that L™ # 0 and L™*1 = 0. If x € L™ and y € L, then
[x,y] € [L™ L] = L™*1 = 0.

Therefore, x commutes with all elements in L, this means that L™ < Z(L).
As L™ + 0, the centre of L is non-zero, namely, Z(L) # 0.

4.2 Solvable Lie Algebras

Definition 4.2.1 Let L be a Lie algebra over a field F. Set L(® = L and
L&D = LK), 10T for k > 0. Then
LO =,
L™ = [L,L] = L' (the derived subalgebra of L),
L2 = [L(l),L(l)],

and so on. Moreover, by using Lemma 2.1.1 and induction on k, it is
obviously to see that L) is an ideal of L. Hence

L&k+D ¢ [160, 1] < 1, 100] € 1O
for all k. Thus, we obtain a chain

L=L®O2 W@  o21™

of ideals. This chain is called the derived series of L.

Definition 4.2.2 If L0 = 0 for some n (then L&) = 0 for all k > n), we

say L is solvable.
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Example 4.2.1 Suppose that charF # 2. Let b be the subspace of

a
0

2-dimensional. Since [h,e] = 2e, the space b is closed under the Lie

L = sl,(F) spanned by h and e. Therefore, b = {( _ﬁa)| a,B EF}is
bracket. So, b is a subalgebra of L. This subalgebra is called the Borel
subalgebra. We have
b = span{[x,y]| x,y € b} = span{[h, e]} = Fe.
Also,
b® = [bW, bV = span{[x, x]} = 0.
So, b is solvable. However, we have
b? = Fe
and
b3 = [b%,b] = Fe = b2.
Then b¥*2 = b2 = 0 for all k > 1. So, b is not nilpotent.

Lemma 4.2.1 Let L be any Lie algebra over a field F. Then L® < 12" for

alli > 0.
Proof. Induction on i. For i = 1, L™ = [L, L] = L? = L2, the statement
holds. Now we suppose that L& < L2 for some k. Then

L(k+1) — [L(k),L(k)] c [sz,sz] c L2k+2’< _ L2k+1_

By induction, the result follows.

Corollary 4.2.1 Let L be any Lie algebra over F. If L is nilpotent, then L
is solvable.

Proof. Let L be nilpotent and m be the nilpotency class of L, so that
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L™ % 0and L™*! = 0. There exists an n such that 2" < L™+1 = 0. So,
L?" = 0.By Lemma 4.2.1, we have

LoD ¢ 12" = 0.

Thus, L™+t = 0. In other words, L is solvable.

Lemma 4.2.2 Let L be any Lie algebra over F. Then (L)) = LG+ for
alli,j > 0.
Proof. Inductionon j. If j = 1, then
(L(i))(l) = [L(i),L(i)] = [(+1)
So, the statement holds. We suppose that for j = k, (L(O)®) = [+F) for
alli > 1. Then
LY+ = (L) (@00
= [LE+0, [(+1]
_ [(itk+1)

By induction, the result follows.

Theorem 4.2.1 Let L be any Lie algebra over a field F. Then

(i) If L is solvable, then all subalgebras and homomorphic images are
solvable.

(if) If I is a solvable ideal of L such that the factor algebra L/I is
solvable, then L is solvable.

(iii) If I and J are two solvable ideals of L, I + J is a solvable ideal too.
Proof. (i) Let M be a Lie subalgebra of L. By definition of L), we have
M® < 1 for all k > 0. Since L is solvable, then L0V = 0. Therefore,
we have MM = . Namely, M is solvable. This means that all Lie

subalgebras of L are solvable.
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Now, let 8: L — S be a Lie algebra homomorphism. By using the definition
of Lie homomorphism, we have 8(L®)) = (8(L))® for all k > 0. So, if
L™ = 0, then we have

O™ =0(L™) =06(0) = 0.

Thus, all homomorphic images of L are solvable.

(if) Let! be an ideal of L such that I and L/I are both solvable. Then
we have 1™ = 0 and (L/I)(") = 0 for some n, m € N. By definition of

product in £/;, we have
L 4
(L/I)(n) — ( )/I

Since (L/I)(") =0in L/I, it must be that L( < [. Therefore,
(LY ¢ 1M = o,

Thus, (L™)(™ = 0. By Lemma 4.2.2, we have (L) = [(m+m) — ¢,

Hence, L is solvable.

(iii) Let I and J be two solvable ideals of L. Recall that I + J is an
ideal of L. We suppose that M = I + J as a Lie subalgebra of L. Then J is

a solvable ideal of M. Now, consider the canonical homomorphism

0: M —>M/], x — x + J. We have
o([x, yD) = [x,¥]
=[x+/y+]J]

= [0(x), 6(y)].

So, 8 is a Lie algebra homomorphism, it is surjective by the definition of
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M/]. Now, we consider @:1 — M/], x — x + /. Similarly, ¢ is a Lie

algebra homomorphism. Since M = [ + ] and by the definition of M/], it

is surjective. By Theorem 3.1.1, we have

I/Kenp EM/]

as Lie algebras. But I is solvable and /Ker(p is a homomorphic image of
1. Therefore, by (i), I/Kew is also solvable. Now, ] is a solvable ideal of

M such that M/] = I/Ker(p is solvable. Hence, by (ii), the Lie algebra M

is solvable. Since M = I + J, (iii) follows.

4.3 The Radical of a Finite Dimensional Lie Algebra

Let L be a finite dimensional Lie algebra over a field F. Theorem 4.2.2 (iii)

implies that L contains a unique maximal solvable ideal.

Definition 4.3.1 A maximal solvable ideal is a solvable ideal which can

not be included into a larger solvable ideal of L.

Since L is finite dimensional, it exists. Also, it is unique. Indeed, if I and
J are two maximal solvable ideals, then by Theorem 4.2.2 (iii), I + ] is a
solvable ideal of L, containing I and J. By the maximality, I + ] = I and
I+]=],s0l=].
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Definition 4.3.2 The unique maximal solvable ideal of L is called the

radical of L and it is denoted by rad(L).

Definition 4.3.3 If rad(L) = 0, then a finite dimensional Lie algebra L is

called semi-simple.

Theorem 4.3.1 Let L be a finite dimensional Lie algebra over F. Then

(i) L is semi-simple if and only if L has no (non-zero) abelian ideals.
(ii) The factor algebra L/rad(L) is semi-simple.

Proof. (i) Suppose that L is semi-simple and A is an abelian ideal of L.
Then A® = [4,A] = 0, so A is a solvable ideal. Therefore, A € rad(L).
As rad(L) = 0, we have A = 0. Now assume that L has no non-zero
abelian ideals. Let R =rad(L) and suppose that R # 0. Since R is
solvable and non-zero, there exists a k > 0 such that R®) = 0 and
R*+1) =0, Say B = R®_ By Lemma 2.1.1, each R™ is an ideal of L.
Since BW = (RMHYM) = R+1) = 0, the ideal B is an abelian ideal of L.
As B # 0, this is a contradiction. So R = 0. In other words, L is semi-

simple.

(ii) Let R = rad(L) and R = md(L/rad(L))' We need to show that
R=0 in L/rad(L)' We consider the canonical homomorphism
6:L - L/rad(L) by 6(x) =x+rad(L) =x+R
forallx € L. Let R = 071(R) = {x € L| 6(x) € R}. We claimthat R is a

solvable ideal of L. First we show that R is an ideal of L. Let x € L and

r € R. Then

O([x, 7D = [0(x),8(")] €R
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as 8(r) € R and here, R is an ideal of L/rad(L)' Thenwe have [x,7] € R,

so R is an ideal of L. The restriction of 8 to R maps R to R.
0:R > R, Ker® =R = rad(L).

By using Theorem 3.1.1, Theorem 3.1.2 and Theorem 3.1.3, we obtain
that R/Kere N R = R is solvable. However, Kerf = R is solvable. By

using Theorem 4.2.1, R must be solvable, hence the claim is proved. Now,
RS R=0671(R) (as 6(R) = 0 € 8~1(R)). But then R = R, as R is the

unique maximal solvable ideal of L. Then,
»_R/ _R/ _
R=R/p=R/p=0+R
in L/rad(L)' Therefore,

R =rad (L/rad(L)) =0,

this is, L is semi-simple.

Exercises 4

4.1 Show that sl (F) is precisely the derived algebra of gl,, (F).

4.2 Show that there is a unique Lie algebra over F of dimension 3 whose

derived algebra has dimension 1 and lies in Z(L).

4.3 Let I be an ideal of L. Then each member of the derived series or

descending central series of I is also an ideal of L.
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4.4 Prove that the sum of two nilpotent ideals of a Lie algebra L is again a

nilpotent ideal.

4.5 Let L be nilpotent and S be a proper subalgebra of L. Prove that N, (S)

includes S properly.
4.6 Let L be nilpotent. Prove that L has an ideal of codimension 1.
4.7 Prove that every nilpotent Lie algebra L has an outer derivation.
4.8 Let L = span{x,y, z} be a Lie algebra with [x,y] = z, [x,z] = y.
(i) Compute the derived subalgebra L™,
(i) Show that L is solvable but not nilpotent.

4.9 Prove that a Lie algebra L is associative if and only if the derived

subalgebra of L is contained in the centre of L, that is, L(Y) € Z(L).

4.10 Let L be a nilpotent Lie algebra. Prove that L has an ideal of

codimension 1.

4.11 Show that a Lie algebra L is solvable if and only if there exists a chain
of subalgebras

L=Ly>L; D .. 2L, ={0}
such that each L;,, is an ideal of L; and the factor algebra Li/Ll_+1 is
abelian.
4.12 Let L be a seven-dimensional vector space over a field F with basis

{e;| 1 <i < 7}. Define an anti-commutative algebra structure on L by

setting

when i+j<7

lecef] =1 0 when i+j>7
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(i) Show that L is a Lie algebra if and only if

—Qp3015 T Q3024 = 0,
12034 — Q416 T A14025 = 0.

(i) Suppose that all a;; with 1 < i < j < 7 are non-zero. Show that
the ideals L2, L3, L*, L°> and L® have the following bases {es, e4, €5, 4, €7},

{94, €s, €¢, 37}: {66: 37}, {37}-

4.13 Prove that the Lie subalgebra u,, (F) of gl,,(F) consistingof n x n
upper triangular matrices is solvable, but it is not nilpotent.

4.14 Prove that the Lie subalgebra su, (F) of gl,,(F) consisting of n x n
strictly upper triangular matrices is nilpotent. Show that su;(F) = K,

where K is the Heisenberg Lie algebra as in Example 2.3.1.

4.15 Prove that every nilpotent Lie algebra is solvable.

4.16 Prove that if I and J are nilpotent ideals of L, thensois T + J.
4.17 Prove that every simple Lie algebra is semi-simple.

4.18 Let p: L — gl(V) be a representation of a semi-simple Lie algebra L.
Show that p(L) c sl(V).
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CHAPTER 5

Engel’s Theorem

5.1 Engel’s Theorem

Definition 5.1.1 Let V be a finite dimensional vector space over F. The Lie

subalgebras of gl(V) are called linear Lie algebras.

Proposition 5.1.1 Every simple Lie algebra is linear.

Proof. The centre of simple Lie algebra L is trivial. Therefore, the adjoint

representation gives an embedding ad: L — gl(L).

Theorem 5.1.1 (Ado-lwasawa Theorem) Any finite dimensional Lie
algebra is linear. Equivalently, any finite dimensional Lie algebra admits

a finite dimensional faithful representation.

Definition 5.1.2 Let x € gl(V), a linear operator on V. If x™ = 0 for some

n, we say x is nilpotent.
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Definition 5.1.3 Let L be a Lie algebra and x € L. Then x is called ad-
nilpotent, if ad, € End(L) is nilpotent.

Proposition 5.1.2 Let V be a finite-dimensional vector space over F and
f € End(V) be nilpotent. Then 0 is the only eigenvalue of f.

Proof. Let A be an eigenvalue with eigenvector 0 #= v € V and let n € N
with f™ = 0. Then we have 0 = f™*(v) = A"v, so A™ = 0. Thus, since F
is a field, we have A = 0. However, since f is not invertible, zero is an

eigenvalue.

Remark 5.1.1 Let V be an n-dimensional vector space over C and
f € End(V). Then V has a basis B such that the matrix corresponding to

f with respect to B is of the block matrix form

J, 0 -« 0
0 J, - :
o w0
0 - 0 Ji

and each J; is of the form

(=l

| 1 4
\s 5 i)

for some A; € C. The J; are called Jordan blocks, we say that such a matrix

DR
-~ 0

is in Jordan normal form. The number of Jordan blocks with a given
68



Fundamentals of Lie Algebras

diagonal entry A and a given size is equal for all choices of such a basis B.
An endomorphism f is called diagonalisable, if all Jordan blocks in its
Jordan normal form have size (1 x 1), that is, the Jordan normal form is a
diagonal matrix. Obviously, f is nilpotent if and only if all diagonal entries

in all Jordan blocks are equal to zero.

Example 5.1.1 Let {v,,v,, ..., v,} be abasis of V. Let €1,¢;,...,6p_1 €
{0,1}. Let x be a linear operator on V such that x(v;) = ¢;v;,, for all

1 < i < n, where our convention is v,,; = 0. So,
x(v1) = &1V, x(V3) = €03, ..., x(v,) = 0.

If B = {vq,v,, ..., v, } is an ordered basis, then the matrix of x with respect
to B is

0 0 0 0

&g 0 0 0
0 & 0 0
0 0 &1 O

Clearly, we have

xz(vn—l) = x(x(vn—l)) = x(&p-1vy) = 0.

Similarly, we have x3(v,_,) =0,..,x"(v;) = 0. So, x™ annihilates
span{vy, vy, ..., v} =V, i.e. x™ = 0, so x is nilpotent. By the Canonical
Jordan Form Theorem, every nilpotent x € gl(V) has a basis as above for

Some &4, &, ..., €n—1 € {0,1}.

Remark 5.1.2 If dimV = n, then

dimgl(V) = n? and dimgl(gl(V)) = n*.
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Lemma 5.1.1 Let x € gl(V) be nilpotent. Then ad, € gl(gl(V)) is also
nilpotent.

Proof. If W is a vector space and u, v are commuting linear operators on

W, then one proves by induction on N, that
(u—v)V =3 uvV

- _ m+1\_m m
It is important that uv = vu and ( ; ) = (i)+ (i _ 1). Now, let
A€ gl(V)and A™ = 0. Then
(ady)(x) =[A,x] = Ax — xA

for all x € gl(V). We define two linear operators on gl(V), denoted by
I, and ry, by

L, (X) = AX,7,(X) = XA forall X € gl(V).

Hence, ad, = I, — r,. On the other hand, I, and r, commute. Indeed,

Lar)(X) = Ly (ra(X)) = Ly (XA)
= (AX)A
=1L,(X0)A
= 14 (La(X))
= (Tala)(X)

forall X € gl(V). Therefore,
/N : s
(y—m)V = Zévzo(_l)l ( i ) Ly'ry N

for all N. Claim that [, and r, are nilpotent. Moreover, I} =1} = 0.

Indeed,
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lE(X) = (lalg - 1)) (X)
n times

=A"X=0
forall X € gl(V). Then I} = 0. Similarly,

i (X) = (ryry . 10)(X) = XA™ = 0.

n times

Then, we have rj' = 0.

Now, set N = 2n — 1. Then
/NN i i
(adp) = Uy =) = BL-DH (D) kL B

If i > n,then I} = 0. Hence It = 0.7Vt = 0.

fi<n then N—-i>N—-n=2n—-1-n=n—-1. SO N—i>nin

this case. So 7' ~¢ = 0, hence I{rV =t = 0.

All summands in (5.1) vanish. Hence (ad,)"N = 0 and therefore, ad, is

nilpotent.

Theorem 5.1.2 (Engel’s Theorem) Let IV be a finite dimensional vector
space over F and let L be a Lie subalgebra of gl (V) consisting of nilpotent
linear operators. Then L annihilates a non-zero vector in V, i.e. there exists

anon-zero v € V such that x(v) = 0 for all x € L.

Proof. We argue by induction on diml. Suppose that dimL = 1. Then

L = Fx for some x € gl(V) such that xV¥ = 0. There is a number n such

that x™ = 0 and x™*1 = 0. Thus, x™(V) # 0, this means that there exists

anon-zero v € x™(V). Then we have x(v) € x(x™(V)) = x™**(V) = 0.
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So x(v) = 0 and ux(v) = 0 for all u € F. Thus L annihilates a non-zero

vector in V. Now suppose that Engel’s Theorem holds for all linear Lie
algebras of dimension less than n, consisting of nilpotent operators. Let
L c gl(V) be n-dimensional and assume that L consists of nilpotent
operators. Let M be a maximal subalgebra of L (it is non-zero and it exists
as L is finite dimensional). Claim that M is an ideal of L. Note that
dimM < dimlL, hence dimM < n. By Lemma5.1.1, for every x € M, we
have (ad, )Y = 0, where ad, € gl(gl(V)). Then we have (ad,)"(x) =0
for all x € gl(V). But L c gl(V) and M c L, then (ad,)V(L) = 0.
Consider the M-module L/, given by

m.(l+ M) = (ad,,) (D) + M.
Let p:M - gl(L/ ») be the corresponding representation, so that
p(m)(l+ M) = (ad,,)() + M. Then

(p(m))" (1 + M) = (ad,)V(1) + M = 0+ M.
Hence, each element in p(M) < gl(L/,,) is nilpotent.

Now, dimp(M) < dimM <n. By our induction assumption, p(M)
annihilates a non-zero vector in L/M' Then there exists [+ M = 0+ M

such that p(m)(l + M) = 0 + M for all m € M. But
p(mM)(l+M)=[mIl]+M=0+M.

Hence, [m,l] e M forallm e M and [ ¢ M. Thus, we have [[,M] € M,
i.e.l € N, (M), asubalgebra of L. Since [ ¢ M, we have M c N;(M). But
M is a maximal subalgebra and therefore N, (M) =L, so [L,M] S M.

Hence, the claim.

Note that dimM < n. By our induction assumption, M annihilates a non-
zero vector in V. Let
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W={weV|ml) =0, vme M},

a non-zero subspace of V. Claim that the subspace W is an L-submodule
of V. Let w € W. We need to show that [(w) € W for all [ € L. So we
need to show that m(I(w)) = 0 for all m € M. We have

m(Iw)) = (mDW) = (ml — lm + Im)(w)
= ([m, 1] + Im)(w)
= (Im + [m, [ (w)
= I(m(w)) + [m, [ (w)
=0+0
=0.
Sol(w) € Wforalll € L.

Consider representation p:L — gl(W) given by p(x)(w) = xw for all
x €L, w € W. Note that M € Kerp. Indeed, m(w) = 0 for all m € M,
w € W. Then, by the Kernel-Image Theorem,

dimp(L) = dimL — dim(Kerp).
So dimp(L) < dimL as dim(Kerp) = dimM > 0. Also, (p(x))¥ =0
for all x € L (as (p(x))" (w) = xMw = 0 for sufficiently big N). Since
dimp(L) < dimL, we can apply our induction hypothesis to p(L). Then
there exists a non-zero v € W such that p(x)(v) = 0 for all x € L. Then
x(v) = p(x)(v) =0and v € W < V is non-zero. So, we have found the

required vector v.

73



Nil Mansuroglu
5.2 Lie’s Theorem

An analogue of Engel’s Theorem for solvable Lie algebras is known as

Lie’s Theorem.

Theorem 5.2.1 (Lie’s Theorem) Let F be an algebraically closed field of
characteristic zero. Let V be a finite dimensional vector space over F and
L be a solvable Lie subalgebra of gl(V). Then V contains a common
eigenvector for all linear operators in L. Equivalently, there exists

(i) A non-zero vector v € V.
(ii) A linear function 6 on L such that x(v) = 6(x)v, forall x € L.

Proof. For proof see Humphreys.

Theorem 5.2.2 (Equivalent Version of Lie’s Theorem) Let F be an
algebraically closed field of characteristic zero. Let L be a finite
dimensional solvable Lie algebra over a field F. Then every irreducible

representation of L is 1-dimensional.

Proof. Let p:L - gl(V) be an irreducible finite dimensional
representation of L. Then p(L) is a solvable Lie subalgebra of gl(V).
Indeed, it is solvable, because it is a homomorphic image of L. Now we
apply Lie’s Theorem to p(L) to get a non-zero v € V such that p(x)(v) is

a multiple of v. Then the 1-dimensional subspace Fv = span{v} is
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p(L)-invariant, i.e. it is a submodule of V. Since V is irreducible, V = Fv

is 1-dimensional.

Proposition 5.2.1 Let L be a solvable subalgebra of gl(V) where V is a
finite dimensional C-vector space. Then forall x € Land all y € [L, L], we

have tr(xy) = 0.

Proof. We use Lie’s Theorem. There is a basis B of VV such that the every
elemen x € L corresponds to a lower triangular matrix with respect to B.
Since y € [L, L] is a sum of commutators, the diagonal entries of its matrix
with respect to B are all zero. But then all diagonal entries of the matrix of

xy are zero and thus the trace of xy is zero.

Proposition 5.2.2 Let V be a finite dimensional C-vector space and L a Lie
subalgebra of gl(V). Suppose that tr(xy) = 0 for all x,y € L. Then L is

solvable.

Theorem 5.2.1 Let L be a finite dimensional Lie algebra over C. Then L is

solvable if and only if tr(ad,ad,) = 0 forall x € Land y € [L, L].

Proof. Assume that L is solvable. As known, ad is a homomorphism of
Lie algebras, then ad; is a solvable subalgebra of gl(L). Now, the
statement of the theorem follows immediately from Proposition 5.2.1,

since adp,,y) = [ady, ad,] by the Jacobi identity. Conversely, we assume

that tr(ad,ad,) = 0 forall x € L and for all y € [L, L]. Then Proposition
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5.2.2 implies that ady;, ;) = [ad, ad, ] is solvable, using our hypothesis

only for x,y € [L,L]. Thus, since [ad;,ad;] = (ad;)™V, ad,, itself is
solvable. But since ad; = L/Z (L), by using Theorem 4.2.1, it follows that
L itself is solvable as Z(L) is abelian.

5.3 Flags

Definition 5.3.1 Let VV be an n-dimensional vector space over F. A chain
of subspaces

V=V,2V, 2.2V, 2V,={0}

is called a flag if dimV; =i for0 <i <n.

Corollary 5.3.1 (Engel) Let V be an n-dimensional vector space over F.
Let L be a Lie subalgebra of gl(V) consisting of nilpotent operators. Then

there exists a flag
V=V,oV, 2.2V, 2V,={0}
suchthat x(;) € V;_,forallx e L, 1 <i<n.

Proof. Induction on dimV. If dimV = 1, then by Engel’s Theorem, the
statement follows. Suppose that the statement holds for n = m. Now,
assume that dimV = m + 1. By Engel’s Theorem, there exists a non-zero

v; €V such that x(v,) =0 for all x € L. Now set V; = Fv;. Then
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dimV; = 1 and x(V;) € V, = {0}. Consider the factor space W = V/Vl'
Then

dimW = dimV — dimV; = m.
Let p:L — gl(W) be the representation of L in W given by
p(X)w+V)=x@)+V,forallx € L, v+ V; € W.Then (p(x))N =0

for all x € L (as x¥ = 0 by our assumption on L). Since dimW = m, by

our inductive hypothesis, there is a flag
W =W, >Wy_42...0W; > W, ={0}

inWsuchthat p(x)(W;) c W;_forall1<i<m, x € L. Let6:V - W
such that v = v +V; i.e. the canonical homomorphism. Then 6 is
surjective and Ker® =V;. Now, we define V., = 6~1(W,) for all
0 < i <m. Note that we have V., =071(W,) =0"1(W) =V and
V, = 071(W,) = 871(0). We get a flag

Vine1 2 Vi 2...2 V5 D {0},

because dimV;,; = dimW; +dimV; =i+ 1 (by the Kernel-Image

Theorem). If x € L and 8~ 1(w;) = v € V4, then x(v) € V;, since

0(x(v)) = x (O(v)) € W;_;.

eEW;

Hence, x(v) € -1 (W;_,) = V;.

Definition 5.3.2 Let L be a Lie subalgebra of gl(V) where dimV = n. We

say L stabilises a flag of subspaces in V if there exists a flag
V=V,2V,.4 2.2V, 2V, ={0}
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such that x(V;) € V; forall i < n.

Corollary 5.3.2 (Lie) Let F be an algebraically closed field of
characteristic zero. Let IV be an n-dimensional vector space over F and let
L be a solvable Lie subalgebra of gl(V). Then L stabilises a flag of

subspaces in V.

Proof. We use Lie’s Theorem and argue by induction on dimV (as in the

proof for Corollary 5.3.1).

Theorem 5.3.1 (Engel’s Theorem for Abstract Lie Algebras) Let L be a
finite dimensional Lie algebra over F and assume that ad,, is nilpotent for

every x € L. Then L is a nilpotent Lie algebra.

Proof. Consider that ad; = {ad,|x € L}, a Lie subalgebra of gl(L)
consisting of nilpotent operators. By Corollary 5.3.1, there is a flag

L=L,>L,1D...0L; DLy={0}

such that ad, (L;) € L;_, foralli > 0. Then, we have [x,L] € L;_, forall

x € L. In other words, [L,L;] € L;_, for1 < i <n. Then
L? = [L,L] € Lp_4

L3 =[L%L] € [Lp_1,L] € Ly,

v =[1" L) <L, L] =Ly = {0}
By induction on i. Then L**1 = 0, hence L is nilpotent.
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Remark 5.3.1 Conversely, if L is nilpotent, then ad,, is nilpotent for all

x € L. Indeed, if L is nilpotent, this is, we have L"*1 =0, then
(ad)"(y) €L =0

forall x,y € L.

Corollary 5.3.3 (Corollary of Lie’s Theorem) Let L be a finite
dimensional solvable Lie algebra over an algebraically closed field of

characteristic zero. Then the derived subalgebra [L, L] is nilpotent.

Proof. We apply Corollary 5.3.2 to the solvable finite dimensional Lie
algebraad; c gl(L). Then we know that ad;, stabilises a flag of subspaces

in L, say
L=L,>oL, 1>...0L; 2Ly ={0}.

By the Basis Extension Theorem, there is a basis {vq, v,, ..., v, } of L such
that {v,v,,...,v;} is a basis of L; for 1 <i <n. Let x,y € L. Then

ad,(v;) = a;v; + w; forsome a; € F,w; € L;_;.
Similarly, ad,, (v;) = B;v; + u; forsome g; € F, u; € L;_;. Then
adpyy (vi) = [ady, ady](v;)
= adyad, (v;) — adyad,(v;)
= ady(Biv; + wy) — ady (a;v; + ;)

= Biaiv; — a;fiv; + 5
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where s; € L;_;. But F is commutative, this means that B;a; = a;8;.

Therefore, ad|,(v;) € L;i_; for 1 <i <n. Since [L,L] is spanned by

various commutators, we derive
ad,(L;) c Li_y, Vu€el[LL], 1<i<n.
Then
(ad,)"(Ly) € (ady)" *(Ln-1) ... € (ady,)(Ly) S Lo = {0}.
So, ad,, is nilpotent for all u € [L, L]. Then
(ad,)"(IL, LD < (ad,)"(L) = 0.

Then the Lie algebra [L, L] satisfies all conditions of Theorem 5.3.1. So, it

must be nilpotent.

Remark 5.3.2 Note that Corollary 5.3.3 does not hold if charF = p > 0.

Exercises 5

5.1 A counterexample to Lie’s Theorem for Lie algebras of characteristic

p > 0. Consider the p X p matrices over F, where p = charF,

01 0 0 0 0 0 0
0 01 .. 0 10 0 0
X=|: :+ + «~ |, Y=|l0 2 0 0
0 0O 1 oo : :
0 0 0 0 0 0 .. p—10

(i) Show that [X, Y] = I, where I, is the identity matrix of order p.
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(i) Show that g = FX @ FY @ FI, is a three-dimensional nilpotent
Lie subalgebra of gl,, (F).

(iii) Consider the natural representation of g in the p-dimensional

column space FP. Show that F is an irreducible F-module.

5.2 Let p: L = gl(V) be an irreducible representation of Lie algebra L on
a complex vector space V. Show that if x € rad (L), then p(x) = Aidy for
some scalar A. (Hint: recall that the radical is solvable and use Lie’s

theorem.)
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CHAPTER 6

The Killing Form

6.1 The Killing Form

Definition 6.1.1 Let VV be a finite dimensional vector space over F. A

symmetric bilinear form on V is a mapping 8:V X V — F such that
() BAuy + puy, v) = AB(uy, v) + uf (uy, v)

(i) B(w, Avy + uvy) = AB(u, v1) + up(u, v7)

forall A, u € F and for all u, v, uq,u,,v1,v, € Vand f(u,v) = (v, u).

Definition 6.1.2 If B = {vy, vy, ..., v, } isabasis of V.and a;; = B(v;, vj),

then the matrix

is called the matrix representation of § with respect to B. When g is

symmetric, we have a;; = a;;.
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Definition 6.1.3 Let L be a finite dimensional Lie algebra over a field F

and S be a symmetric bilinear form on L. We say £ is L-invariant if

ﬁ([x»Y];Z) +ﬁ(y, [X,Z]) =0

forall x,y € L.

Definition 6.1.4 Let L be a finite dimensional Lie algebra over F. We
define the Killing Form x =k, as k(x,y) = tr(adyad,,) forall x,y € L.
Here, tr(A) is the trace of linear operator A, i.e. tr(A) = tr[A]g where

tr[A] is the matrix representation of A with respect to a basis B of L.

Lemma 6.1.1 The Killing form x is an L-invariant symmetric bilinear form

onL.

Proof. First, we show that « is a bilinear form. Let u, v, u;,u,, v,v, € L

and A, u € F. Then
k(Auy + puy, v) = tr(ad gy, +pu,) ady)
= tr((lady, + pad,,)ad,)
= Atr(ady, ad,) + ptr(ad,,ad,)
= Ak(uq,v) + pr(uy, v).
So, k is linear. Similarly, one shows that
K(u, Avy + uvy) = Ax(u, vq) + ux(u, vy).

Therefore, k is a bilinear form.
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K is symmetric. Indeed, we know that tr(TS) = tr(ST) forany twon X n

matrices T and S. Let B be a basis of L and let X = [ad,]z and
Y = [ad,]g. Then

k(x,y) = tr(adyad,)
= tr[ady ady]p
= tr([ady]plad,]p)
= tr(XY)
=tr(YX)
=k (y, x).
So, k is symmetric.

Kk is L-invariant. Indeed, let x,y,z € L and let X,Y, Z be corresponding

matrix representations of ad,, ad, and ad, with respect to B. Then
k([x,y],2z) = tr(ady,y ad,)

= tr([ady, ady]ad,)
= tr((adyad, — adyad,)ad,)
= tr(XYZ) — tr(YXZ).

On the other hand, x(y, [x, z]) = tr(YXZ) — tr(YZX). Hence,

k([x,v],z) + k(y,[x,z]) = tr(XYZ) — tr(YZX)
=tr(X(Y2)) — tr((Y2)X)

=0.
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Consequently, the Killing form x is an L-invariant symmetric bilinear form

onL.

Definition 6.1.5 Let § be a symmetric bilinear form on an n-dimensional
vector space V over afield F. The radical of 8, denoted by radp, is defined

as
radf ={reV| B(r,v) =0, Vv e V}.

Clearly, radp is a subspace of V.

Definition 6.1.6 If radf = {0}, we say £ is non-degenerate.

Once can prove (by linear algebra) that 8 is non-degenerate if and only if
the matrix [B]g = a;; of B with respect to B is non-singular, i.e.

det[B]s # 0. Note that this is independent of the choice of B.

Lemma 6.1.2 Let 8 be an L-invariant symmetric bilinear form on a Lie

algebra L over F. Then radp is an ideal of L.

Proof. Recall that radf = {r € L| B(r,L) = 0}. So, we need to show that
[x,7] is orthogonal to L for all x € L and r € radf. That is, we need to

show that

B(x,rl,y) =0

for all y € L. Since g is L-invariantand r € radp,

B(lx,rl,y) = =B(r,[x,y]) = 0.
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So, [L,radf] € radf. This means that rad is an ideal of L.

6.2 Cartan’s Criterion

Theorem 6.2.1 (Cartan’s Criterion) Let L be a finite dimensional Lie
algebra over an algebraically closed field of characteristic zero. Suppose
that L is linear, i.e. L < gl(V), where V is a finite dimensional vector space
over a field F. Then L is solvable if and only if tr(xy) = 0 forall x € L,
y € [L,L].

Proof. We will prove only the first part. Suppose that L is solvable. By

Corollary 5.3.1, L stabilises a flag of subspaces, say
V=V,2oV,,2..2V; 2V, ={0}.

We choose a basis B = {vy,v,, ..., v, } of V such that {v,,v,,...,v;} is a
basis of V; for 1 < i < n. We need to show that tr(xy) = 0 forall x € L,
y € [L,L]. Let y = [u,v] where u,v € L. We have already proved that
[u,v](V;}) €V;_1, 1 <i<n. Let X =[x]g. We claim that X is upper

triangular. Indeed,
x(v1) = aq1vq

x(v3) = AV, + ax vy

X(Vn) = Aupln + Apn-1)Vn-1+--- +an1 vy
for some a;; € F. Then
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ai1 dzq an1
0 ap an2

X = . . . B
0 0 vee aTlTl

is upper triangular. Let Y = [u, v]z. Then Y is strictly upper triangular. In

other words,

0 b21 bnl
Y = 0 0 an
0 0 0

Hence, XY is strictly upper triangular too. Therefore, tr(XY) = 0.
Consequently, tr(xy) = 0 forall x € L and forall y € [L, L].

Theorem 6.2.2 (Cartan’s Criterion for Abstract Lie Algebras) Let F be
an algebraically closed field of characteristic zero. Let L be a finite
dimensional Lie algebra over F. Then L is solvable if and only if

k(x,y) =0forall x € L, y € [L, L], where k is the Killing form of L.

Proof. We apply Cartan’s Criterion to the linear Lie algebra ad; S gl(L).
Then this criterion says ad;, is solvable if and only if tr(xy) = 0 for all
ady € ad;, and ad, € [ad;,ad,]. But [ad,,ad,]=ad},; and
tr(adyad,) = k(x,y). Therefore, ad, is solvable if and only if
k(L,[L,L]) = 0. Since Ker(ad) = Z(L), the centre of L, then the theorem
on solvable Lie algebras implies that L is solvable if and only if ad ; is

solvable (as ad, = L/Z(L))'
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Exercises 6

6.1 Suppose charF + 2. Let L be a finite dimensional Lie algebra over F
such that the Killing form x of L is non-degenerate. Prove that L does not

contain non-zero sandwich elements.

6.2 Let L be a finite dimensional simple Lie algebra over F. Let S(x,y)
and y(x, y) be two L-invariant (associative, symmetric) bilinear forms on
L. Show that B and y are proportional, i.e. there is a € F such that

B(x,y) =a.y(x,y) forall x,y € L.

6.3 Let charF = 2. Let L be the Lie algebra over F with basis {a, b, c} and
Lie multiplication given by

[a,b] =¢, [b,c] =a, [c,a] = b.

Show that L is perfect, i.e. L) = L. Check that the Killing form is
identically zero on L. Use this fact to show that Cartan’s Criterion fails if
charF > 0.

6.4 Suppose that charF is arbitrary. Let L be a Lie algebra with basis {x, y}
such that [x, y] = y. Show that L is solvable and that the Killing form of L
is non-zero. Prove that any 2-dimensional non-abelian Lie algebra L is
isomorphic to L. (Hint: Show that Z(L) = 0 and consider the eigenspaces
of ad, where x € L\{0})

6.5 Prove that any 2-dimensional Lie algebra over F is solvable. (Hint: Use
6.4)

6.6 Prove that if L is nilpotent, the Killing form of L is identically zero.
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6.7 Prove that L is solvable if and only if [L, L] lies in the radical of the
Killing form.

6.8 Let L be the two dimensional non-abelian Lie algebra, which is
solvable. Prove that L has non-trivial Killing form.

6.9 Let L be the three dimensional solvable Lie algebra. Compute the

radical of its Killing form.

6.10 Compute the basis of sl,(F) dual to the standard basis, relative to the
Killing form.

6.11 Let charF = p # 0. Prove that L is semi-simple if its Killing form is

non-degenerate. Show by example that the converse fails.

6.12 Relative to the standard basis of sl;(F), compute the determinant of

k. Which primes divide it?
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CHAPTER 7

Semi-simple Lie Algebras

7.1 Semi-simple Lie Algebras

Suppose that F is an algebraically closed field of characteristic zero. Let L
be a finite dimensional semi-simple Lie algebra over F. Our goal is to relate

semi-simplicity with the Killing form of a Lie algebra.

Lemma 7.1.1 Let I be an ideal of L. Let x and «; be the Killing forms of
L and [ respectively. Then k; = k|;y;, i.e. k;(x,y) = k(x,y) for all

x,y €l

Proof. Let {vy, v,, ..., v, } be a basis of 1. By the Basis Extension Theorem,
there exist vy,41, ..., vy € L such that B = {v4, ..., Vpy, Vg1, -, Vn} 1S @
basis of L. Let (ad;), denote the adjoint endomorphism of x € I (as a
linear operator on I). So, (ad;),(y) = [x,y] forall y € I. By the definition

of k, we have
ki(x,y) = tr((ad;),(ad))y)
k(x,y) = tr(adyad,).

Let X = [ad,]g and Y = [ad, ]g. Let X; and Y; be the matrices of (ad;),

and (ad;),, with respect to {vy, ..., U }.
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Note that we have [x, v;] € I = span{vy, ..., v, } and likewise for [y, v;],

1 <i < n, because I is an ideal. Hence,
X; *
x=( )
O(n—m)xm O(n—m)x(n—m)

"= (04, rem)
B O(n—m)xm O(n—m)x(n—m)
where 0O, IS the zero a X b matrix and * denotes some n X (n —m)

matrix with entries in F. Then

XY, *
XY:( 1 )

O(n—m)xm O(n—m)x(n—m)
Hence, tr(XY) = tr(X;Y;). Thus,
k(x,y) = tr(XY) = tr(X;Y)) = k;(x, y).

As required.

Lemma 7.1.2 If A is an abelian ideal of L, then A € rad (k).

Proof. We need to show that for every x € L,a € A, we have k(a, x) = 0.
In other words, we need to prove that tr(ad,ad,) = 0 for all x € L. Note
that if N is a nilpotent linear operator on L, then tr(N) = 0. Indeed, tr(N)
is the sum of all the eigenvalues of N with multiplicaties and the only
eigenvalue of N is 0.Now set N = ad,ad,. We claim that N2 = 0.

Indeed, let y € L. Then, since A is an abelian,
N%(y) =N(N»)
= (adgady)(adqad,)(y)
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- [a’ [x [ [x, J’]]” ([x.y] € L)

c [a, [x, [a, L]]] ([a, L] € A)
< [a [x,4]] ([x,A] € 4)
c [a,A] € A% = 0.

Hence, N2 = 0 as required. Then, k(a,x) = tr(N) = 0, because N is
nilpotent. So, A € rad (k).

Theorem 7.1.1 Let F be an algebraically closed field of characteristic zero
and L be a finite dimensional Lie algebra over F. Then L is semi-simple if

and only if k = k; is non-degenerate.

Proof. Suppose that L is semi-simple. We need to show that k is non-
degenerate, i.e. rad(x) = 0. Let R = rad (k). We proved that R is an ideal

of L. By Lemma 7.1.1, we have kg = K| ek’ But for every r € R, we have

k(r,x) =0 for all x € L. Then k(r,r") =0 for all r,r" € R. Thus,
kg (R, [R,R]) = 0. By Cartan’s Criterion, R is solvable. Then since R is a
solvable ideal of L, we have R € rad(L). As rad(L) is the unique
maximal solvable ideal, it follows that R = rad(L). But rad(L) = 0,
because L is assumed semi-simple. So, R = rad(x) = 0 and therefore, k

is non-degenerate.

Now suppose that k is non-degenerate. We need to show that L is semi-
simple, i.e. rad(L) = 0. Suppose the contrary. Then there exists k € N
such that (rad (L))® # 0 and (rad(L))**Y = 0. Put A = (rad(L))®.
Then
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AW = ((rad(L))®)D = (rad(L))*+V = 0.

By Lemma 2.1.1, A is a non-zero abelian ideal of L. But by Lemma 7.1.2,
0 # A € rad(k), showing rad(x) # 0, thus a contradiction. Therefore,

rad(L) = 0 and thus, L is semi-simple.

Example 7.1.1 Let L = sl,(F) with char(F) # 2. Let

(0 1 _(1 0 _(0 0
s=te=(y o)h=(y —)f=( o)
be the standard basis of L and let E' = [ad,]s, H = [ady]s and F = [adf]s.
0 -2 0 2 0 0 0 0 O
Recall that F = <0 0 1),H = <0 0 O ),F = (—1 0 0).
0 0 0 0 0 -2 0 2 0
Moreover, ad,, is nilpotent (as (ad,)® = 0). Indeed,
(ade)*(e) =0,
(ad,)*(h) = A(ad.)?(e) = 0,

(ade)3(f) = (ade)z(h) = Aade(e) = 0.

Hence, (ad,)? is nilpotent. Thus, k(e,e) = tr((ad,)?) = 0. Similarly,
k(f,f) = 0. Also, ad.ady, and adsad, are nilpotent. So,

k(e,h) = 0 = k(f,h).
Now, we compute (e, f). By using matrices,
k(e, f) = tr(ad.ady)

= tr(EF)
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N

2 0 0
=tr(0 0]=4
0 0 O

4 0 0
K(h,h)ztr(Hz):tr<O 0 0>= :
0 0 4

i.e. k(e, f) = 4. Also,

Recall that k is L-invariant, this is, k([x,y],z) + k(y, [x, z]) = 0. Since

h = [e, f], we have
Kk(h,h) = k(le, f1,h) (by L-invariance)
= —k(f, [e, h]).
Also, [h, e] = 2e and so
—k(f,[e,h]) = k(f, [h, e])
=k(f,2e)
=2k(f,e)
= 2k(e, f).

Then we have 2k(e, f) = k(h,h) =8 and so k(e, f) = 4 as required.

Now, we write the matrix [k]s. We obtain

k(e,e) k(e,h) k(e f)
[K]S = K(h, 6) K(h, h) K(h' f)
k(f.e) k(f,h) «k(f, f)

0 0 4
= (0 8 0).
4 0 0

Note that det[x]s = —4.8.4 = —128.
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Example 7.1.2 As in Example 2.3.1, the Lie algebra L = span{X,Y, Z},

0 1 0 0 0 O 0 0 1

where X = (0 0 0), Y = <0 0 1), Z= (0 0 0) € gl3(F)
0 0 O 0 0 O 0 0 O

with [X,Y] = Z,[Y,Z] = 0,[X, Z] = 0 is a Heisenberg algebra. Then, we

0 0 O 0 0 O
[adx] = (0 0 0); [ady] = (—1 0 0);
0 10 0 0 O

0 0 O
0 0 O

have

and k(Z,A) = 0 for all A € L. Moreover, k(A,B) = 0 for any A,B € L.

0 0 O
[k] = <0 0 0).
0 0 O

We know that L is solvable, because [L, L] = FZ and hence L® = 0.

We write the matrix

Exercises 7

7.1 Suppose charF = p > 0. Show that if (p,n) = (2,2), then the only
ideals of the Lie algebra gl,, (F) are the centre Z of dimension 1 (consisting

of scalar matrices) and the Lie subalgebra si,, (F).

7.2 Suppose that charF = 0. Let L be a 3-dimensional Lie algebra over F.

Show that the following are equivalent

(i) L is perfect
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(i) the Killing form of L is non-degenerate

(iit) L is semi-simple

(iv) L is simple.
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CHAPTER 8

Lie Algebra Direct Sums

8.1 Direct Sums

LetV,, Vs, ..., V, be vector spaces over a field F. The directsumV, @V, @
... V;, is a vector space over F consisting of all n-tuples (v, ..., v,) with
v; €V; and vector addition and scalar multiplication defined

componentwise
(W1, e ) + (Wq, e, W) = (V1 + Wy, o, U W)
AWy, e, vp) = (AVg, ..., AVy)
forallv,w; €V;,, 1€F, 1<i<n.

If each V; is an algebra over F, thenV; @V, @ ... @ V;, carries a natural

algebra structure given by

(W1, e, V) Wy, oo, W) = (U Wy, ..o, U W)
for all u;, w; € V.
If all V; are anti-commutative, then

(vll () Un)(vl, ey vn) = (vlvll ey vnvn)
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the zero vector in V; @V, @ ... V,,. Therefore, Vv, BV, D ...V, is

anti-commutative too. As product in V; @V, H ..D YV, is defined

componentwise,
]((Uli e Un): (ull e un)' (Wlt R Wn))

= (](1]1, ul’ Wl), ,](Unr un! Wn))

So, if all V; satisfy the Jacobi identity, then so does V; @V, @ ... D V.
Thus, if L4, ..., L, are Lie algebras over F, thensois L; @ ... D L,. This

algebra is called the Lie algebra direct sum of L4, ..., L,,.

Remark 8.1.1 Each V; is identified with the ideal {(O0, ..., v;, ...,0)| v; € V;}
of V; @ ... D V,,, where the v; lie in the i-th position. In addition, the ideals
Viand V; of V; @ ... V,, commute if i # j.

Example 8.1.1 If L,, ..., L,, are Lie algebras over F, then

L®.OL) =L"®..®L,"

Similarly,

L. .OL)YPO=LPp. oL, ™.

Both are subspaces of L, @ ... L, for all k € N. Indeed, as the direct
sum respects the Lie bracket, the above is simple to prove. Induction on k,
for k =1, the statement follows. Suppose that the statement holds for

k = m. Now, for k = m + 1, we have
(Ll D ..0 Ln)m+1 = [(Ll D .0 Ln)mr Ly D .0 Ln]
=[L"®.0L, " L1 D ... L,]
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=[L{" L] @D ... [Ln™, Ln]
— L11n+1 @ @ L11€L+1,

as required.

8.2 Canonical Projections

For 1 < i < n, we define a linear mapping 7;:L; @ L, D .. D L, = L;

by setting

ni((vl, i Uy e, vn)) = ;.

Each m; is surjective and this linear mapping is called the i-th canonical
projection. For (vq, ..., Vi, oo, Up), (Wq, oo, Wi, o, W) EV; @D ... DV, We

have

T ([(V1y ooy Viy ooy Un), W, e, Wiy e, W) ])

= 7'[1'(([171, Wl]! ey [Ui, Wi]! ey [UTL' WTL]))
= [v;, wi]
= [T, (W1, ooy Uiy ooy V), T (W, e, Wiy e, W) ]

So, each m; is a Lie algebra homomorphism which is surjective. Note that
Kerm; is an ideal of L, DL, D ..D L, and by the theorems on

homomorphisms, we have
(L1 ..BL

n)/Kerni = Imni = Li; 1<i<n.

Also,
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ﬂ Kerm; = {(0, ...,0)},
i=1

this is, only the zero vector in L; @ ... @ L,,. Finally, note that

dim(L; ® .0 L,) = X, dimL;.

Proposition 8.2.1 Suppose that all Lie algebras L,,L,, ..., L, are semi-
simple. Then L; @ ... ® L,, is also semi-simple.

Proof. Let R be the radical of L, @ ... @ L,, and suppose that R # 0. Then
the radical R contains (ry, ..., 7, ..., 1) With . # 0. Now, we consider the
homomorphism my: L; @ ... @ Ly = L. Since 1, # 0, m(R) # 0 in Ly.
Since R is solvable, by the lemma on solvable Lie algebras, so is m; (R).
Since my, is surjective, m, (R) is an ideal of L. Indeed, let x € L, and
r € mi(R). We need to show that [x, r] € m, (R). But x = m; (%) for some

X€ELLP..DL,and r € my(¥) for some r € R (as my, is surjective).

[x,7] = [m (%), 1y (F)] = e ([X,7]) € mie(R)

as [%,7] € R. But then m;(R) is a non-zero solvable ideal of L, contrary

to the semi-simplicity of L.

Remark 8.2.1 The Proposition 8.2.1 shows that if all L, ..., L,, are simple,
then the directsum L; @ ... @ L,, is semi-simple. Our next goal is to prove

a converse of this statement in characteristic zero.
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Example 8.2.1 Let S; and S, be two isomorphic copies of sl,(F) where
char(F) = 0. Then S; has basis {e;, hy, f1} and S, has basis {e;, h,, f>}
with [h;, e;] = 2e;, [e, f:1 = by, [hi fil = =2f, i=1,2.ThenS; ® S,
has basis

{(el' 0)' (hl' 0)' (fl) 0)) (0: ez): (0, hz), (0, fz)} = {6’_1, h_l; f_1! e_Zl h_Z']FZ}

We have [k, &]| = 2e, [h,f] =—2f, [e.f)] =h, i =12 and other

products are zero.

8.3 Pairings and Duality

Definition 8.3.1 Let V be a vector space over F. We say the dual space to

V, denoted by V*, the set of all linear functions on V with
) fF+9W) =fw)+g9®)
(i) AN W) =Af ()

forall f,ge V', veV,A€F.

The zero vector in V™ is the zero function on V. Let {v,, ..., v, } be a basis

of V. For 1 < i < n, we define g; € V* by setting
&i(Xf-1 7)) = A

If @ €V, then ¢ is uniquely determined by its values ¢(v;) = a4,

.., (vy) = a,, because
o(Xi=1 4vy) = Zjo1 4o () = Xy .
Then ¢ = Z};l a@j&; as a vector in V*. Therefore, ¢, ..., &, Span V*. If
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Y Biei = 0 (as a function), then

0=0(v) = (Z ﬁifi) (v) = Zﬁifi(vj) =B
i=1 i=1

and so all g; are zero. Thus, &, ...,&, are linearly independent. As a
consequence, {&4, ..., £, } is a basis of V*. This basis is called the dual basis
to {vy, ..., v, }. We have g;(v;) = 6;; for 1 < i,j < n. Moreover,

dimV* = dimV = n.

Definition 8.3.2 Let V and W be two vector spaces over F. A mapping
B:V x W — Fis called a bilinear pairing if

(P1) B(Avy + pva,w) = AB (1, w) + up (v2, w)

(P2) B(v, Awy + uw,) = AB (v, wy) + up (v, wy)
forall A, u € F,v,v;,v, €V, w,w;,w, € W.

Definition 8.3.3 The left radical of S is
rad,f ={veV| Blv,w) =0, Yw € W}.
The right radical of 8 is

rad,f ={w e W|B(v,w) =0, Vv €V}
Definition 8.3.4 If rad;f = rad,.f = 0, we say f3 is non-degenerate.

Proposition 8.3.1 Suppose that V and W are finite dimensional and let

B:V x W — F be a non-degenerate pairing. Then dimV = dimW.
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Proof. We define a mapping 6:V - W* by 6,(w) = g(v,w) for all
v €V, w € W. This mapping is linear. Indeed,

91v1+uv2 W) = B(Avy + pv,,w)
= AB (w1, w) + up vz, w)

= /19171 (w) + 16y, (w)

= (/19,,1 + M@Vz)(w).

Since this holds for all w € W, 6, 4, = A6, + u0,,. Note that 6, is a
linear function on W by (P2). By the Kernel-Image Theorem, we have
dim(Im@) = dimV — dim(Ker0). If v € Kerf, then 6, = 0 in W*, i.e.
6,(w) =0 for all we W. Then g(v,w) =0 for all w € W, hence we
have v € rad;(B). As B is non-degenerate, Kerf = {0}. Then we have
dimV = dim(Im@) < dimW™, as Im# is a subspace of W*. Since W* is
finite dimensional, we have dimW = dimW* (dual basis), and therefore
dimV < dimW. Now we interchange the roles of ¥V and W, and we
consider a mapping ¢@:W — V* given by ¢, (v) =B(w,w) for all
w € W,v € V. Analogously, one shows that the mapping ¢ is linear and
injective. Hence, by the Kernel-Image Theorem, dimW < dimV*. AsV is
finite dimensional, dimV = dimV* and so dimW < dimV. Therefore,

dimW = dimV, as required.

Theorem 8.3.1 Let L be a finite dimensional semi-simple Lie algebra over
a field of characteristic zero. Then there exist simple Lie algebras Sy, ..., Sn,
suchthat L = S; @ ... S,, (a Lie algebra direct sum).
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Proof. Induction on dimL. Suppose the statement holds for all semi-simple

Lie algebras of dimension less than dimL. If L is simple, then put L = S
and the theorem is proved. Therefore, we now assume that L is not simple.
Then L contains a minimal non-zero ideal I with diml < dimlL, i.e. a
subspace I of minimal possible dimension with [L, I] < . Since L is semi-

simple, by Theorem 7.1.1, the Killing form « of L is non-degenerate. Let
It ={x€L| k(x,y)=0, Vy €I}

be the orthogonal complement to I. Now we give the following lemmas

which are needed for the proof of theorem.

Lemmag8.3.1/nIt =0,
Proof. First note that I+ is an ideal of L.
k([L,11],1) = k(I%[L, 1])
c k(1) =0.

So, [L,I1] € I*. In other words, I is an ideal. But then I n I+ is an ideal

t0oo. Set R = I nI*. Hence, by Lemma 7.1.1, kg = Kipp: THEN
kgr(R,R) = k(R,R)
=k(InItInIY)
c k(1,14 = 0.

So, kg = 0. Hence, kg (R,R(l)) = (. By Cartan’s Criterion, R is a solvable

ideal of L. Since L is semi-simple, R = 0, as required.

104



Fundamentals of Lie Algebras

Lemma832L=1+1*

Proof. Firstly, we consider a pairing
[)’:L/I x I+ - F givenby B(x +1,y) = k(x,y)

forall x+1€l/;,y eIt Let z+1€rad,B. Then k(z,y) = 0 for all

y€lt. So,z€l (as (IY)* =1). Butthen z+1 = 0 + I, the zero coset.
So, rad; = 0. Now, lett € rad,.8. Then k(x,t) = 0 forall x € L. But,
since « is non-degenerate, we have t = 0. So, we obtain that rad,.8 = 0,

and therefore g is non-degenerate. Hence,
dimI* = dim(L/}) = dimL — diml.
So, dimL = diml + dimI*. By linear algebra,

dim(I + It) = diml + dimI*+ — dim(I n IY).
dimL =0

Therefore, we get dim(I + I1) = dimL, implying L = I + I+,

Lemma 8.3.3 [I,I1] = 0, i.e. I and I+ commute.

Proof. This is because both I and I+ are ideals and I N I+ = 0. Indeed,
[I,1+] € I+ (as I+ is an ideal) and [1,I1] = [I+,1] €I (as I is an ideal).
Then

[LI*]cInIt =0,

hence as required. So L = I @ I+, a direct sum of subspaces.
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Lemma 8.3.4 I is a simple Lie algebra.

Proof. Let A be a non-zero ideal of /. Then
[L,A]l = [I © I+, 4]
= [I,A] + [I1, A]
C A+ [141] (by Lemma 8.3.3, [I+,1] = 0)
= A.

Therefore, A is an ideal of L contained in I. Since I is a minimal ideal and
A # 0. We have 4 = I. Also, note that I is non-abelian, because L is semi-
simple.

Lemma 8.3.5 I+ is semi-simple.
Proof. Let R be a solvable ideal of /1. Then, as before,
[L,R] =[I +I+,R]
= [I,R] + [I1,R]
c[LI*]+R
=R.

Therefore, R is a solvable ideal of L. As L is semi-simple, we have R = 0,
hence the claim holds. Since dimI* = dimL — diml < dimL, by our
induction assumption, there exist simple Lie algebras S,, ..., S,, such that
t=5,®..0S,. Hence, there exist simple ideals I, ..., I, of I+ such

that/* =1, @ ...@ I, and [I;,I;] = 0 for i # j. Now, set I = I, asimple
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ideal of L. Then, we have L=, ® L, ® ..® 1, and [I;, ;] =0 for

1 <i,j < n.Hence,

L=S5 DS D .05

for some simple Lie algebras S;, S5, ..., S,, where §; = .

Continuous to the proof of Theorem 8.3.1: By Lemma 8.3.5, we have

completed the proof of Theorem 8.3.1.

Exercises 8

8.1LetL = L, @ L, be the direct sum of two Lie algebras.
(i) Show that {(x,0)| x € L} is an ideal of L isomorphic to L;.
(i) Show that {(0,y)| y € L,} is an ideal of L,.

(iif) Show that the projections p, (x,y) = x and p,(x,y) = y are Lie

algebra homomorphisms.

8.2 If a Lie algebra L is a vector space direct sum of two Lie subalgebras
L, and L, such that [L,, L,] = 0, then we say that L is the direct sum of L,
and L, and write L = L, @ L,.

(1) Show that gl, (C) is the direct sum of s, (C) and the subalgebra of

scalar multiples of the identity matrix.
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(ii) Show that if L is the direct sum of Lie subalgebras L; and L,, then

L, and L, are ideals of L.

(iii) Let L is the direct sum of Lie subalgebras L; and L,. Show that
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CHAPTER 9

The Jordan-Chevalley Decomposition

9.1 The Jordan-Chevalley Decomposition

Suppose that V' is an n-dimensional vector space over an algebraically
closed field F. Let A € gl(V) and A4, 15, ..., A5 be the eigenvalues of A. Let
xa(t) = det(t.idy, — A), the characteristic polynomial of A. Then

Xa(®) = (€= A)™ . (t = A)™s
where m; € N are the multiplicities, so that m; + ---+ mg = n. Put

(t .
p;(t) = (t{;i)zni' 1<i<s.

Let F[t] be the polynomial ring in t over F. Recall that F[t] is an Euclidean
ring, hence a principal ideal domain, i.e. every ideal of F[t] is generated
by one element. If I = (p;(t),...ps(t)), the ideal of F[t] generated by
pi(t),then I = (a(t)) for some a(t) € F[t]. Hence, p;(t) = a(t)q;(t) for
1 <i < sandsome g;(t) € F[t]. If uisaroot of a(t), then u is aroot of
every p; (t). But the set of roots of p;(t) is

Ai = {All ,/‘{i_l,/‘{H_l, ,/‘{s}
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and so u € N;=; 4; = @. So a(t) has no roots. Since F is algebraically

closed, we obtain that deg(a(t)) = 0, i.e. a(t) is a non-zero constant.
Thenl = F[t], i.e.

I'=a,(O)p,(t) + -+ as(O)ps(t) (9.1)

for some a;(t) € F[t]. Let p;(A) be the linear operator obtained by t ~ A.
Then (9.1) implies that

idy = a;(A)p,(A)+... +a;(Aps(4),  a;(4) € gl(V). (9.2)
Set
Vi =Im(p;(A)) ={weV| w=p(AW), veV}

Recall that y4,(4) = 0y, the zero operator (the Cayley Hamilton Theorem).

Then, since
xa(®) = Tli=1(t — )™,
we have
(A — Aidy)™ ... (A — Asidy)™s = 0.
Then

(A — Aiidy)™ (V) = (A — Aiidy)"ip;(A) (V)
xa(4)

= xa(AD V)
=0y (V)
= 0.

So (A — A;idy)™i|y, = 0y, the zero operator on V;.
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Lemma9.1.1V =V, +... 4+,
Proof. By (9.2), idy = Y-, a; (A)p;(A) and we have for every v € V,
V =id, (V)
= Xiz1ai(A)pi(A)(v)

= Yi-1pi(4) a;(A)(v)

wi

= Xi—1 pi(Aw;.
EV;

Putting v; = p;(A)(w;) € V;, we get v = v;+...+v,; Where each v; € V;

and forall v € V.

Lemma 9.1.2 The sum V;+... +V; is direct. Namely, 0 + v, +...+v, with

v; € Vyifandonly if v; = 0 foralli <s.

Proof. If 0 = v,+...4v, then we apply A to both sides and observe that
A(V;) € V; for all i < s and A has only one eigenvalue on V;, namely 2;.
So

Definition 9.1.1 This decomposition of V is called the primary

decomposition with respect to A.
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Definition 9.1.2 A linear operator X on V is called nilpotent if XY =0

for some N.

Remark 9.1.1 Any nilpotent operator X has only one eigenvalue, namely
0. This is because if X(v) = A(v) for v # 0, then XV (v) = ANv = 0 and
consequently, AN = 0 implying 1 = 0.

Definition 9.1.3 A linear operator X on V is called semi-simple if X is
diagonalisable, i.e. if V contains a basis {v4,..,v,} consisting of
eigenvectors for X. Such a basis is called an eigenbasis (or diagonal basis)
for X.

Definition 9.1.4 Let A € gl(V). A decomposition A = A + A, with A
and A,, € gl(V) is a Jordan-Chevallery Decomposition if

(i) Ay is semi-simple
(ii) A,, is nilpotent

(iii) [Ag, Ay] = 0, i.e. AgA, = ApAs.

Example 9.1.1 Let V be 2-dimensional with basis B = {v;,v,} and we
define A € gl(V) by A(vy) = v; + 2v, and A(v,) = v,. We find A and

A,, and we extend to V by linearity.

M=, =6 )+ o

Put A = idy and define 4,, by A,,(v;) = 2v, and 4,,(v,) = 0. Then
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(45 = lidy]s = ()

[Anls = (g 8)

By linear algebra, X,Y € gl(V) if and only if [X]z and [Y]z commute.
Since [Ag]p = I, we have [Ag]g[Anls = [Anlg[As]p. Hence, we have
[A5,A,] = 0. Also, ([A,]5)? = 0, therefore, A, is nilpotent. Clearly,
A = idy is semi-simple, as every basis is an eigenbasis. So, A = A; + A,

is a Jordan-Chevalley decomposition.

Now we will show that any linear operator in gl(V) has a Jordan-
Chevalley decomposition and moreover it is unique. We are going to
mimic the previous example where dimV = 2, and we will also use the

following theorem.

Theorem 9.1.1 (Chinese Remainder Theorem) Let A be a commutative
ring with 1. Let Iy, ..., I; be ideals of A such that I; + I; = A forall i,j <'s

suchthati # j. Letay, ..., ag be arbitrary s elements in A. Then there exists

a € Asuchthata = a;(modl;), 1 <i <s.
Remark 9.1.2 Note that a = a;(modI;) means that a — a; € I;.

Theorem 9.1.2 (Existence) Let A € gl(V). Then there exist polynomials
s(t) and n(t) in F[t] such that

(i) the linear operator s(A) is semi-simple,
(ii) the linear operator n(A) is nilpotent,
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(iii) s(t) + n(t) =t and hence s(4) + n(4) = A.

Proof. Let V =1, @ ... ® V; be the primary decomposition of A. Hence,
V; = Im(1;(A)), where 14, ..., A, are the eigenvalues of A. Recall that each

V; is invariant under A, meaning A(V;) € V; and 4; = A, € gl(V;) has

v

the property that
(Ai - Aiidyi)mi = OVL" 1<ic<s.

We apply the Chinese Remainder Theorem to A = F[t] and the ideals
I; = (t — A4;)™F[t] for 1 <j <s. Note that f € I; if and only if f is
divisible by (t — 4;)™.

Now, first we need to check that I; + I; = F[t] if i # j. Since I; + I; isan
ideal and F[t] is a principal ideal domain, we have I; + I; = a(t)F[t] for
some a(t) € F[t]. Clearly, we have I; and I; € I; + I;. Hence (t — ;)™
and (t — 4;)"™ € I; + I;. So, a(t) divides both (t — 4;)™ and (t — 1,)™.
If uis a root of a(t), then u is a root of both (t — A;)™ and (t — 4;)™.
But they both have just one root, and 4; # A;. Hence a(t) has no roots, and

S0 is a non-zero constant. So we may assume that a(t) = 1, i.e.

Now, we regard A4, ...,As as polynomials of degree 0. In the Chinese
Remainder Theorem, we put a; = A; as constant polynomials. By applying
the theorem, there exists s(t) € F[t] suchthat s(t) = 1;(mod (t — 1;)™)
for 1 < i < s (in the theorem, we are setting s(t) to be a for a4, ..., as).
Then

s(t) = A+ (t — A;))™ib;(t), b; € F[t].

Hence,
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s(A) = Aidy + (A — Aidy)™ib; (A).
N———
egl(Ah)

As s(A) is a polynomial in A, each V; is s(A)-invariant. Also,

S(A)lVi = AiidVi + (Al - Aiidvi)mi bL(AL)

oy,

= Aiidyi

for all i <s. Hence V; is the A;-eigenspace for s(4) = V;. Since we have
V=V, ..@V, V contains an eigenbasis for s(A). Hence, s(A) is
semi-simple. Now, set n(t) =t — s(t). We have to check that n(4) is
nilpotent. Each V; is n(A4)-invariant. We have n(4) = A — s(A), hence

n(A)|Vi = Ai - S(Al') = Ai - AiidVi'
Therefore,

(n(4)), )™ = (4; — Lidy )™ =0y, 1<i<s,
s0 (n(A)™ (V) =0 for1 <i <s.Letm = max{m;| 1 <i < s}. Then

()" (V) = (n(A)™ ™ (n(4))" (V) =0, 1<i<s.
=0

But (n(A))™ is a linear operator, hence
()" (V) = ()" (Vi +... +W)
= ()" ) + ... + ()" (%)
= 0.

In other words, (n(4))™ = 0y,. So n(A) is nilpotent. Therefore, we have

shown that n(A) is nilpotent, s(A) is semi-simple. Also,
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t =s(t) +t—s(t) =s(t) +n(t).

Remark 9.1.3 The decomposition A = s(A4) + n(A) is aJordan-Chevalley
decomposition of A4, because s(A) and n(A) commute (being polynomials
in A).

Theorem 9.1.3 (Uniqueness) A = s(A) + n(A) is a unique Jordan-
Chevalley decomposition of A.

Proof. Suppose that A = Ag + A,, is aJordan-Chevalley decomposition of
A. We need to prove that A; = s(A) and 4,, = n(A). Since [A;, A,] = 0,

we have
[As, A] = [As, As + An]
= [As, As] + [As, An]
=0.

So, A, commutes with A. By induction on k, we prove that [4,, A¥] = 0.
Hence, A; commutes with every polynomial in A. Consequently,
[A;,s(A)] = 0. Since A; and s(A) are commuting diagonalisable
operators, then by linear algebra, they have a common diagonal basis. But

then Ag — s(A) issemi-simple. Similarly,
[An: Al = [An, As + Ap]
= [An:As] + [An:An]

=0.
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So, A, commutes with A, hence with n(A) and A,, are two commuting

nilpotent operators. By the binomial formula,
n(A) — A )N =0 for N » 0.
Therefore, n(4) — A, is nilpotent.

Now, we have s(4) + n(A) = A = A + A, hence

s(A) +n(A) = A, + A, = As —s(A) =n(A) — A,.

semi—simple nilpotent

Therefore, A; — s(A) is both semi-simple, and nilpotent. Since A; — s(A)
is nilpotent, it has only one eigenvalue, namely 0. Moreover, since

Ag — s(A) is semi-simple, it has an eigenbasis, we say {v, ..., vs}. Then
As —s(A)) =0.v; =0

for 1 <i <n. Then A; — s(A) annihilates span{v;} =V, so we have
Ag —s(A) = 0. Then A = s(A), hence A,, = n(A). Thus, the Jordan-

Chevalley decomposition is unique.

Remark 9.1.4 For A € gl(V) we have A; = s(A4) and A,, = n(A) for some
s(t) and n(t) € F[t] such that t = s(t) + n(t). One can choose s(t) and
n(t) such that s(0) = 0 and n(0) = 0 (only a minor modification of our

proof is required).

Definition 9.1.5 Let L be a linear Lie algebra, i.e. L is a Lie subalgebra of

gl(V) for V a finite dimensional vector space over F. We say that L is
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algebraic (or almost algebraic) if A and 4,, € L, here A = Ay + A,, is the

Jordan-Chevalley decomposition of A in gl(V).

Proposition 9.1.1 Let A be in gl(V). Then the Jordan-Chevalley

decomposition of ad, € gl(gl(V)) is as follows
(ady)s = adeay), (adp)y = ada,).
Proof. As known that ad: gl(V) = gl(gl(V)) givenby x » ad, is a
representation of gl(/), so we have
lad(a), ad(a,)] = ada,a,7) = ado = 0.
Hence, ad 4y and ad, , commute. Also,
aday) + adcay) = adagea,) = ady.

By Lemma 5.1.1, we have proved that if N € gl(V) is nilpotent, then so is
ady € gl(gl(V)). Then ad,  is nilpotent. Thus, we need to show that
ad 4, is semi-simple. Since A is semi-simple, there exists an eigenbasis
{vy,...,vy} for As. Suppose that Ag(v;) =Av; with A; €F.
Let B = {E;;|1 < i,j < n} be the basis of gl (V) such that E;; (vy,) = ;v
forall i, j, k < n. One checks directly that [4, E;;] = (4; — A)E;; forall

i,j < n. To see this, one needs to show that
[As, Eij]|(w) = (4 — 4)E;j(v)

for all k < n. So, ada(E;;) = (A; — 4))E;; for all i, j < n. Hence, B is
an eigenbasis for ad 4 . So, ad 4y is semi-simple. Hence, we have proved
that

adA = (adA)s + (adA)n = ad(AS) + ad(An),
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satisfying the required conditions.

Theorem 9.1.4 Let A be a finite dimensional algebra over a field F and
L = DerA, the derivation algebra of A (a Lie subalgebra of gl(A)). Then

L is algebraic.

Proof. Let D € DerA and let D = Dg + D,, be the Jordan-Chevalley

decomposition of D in gl(A). We need to show that Dy and D,, € DerA.

Consider the primary decomposition of A with respect to D, namely
A=A, @ ..® A,

Ay, =A; ={a€A|l (D~ Aidy)"(a) =0, N> 0}
Here, 14,...,As are the eigenvalues of D. Then D has the following
property

Dy, =Aidg, 1<i<s.

la;

To check that Dy is a derivation, we need to prove that A Ay S Apea; for

all i,j < s.Indeed, forallx € 45, y € AA]., we have
Ds(xy) = (A4 + Ap)xy

= Dg(x)y + x Ds(y)
Ai(x) A,

= 4(0)y + 2;(x)y.

Let Dy € DerA, then D,, = D — Dg € DerA. Let A, u be two eigenvalues
of D, and

Ay ={x € Al (D — 2idy)N(x) =0, N » 0}
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A, = {x € A| (D — pid)V (x) = 0, N > 0}.

Let a€ Ay and b € A,. We want to show that ab € Ay, this is,

(D — 2 — w"(ab) = 0 for N sufficiently big.

As a€A), D-ND)"(a)=0 and as b€A, (D—wb)=0 for

some 7, s € Z*. Therefore, we shall take N = r + s.

Lemma9.1.3 Forall x,y € A and all 4, u € F, we have
(D= 2= " (xy) = T (7) @ = D@ - " ).
Proof. By induction on n. Suppose that n = 1, then we have
(D = A=) (xy) = (D — Aid — pid)(xy)
= D(xy) — A(xy) — u(xy)
=D(x)y +xD(y) — (Ax)y — x(uy)
= (D(x) =)y + x(D(y) — uy)
= (D = Dxy +x(D — Wy
=31, (3) (@ = D@ - '),
So, our statement holds for n = 1. Suppose
(0 -2 - ey = 2o () 0 - i - -y,

Then

(D; — W *(xy)
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= (D3 = W*((D -1 =W (xy))

= (0 21— w*((D - Dry) + @ = A= W*(x(D — w)y)
=35, () @ - 0 - i)

k . s
+20 (7) 00X (D — w1y,
By collecting the similar summands, and also using the fact that
k k\_ (k+1\ .
)+ 5)=(T7) gives

k+1

0 =2-w*10) = ) (N 0 - i - ey

i
i=0

as so the claim follows by induction.

9.2 Weyl’s Theorem

Definition 9.2.1 Let L be a Lie algebra over an algebraically closed field
F and V be an L-module. We say V' is completely reducible (or semi-
simple) if there exists irreducible (simple) submodules V;, ..., V; of V such
thatV =V, @ ... D V.

Remark 9.2.1 If there exists irreducible submodules V3, ..., V; such that
V =V, + ..+ 7V (sum not necessarily direct), then one can prove that V

is completely reducible.
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Remark 9.2.2 If V is a completely reducible and W is a submodule of V,
then there exists an L-submodule W' in V suchthatV =W @ W' (W' is
a complement to ).

Definition 9.2.2 An L-module V is called trivial if V = 0 and xv = 0 for
allxeLvev.

Remark 9.2.3 If V is a completely reducible L-module and W is an
L-submodule such that xV < W for all x € L, then it follows from Remark
9.2.2thatV = W @ V, where V, is atrivial L-submodule. Conversely, if
V =W @ V,, where V, is a trivial L-module, then

xV =x(W @ V,)
=xW @ xV,
=xWcW.

So,xVCEWw.

Theorem 9.2.1 (Weyl’s Theorem) Let L be a finite dimensional semi-
simple Lie algebra over an algebraically closed field of characteristic zero.

Then every finite dimensional L-module is completely reducible.
Proof. There are essentially two different proofs.

Weyl’s original proof: Relies on the so-called “unitary trick” and uses
notions of compact Lie algebras, Lie groups, maximal compact subgroups,

Haar measure and the Maschke Theorem, and is a mainly analytical proof.
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Alternative Proof: An algebraic proof which uses the so-called casimir

elements.

The proof shall be omitted.

We are going to use Weyl’s Theorem to describe all derivations of semi-

simple Lie algebras in characteristic zero.

Let L be a finite dimensional Lie algebra over F. Let DerL be the Lie
algebra of all derivations of L. It is a Lie subalgebra of gl(L). By the Jacobi
identity, ad,, is a derivation of L for any x € L. Let ad; = {ad,| x € L}.
We know that [ad,,ad,| = ady,), hence ad, is a Lie subalgebra of

DerlL.

Lemma 9.2.1 ad, is an ideal of DerL. Moreover, [DerL,ad;] < ad;.
Proof. Let D € DerL and x € L. Then
[D,ad,]1(y) = (Dady — ad,D)(y)
=D([x,y]) = [x,D()]
= [D(x),y]+ [x,D)] - [x, D(¥)]
= [D(x),¥]
= (adp))(¥)

forall y € L. Hence, [D, ad,] = adpy € ad,, completing the proof.
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Remark 9.2.4 The derivations of the form ad,, with x € L are called inner.

Example 9.2.1 If L is abelian, then any A € gl(L) is a derivation, as

A([x,y]) = A(0) = [A(), y] + [x, AD)].

On the other hand, ad,, = 0 for all x € L and so ad; = 0 in this case.

Theorem 9.2.2 Let L be a finite dimensional semi-simple Lie algebra over
an algebraically closed field of characteristic zero. Then all derivations of

L are inner, i.e. DerL = ad;.
Proof. Note Z(L) = 0 (as Z(L) S rad(L) = 0). So, we have L = ad,; (for
ad; = L /Z( L) and Z(L) = 0). Weregard DerL as an ad; -module, via
(ady,).D = [ad,, D]
= (ady).D — D.(ad,)
forall x € L,D € DerlL.

It is easy to check that all module axioms are satisfied. By Lemma 9.2.1,

we have
[ad;, DerL] € ad;.

Also, ad; is an ad;-submodule of DerL. Hence, if we have V = DerlL,
W =ad;, then x.V € W for all x € L. Since ad; = L is semi-simple,
there exists V, € V such that V. = W @ V,, V,, being a trivial L-module.

In our situation, there exists a subspace V, S DerL such that
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DerL =V, @ ad;, (ad,).D = 0forall D € V. In proving Lemma 9.2.1,
we observed that

(ady).D = [ad,, D]
= —adD(x).

But adp(y =0 for all x € L. Then, we have D(x) € Z(L) = 0. So,
D(x) =0 for all x € L. But D € gl(V). So, D = 0 for all D € V. This

means that VV, = 0. Hence, we obtain that DerL = ad;. As required.

9.3 Abstract Jordan-Chevalley Decomposition

Let L be a finite dimensional semi-simple Lie algebra over an algebraically
closed field of characteristic zero. Since ad; = DerL and DerL is an

algebraic Lie algebra, we have for every x € L,
ad, = Ds + D,

where Dy is semi-simple and D,, is nilpotent in DerL, and [Ds, D,,] = 0.
As ad; = DerL, we have D; = ad,_ and D, = ad, for some x, and

x, € L. These elements x, and x, are uniquely determined because
Z(L) =0.So, forall x € L,

X =Xxg+Xp (9.3)

where [xg,x,] =0, ad,_ is semi-simple and ad, is nilpotent. The
decomposition (9.3) is called the Abstract Jordan-Chevalley

Decomposition of x.
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Exercises 9

9.1 Let A be a finite dimensional algebra over F (not necessarily
associative or Lie). Let Der(A) denote the set of all derivations of A. Show
that if x € Der(A), then x,, x,, € Der(A), where x; and x,, are the semi-

simple and nilpotent parts of the Jordan decomposition of x in gl(V).

9.2 LetdimV < o and x,y € gl(V). Suppose that [x, y] = 0. Show that
(X +¥)s = xs +ys and (x + )y = Xy + Yn.

Show by example that this can fail if x and y fail to commute.

9.3 Let L be a finite dimensional semi-simple Lie algebra over an
algebraically closed field of characteristic zero. Use Weyl’s Theorem to

show that
L=L®..®I and [I,I;] ={0} if i #},
where I, ..., I are the simple ideals of L.

94 Let Acgl(V) denote a subspace consisting of commuting
diagonalisable endomorphisms. Show that a basis of V' in which each

element of A is represented by a diagonal matrix.
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CHAPTER 10

Finite Dimensional Representations of sl, (F)

Throughout this section, L will denote sl,(F). Let S = {e, h, f} be the
standard basis of L, so that [h,e] = 2¢,[h,f] = —2f and [e, f] = h. To
give L-module structure on a vector space V over a field F is the same as

to give three linear operators on V, say E, H and F' such that
[H E] = HE —EH = 2E
[H F'l=HF —F'H = —2F'
[E,F'l = EF' —F'E = H.

We assume that F is algebraically closed of characteristic zero. We know
L is simple, hence semi-simple. By Weyl’s Theorem, every finite
dimensional L-module is completely reducible. So we only need to
describe all irreducible finite dimensional L-modules. Let V be a finite
dimensional L-module over F, and p: L — gl(V) be the corresponding
representation, so that p(x)(v) = x.v forall x € L,v € V. We first study
p(h) € gl(V). For A € F, we define

M={weVlihv=2,}

a subspace of V. We say that A is a weight of V if I/, # 0. Note V,\{0} is
the set of all eigenvalues for p(h) belonging to eigenvalue A (so 4 is weight
of V if and only if A is an eigenvalue for p(h)). Since F is algebraically

closed, then V has at least one weight.
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10.1 Finite Dimensional Representations of sl, (F)

Lemma 10.1.1 For every A € F, if v € V), then we have e.v € V/;,, and

f.veV,_,.

Proof. h.e.v =[h,el.v+e.h.v
=2e.v + le.v
=1+ 2)e.v

for all v € V;. Similarly,
h.fovo=1[hflv+f.hv
= —2f.v+Af.v
= (A-2)f.v

forall v e ;.

Definition 10.1.1 A vector v in V is called a primitive (or singular, or

vacuum) vector if e. v = 0. Thus, v is primitive ifand only if v € Kerp(e).

We denote the set of all primitive vectors of V by Vy,,.jr,.

Lemma 10.1.2 If V # 0, then V,,.;,,, s a non-zero subspace of V.

Proof. Let b = Fh @ Fe, a 2-dimensional subalgebra of L. We have

b = Fe,
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b@ = (bMWY = (Fe)(V = 0,

So, b is solvable and e € b, Let V, be an irreducible b-submodule of V.
By Lie’s Theorem, dimV, = 1, i.e. Vy = Fv,, for some non-zero v, € V.
Since h.vg,e.vy € V,, we have h.vy = avy and e.vy = By, for some
a,B € F.Then

[h,e].vg = h.e.vy —e. h.v,
= favy, — afv,
= (Ba — aP)vy
= 0.
On the other hand,
[h,e].vy = 2e.vy = 2Bv,.

Therefore, 2fvy = 0. As vy # 0, then § = 0. In other words, e.vyg =0
for vy # 0. S0, vy € Vprim \{0}.

Lemma 10.1.3 For every v € V., We have h. v € V.. In Other words,

the subspace Vi, is p(h)-invariant.

Proof. Let v € Vi, We need to show that h.v € Vi, i.€. €. h.v = 0.

But
e.h.v=lehlv+hev
=—2e.v+0

= 0.
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Thus, h.v is a primitive vector. Since V,,;, is p(h)-invariant, p(h) has an

eigenvector in V. Hence, there is A € F such that h.v, = A.v, for

some vg € Virim \{0}.

Definition 10.1.2 A vector v, € V is called a highest weight vector of
weight w if

() vy # 0,
(") h. Vg = UV,
(iif) e.vy = 0.

These are the vectors from V, N V.., \{0}. We have proved that highest

weight vectors exist.

Definition 10.1.3 A scalar A € F is said to be a highest weight of V if
Vi N Virim # {0}

10.2 Some Preparation

Let v, be a highest weight vector of weight A in V and define, for k € Z*,

r* 1
Vk =% Vo = Ep(f)k(vo)-
0
Note that% = idy, so this notation is consistent. We set for convenience
that U_l = O
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Lemma 10.2.1 The following are true for all k € Z™,
() fvr = (k+ Dvgss
(ii) hovy = (A = 2k) vy,
(iie.vp =A—k+1Dv,_4

. rk
Proof. (i) f.vg =f.;v0

k+1
f+

fk+1
=(k+1) i Vo

= (k + Dy

(ii) Note that v, is a non-zero multiple of f*.v,. By Lemma 10.1.1,
f.vo € V)l—Z' fz.vo € V)I—Z.ZJ ...,fk.vo € V)I—Z.k' Hence, fk.‘l]O € V)l—Z.k!
and so h. Vyp = (/1 - Zk)vk.

(iif) We use induction on k. If k = 0, then v_; = 0. Then
O=evyg=MA—-0+1Dv_;=0
and so the statement holds for k = 0.

Suppose that it holds for k = m, i.e. e.v,, = (A —m + 1)v,,_¢. Then
e.v =e.f i v
-Um+1 RANT TR TRRAY

1
—me.f.vm

=——(le,f1+f.€)vm

m+1

1

1
—mh.vm+mf.e.vm
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1 1
= E(A— Zm)vm +Ef(/1—m+ 1)17m_1

A-2m A-m+1)m
= Uy + ¢ )
m+1 m+1

m

1
=m(/1—2m+/1m—m2+m)vm
- —
= (m+ DA —m(m+ 1)v,
= (A -m)vy
= (/1 - (m + 1) + 1)U(m+1)_1.

Therefore, the statement holds for k = m + 1, hence for all k by

induction.

Proposition 10.2.1 Let V be a finite dimensional L-module. Then any

highest weight of V is a non-negative integer.

Proof. Let A be any highest weight of V. Therefore, there exists a non-

k
zero vy € V suchthate.vy = 0, h.vy = Av,. Set vy, = %.vo, fork > 0.

Suppose that 1 ¢ Z*. We claim that all vectors {vy | k € Z*} are linearly
independent. Indeed, we suppose that there are Ay, 44, ..., 4, € F, not all

zero, such that
ono + /11171 + ... + lnvn = O
There is k € Z* such that A;, + 0 and A; = 0 for i > k. Then

ono + ... + Akvk = 0, lk 0 (101)
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It follows from Lemma 10.2.1 (ii) that e*.v; = 0 if i < k. Applying e*
to both sides of (10.1) we get

0=eX(Aovg + ... + A1)
= Aoe*vy + ... + Axefv,
= /‘lkekvk.

By Lemma 10.2.1, A e*v, = A A=k + DA —k +2) ... Av, # 0, a
contradiction as we are assuming A ¢ Z*. Then the claim holds.

Since dimV = n for some n, so any arbitrary (n + 1) vectors in V must
be linearly independent. But the claim says that vy, v4, ..., v, forany k
are linearly independent. Hence, this is a contradiction, which shows that
AETZT.

Proposition 10.2.2 Let v, be any highest weight vector of weight n € Z*

k
and v, = };—,vo for k = 0. Then the vectors vy, ..., v, are linearly

independent and v; = 0 for all i > n.

Proof. We claim that V,,,; = 0. Indeed, suppose that v,,,; # 0. Note that
A =mninour case. Then by Lemma 10.2.1,

eV =A—Mm+1)+ 1y,
=n-n—-1+ 1Dy,
=0y, = 0.
By Lemma 10.2.1,

hvper =@ =2+ 1))vpgq

133



Nil Mansuroglu

= (—n = 2)Vp41.

Thus, v,,44 is a highest weight vector of weight (—n — 2) inV, so that it
contradicts Proposition 10.2.1, as the vector space V is finite dimensional

and (—n — 2) ¢ Z*. Hence the claim follows. Since v,,,; # 0, we have

1

1
Vniz =+ —=fVn41=—.0=0

1
Un+3z = mf Un+2
and so on. Hence, v; = 0 for i > n. Suppose
/10170 + /11171 + ... + Anvn = 0 (102)

and not all A; are zero. Choose k < n such that 4, # 0 and 4; = 0 for

i > k. Applying e* to both sides of (10.2) we get
0 =efAgvp + ... +Avy)
= Axe*vy
=An—k+1)(n—k+2)..nv,.
As 0 < k < n, we have
Acin—k+1D)(n—-k+2)..n#0,

a contradiction. So vg, vy, ..., vy, are linearly independent.

10.3 An Explicit Construction

Let n be a non-negative integer. Let V(n) be an (n + 1)-dimensional
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vector space over F with basis {ug, u4, ..., u,}. Define linear operators
E,H,F"in gl(V(n)) by setting

E(u) = (—i+Dui
H(u) = (n = 2Dy
F'(u) = (0 + Dugyq

forall 0 < i < n, and extending to V(n) by linearity.

Theorem 10.3.1 The following are true
() [E,F'|=EF —F'E=H
(i) [H,E] = HE — EH = 2E
(i) [H,F'] = HF' — F'H = —2F".

In other words, the linear map p,,: L — gl(V(n)) such that p,,(e) = E,
pn(h) = H, p,(f) = F' isarepresentation of L in gl(V(n)). Moreover,

P is an irreducible representation of L.
Proof. Let us show that [E, F'] = H. To show this, we have to prove that
[E,F'](w;)) =H(u;), 0<i<n.
Indeed,
[E,F'](w) = (EF' — F'E)(w;)
= E(F'(w)) — F'(E(w))
=E((i + Dujy1) — F'(n— i+ Duy_q)

={(+1Dn—-—Dy—in—i+ Duy;
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= (n— 20y

= H(w;)

for 0 <i <n.Hence, [E,F'] = H.
Proving that [H, E] = 2E and [H, F'] = —2F' is absolutely similar.

Indeed, for 0 < i <n,
[H, E](w;) = (HE — EH)(u;)
= H(E(u)) — E(HW))
=H((n—i+ Du_,)—E((n—2D)w)
=(m—i+Dm-20-D)uy—m—20)Mn—i+Du;_,
=2(n—i+ Dy,
= 2E ()
and
[H, F'l(u) = (HF' — F'H)(u;)
= H((i + Dujy1) — F'((n — 20)u;)
=0+ D(n—-20+1))upr — (=200 + Dugyq
= —2(i + Duyyq
= —2F (ugy1).
Then, we have

pn(le, f1) = pn(h) = [e, f] = [pn(e), pn(f)]

and similarly,

pn([h:e]) = pn(ze) = [h: e] = [pn(h)' pn(e)]
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and

pn(f €D = pn(=h) = [f, el = [pn(f), prn(e)].
Then p,,: L = gl(V(n)) is a representation.

We need to show that p,, is a irreducible representation. Let M be a non-
zero L-submodule of V(n). Then M is H-invariant submodule, so it has an
eigenvector for H. Note that {ug, uy, ..., u,} is an eigenbasis for H. We
assume that n,n — 2, ...,n — 2k, ...,n — 2n = —n are the corresponding
eigenvalues and all these eigenvalues are distinct. So, all the eigenspaces
for H are 1-dimensional as ku, ..., ku,. Hence, M contains u; for i < n.
Then E(u;) € M. But E*(u;) is a non-zero multiple of u,. Then we have
uy € M, hence Fi(uy) € M for all i € Z*. Then u; € M for all i, and so

we have M = V(n). Therefore, V(n) is irreducible.

Theorem 10.3.2 Every finite dimensional irreducible L-module is

isomorphic to some V(n).

Proof. Let V be a finite dimensional irreducible L-module and v, be a

highest weight vector in V. As known, the weight of v, is a non-negative
integer, say n € Z*. We put, for i >0, v; = fi—:vo. We know that

Vo, V1, ..., Uy, are linearly independent and v; = 0 for i > n. Let W be the
linear span of vy, v4,..,v,. Then we have dimW =n+ 1. Since
f.v, = (n+ 1)v,,, = 0, the subspace W is an L-submodule of V. Since

V isirreducible, and W # 0, we have that V = W. We define a linear map
P:V(n) > Vby o(XieoAiuy) = Xit Aiv;.

Then ¢ is a linear isomorphism. Also,
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e.o(u) =e.y;
=n-i+1v;_,
= ¢(e.u;)

for all i and likewise, for h and f. Then ¢ is a module isomorphism, so
V =V(n).

Corollary 10.3.1 Every finite dimensional L-module is a direct sum of
V(n;) fori € I. In other words,

V=V(n) ®..V(nyg)

forsome0<n; <n, < ..<ng k€N

Corollary 10.3.2 The following are true for any finite dimensional L-

submodule V.
(i) All weights of V are integers.
(ii) If k is a weight, so is - k. Moreover, dimV), = dimV_.

(iii) dimVpyim = dimVy + dimVy, where

Vorim ={v €V]ev=0}, Vy={veV|hv=0} and
V,={veV| hv=v}

Proof. The proof of all statements reduces to the case where V is

irreducible, because
(VI @ V”)A — V’A @ V”A
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for every weight 4. In addition,
(V’ D V”)prim = V,prim Y V”prim-

If Visirreducible, then V = V(n) for some n, and then all three statements
can be checked directly.
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CHAPTER 11

Classification of Semi-simple Lie Algebras

We defined sl,(C) which is spanned by elements e, f and h fulfilling the

relations:
[e,h] = —2¢,[f,h] = 2 fand|e, f] = h.

Moreover, h was diagonalisable in every irreducible representation and
obviously, H = span{h} is an abelian subalgebra. Note that the abstract
Jordan decomposition of hish = h + 0, that H = C, (H) is the weight
space of H corresponding to the weight 0 € H*, acting on L with the adjoint
action. Likewise, span{e} is the weight space for the weight « - h » —2a
for @ € C and span{f} is the weight space for the weight « - h +~ 2a for
a € C.

We can generalise this approach.

Firstly, we find a maximal abelian subalgebra H consisting of elements that

are diagonalisable in every representation.

Then we restrict the adjoint representation of L to H and we show that L is

the direct sum of weight spaces with respect to H.

General results about the set of weights will be proved. Moreover, we will
show that the isomorphism type of L is completely determined by its root

system.
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Finally, we will classify such root systems.

11.1 Maximal Toral Subalgebras

Definition 11.1.1 (Semi-simple elements) Let L be a finite dimensional
semi-simple Lie algebra over C and x € L. If the abstract Jordan
decomposition of x is x = x + 0, the element x is called semi-simple.

This means that x acts diagonalisably on every L-module.

Definition 11.1.2 (Maximal toral subalgebras) Let L be a finite
dimensional semi-simple Lie algebra over C. A subalgebra T consisting of
semi-simple elements is called a toral subalgebra. If L has no toral
subalgebra properly containing T, a toral subalgebra T is called a maximal
toral subalgebra. It is clear that every finite dimensional semi-simple Lie
algebra over C has a maximal toral subalgebra. Since L contains semi-

simple elements, all these are non-zero.

Lemma 11.1.1 Let L be a finite dimensional semi-simple Lie algebra over

C. Every maximal toral subalgebra T of L is abelian.

Proof. Omitted.

Definition 11.1.3 (Cartan subalgebra) Let L be a finite dimensional semi-

simple Lie algebra over C. A maximal abelian toral subalgebra is called
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Cartan subalgebra. By using Lemma 11.1.1, since every maximal toral

subalgebra is abelian, every such L has a Cartan subalgebra.

Theorem 11.1.1 Let H be a Cartan subalgebra of a finite dimensional
semi-simple Lie algebra L over a field F. Then
H=C.(H).

Proof. Omitted.

Theorem 11.1.2 Let f3, f5, ..., fn € End (V) be endomorphisms of a finite
dimensional C-vector space V. Suppose that all f; are diagonalisable and
that f;f; = f;f; forall 1 <i <j < k. Then there is a basis B of V such

that the matrices of all f; with respect to B are diagonal.

Proof. Omitted.

Throughout the chapter, L will be a finite dimensional semi-simple Lie
algebra over C and H will be a Cartan subalgebra. We denote the Killing

form by .

Definition 11.1.4 (Root space decomposition) Let L be a finite
dimensional semi-simple Lie algebra over C and let H be a Cartan
subalgebra. In this case, L is an H-module by the adjoint action of H on L.

We consider all its weight spaces. Let ® € H* be the set of non-zero
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weights, note that the zero map is a weight and that L, = H by Theorem

11.1.1. The space L is the direct sum of the weight spaces for H. This is,
L = H GBGBGE(D Lg.

This decomposition is said to be the root space decomposition of L with

respect to H. Here, we define
Lg ={x € L|[x,a] = (6(a)).x foralla € H}.

The set @ is called the set of roots of L with respectto H. For 6 € ® U {0},
the Ly are called the root spaces. Now, we conclude the following

proposition.

Proposition 11.1.1 For the finite dimension of L, @ is finite.

Proof. Let aq,a,,..,a, be a basis of H. Since H is abelian, the
endomorphisms ad, ,ad,, ...,ad, € End(L) fulfill the hypothesis of
Theorem 11.1.1. Hence, L has a basis B of simultaneous eigenvectors of
the ad,,. Since every element of B is contained in a root space, L is the
sum of the weight spaces. The intersection of two root spaces Lg and L,

for 8 # y is equal to the zero space, since if 6(a) # y(a), then x € Lg N

L, implies that

(0(0) () = ax = (y(&))(x)

and thus, we have x = 0. A short inductive argument shows that the sum

of all root spaces in the root space decomposition is in fact direct.

Now, we will study the set @ of roots.
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Lemma 11.1.2 Suppose that 8,y € ® N {0}. Then

(') [LQIL]/] < L6+y-
(i) If 6 +y # 0, then k(Lg, L,) = {0}.
(iii) The restriction of k to L, is non-degenerate.

Proof. (i) Let x € Lg and y € L. Then
[[x, ] a] = [[x,al, y] + [x, [y, al]
= (6(@)lxy] + (y(@)lx, y]
= ((6 + Y(@)[x, yl.
Thus, we have [x,y] € Lg., which proves (i).

(if) We conclude from 8 + y # 0 that there is some a € H with
(@ +y)(a) # 0. Then

(6(@))x(x,y) = k([x,al,y)
= k(x, [a,y])
= —((@)x(x,y),
and hence
(8 +P(@xrx,y) = 0.
Thus, k(x,y) = 0.

(iii) Suppose that z € Ly and k(z,ty) = 0 for all t, € Ly. Since

every x € L can be written as

x=t0+2t9

fed
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with tg € Lg, we immediately get x(z,x) = 0 for all x € L from (ii)

contradicting the non-degeneracy of k on L.

Note that every semi-simple Lie algebra over C contains lots of copies of
sl, (0).

Theorem 11.1.3 Let 6 € ® and 0 # e € Lgy. Then —6 is a root and there
exists f € L_g such that span{e, f, h} with h = [e, f] is a Lie subalgebra
of L with [e, h] = —2e and [f, h] = 2f. Thus, it is isomorphic to si, (C).

Note that we can replace (e, f,h) by (e, /A, h) for some 0 # A € C
without changing the relations. However, h and span{e, f, h} remain

always the same.

Proposition 11.1.2 Let f,g € End(V) be endomorphism of the finite

dimensional complex vector space V. Suppose that both f and g commute

with [f,g] = fg — gf. Then [f, g] is a nilpotent map.

11.2 Root Systems

Let E be a finite dimensional vector space over R with a positive definite
symmetric bilinear form (—|—-):E X E = R. Here, the positive definite

means that (x|x) > 0 if and only if x # 0.
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Definition 11.2.1 (Reflections) For v € E, the map

3 2(x|v)
W)

sy E—>E, x—x

is called the reflection along v. It is linear, interchanges v and —v and fixes

2(x|v)
@lv)

for x,v € E, note that (—| —) is only linear in the first component. We

the hyperplane orthogonal to v. As a consequence, we use {x|v) =

have

xs, = x — {x|v)v.

Definition 11.2.2 (Root system) A subset R € E is called a root system,
if

(R1) R is finite, span(R) = Eand 0 € R.
(R2) If @ € R, then the only scalar multiples of « in R are a« and —a.
(R3) If « € R, then s, permutes the elements of R.

(R4) If &, B € R, then (a|f) € Z.

Theorem 11.2.1 Let E be the R-span of ® with the bilinear form induced
by the Killing form x. Then @ is a root system.

Proposition 11.2.1 The Killing form « restricted to H is non-degenerate

by Lemma 11.1.2 (iii). Therefore, the linear map
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H - H*, hw- (x » k(h,x))

is injective. Thus, since H and H* have the same finite dimension, it is
bijective. Therefore, for every a« € H*, there isa unique t, € H with xa =

k(t,, x) forall x € H. Set
(alB) = Kk(ta tp) foralla, g € H*.

This defines a non-degenerate bilinear form on H* and we call the bilinear

form on H* induced by k.

Lemmall2.lleta € ®.Ifx € L_,andy € L, then [x,y] = k(x,y)t,.
Proof. For all h € H, we have
k([x,y],h) = k(x, [y, h])
= (ha)k(x,y)
= K(tq, KX, y)
= Kk (k(x, y)ta, h).

Thus, we have [x,y] — k(x,y)t, € Ht and therefore, since k is non-

degenerate on H, it is equal to zero.

Lemma 11.2.2 Let« € ® and 0 # e € L, and sl, = span{e, f, h} as in
Theorem 11.1.4. If M is an sl,-submodule of L, then the eigenvalues of h

on M are integers.

Proof. This follows from Weyl’s Theorem and our classification of sl,-

modules.
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Lemma11.2.3 Let a € ®. The root spaces L, and L_, are 1-dimensional.

Moreover, the only scalar multiples of a that are in @ are « itself and —a.

Lemma 11.2.4 Let a, f € ® and B&{a,—a}. Then

(i) he =2E10 = (Bla) € Z.

(ii) There are integers r,q = 0 such that for all k € Z, we have

B+ ka € ®ifand only if —r < k < q. Moreover,r — q = h,f.

(i) B = (heB).a = B — (Bla)a = sy € D.

(iv) span(®) = H".

Lemma 11.2.5 If « and g are roots, then we have k(hy, hg) € Z and

(@|B) = K(ta tp) € Q.

Proposition 11.2.2 The bilinear form defined by (a|B) = k(tq, tg) is a

positive definite symmetric bilinear form on the real span E of @.

11.3 Dynkin Diagrams

Lemma 11.3.1 (Finiteness Lemma) Let R be a root system in a finite
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dimensional real vector space E equipped with a positive definite

symmetric bilinear form
(-|-):EXE—->R
and a, B € Rwith 8 ¢ {a,—a}. Then
(alp).(alB) € {0,1,2,3}.

Proof. By (R4), the product is an integer. We have

(x[y)? = (xlx). (71y). cos?(6).
If 6 is the angle between two non-zero vectors x,y € E. Thus

(x|y).{ylx) = 4 cos?6

and this must be an integer. If cos?6 = 1, then @ is an integer multiple of
7 and so a and g are linearly dependent which is impossible because of

our assumptions and (R2).

We conclude that there are only very few possibilities for («|f8), (B|a),
the angle 6 and the ratio (B|8)/(a|@)

@p | By | o | LR
(ale)
0o 0 [=2] -
I o231
1| =1 |23 1
1 2 | x/a| 2
1| =2 |3%/4| 2
1| 3 |a6| 3
1| =3 |s2/6| 3

Lemma 11.3.2 Let R be a root system with E as defined in Lemma 11.3.1
and let a, 8 € R with (a]a) < (B|B). If the angle between « is strictly
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obtuse, then a + B € R. If the angle between a and £ is strictly acute, then
a—pf ER.

Proof. Use (R3) saying that as § = a — {(a|B)B € R together with the
above table.

Example 11.3.1 The following are two different root systems in R?

] a+p 204+p

p ot+p
—0L o =0 o
—(ot+P) -B —(2a+p) B

—(oe+p)

Definition 11.3.1 Let R be a root system in a real vector space E. A
subset B € R is said to be a basis of R, if

(B1) B is a vector space basis of E,

(B2) every a € R can be written as & = ¥ 3¢ cg f With ¢ € Z, such

that all the non-zero coefficients cz are either all positive or all negative.

Remark 11.3.1 For a fixed basis B, we say a positive if all its non-zero

coefficients with respect to B are positive and negative otherwise. We
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denote the subset of R of positive roots by R* and the subset of negative

roots R™.

Remark 11.3.2 Some coefficients can be equal to zero, only the non-zero
ones need to have the same sign. Moreover, note that the definition of R*
and R~ actually depends on B and that there are different choices for B

possible. For example, for any basis B, the set —B is also a basis.

Theorem 11.3.1 (Existence of bases for root systems) Let R be a root

system in the real vector space E. Then R has a basis B.

Example 11.3.2 In the following two diagrams we have coloured a basis

of the root system in blue and one in red

/
B ,ff;'ﬁ p o+f 204P
f{;’r}
—o / o —0 o
\
~(a+p) \—l3 ~(2o+) i
\ (o)

So in the first diagram, both (a,f) and (a + B,—p) are bases. In the
second diagram, both (8, ) and (a + 8, —(2a + B)) are bases. These are

not all possible choices.
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Definition 11.3.2 Let R, € E; and R, € E, be two root systems. An
isomorphism between the two root systems R; and R, is a bijective R-

linear map  : E; — E, such that
() ¥(Ry) = Ry, and
(ii) for any a, B € R, we have (a|B) = (Y () [ (B))-

Basically, the part (ii) ensures that the angle 6 between ¥ (a) and Y (B) is

the same as the angle between « and g since 4cos?0 = (a|B).(B|a).

Definition 11.3.3 (Coxeter graphs and Dynkin diagrams) Let R be a
root system in a real vector space E and let B = {b,..., b,} be a basis of
R. The Coxeter graph of B is an undirected graph with n vertices, one for
every element b; and with (b;|b;).(b;|b;) edges between vertex b; and b;
for all 1 < i < j <n. In the Dynkin diagram, we add for any pair of
vertices b; # b; for which (b;|b;) # (b;|b;) an arrow from the vertex
corresponding to the longer root to the one corresponding to the longer

root.

Example 11.3.3 We give two Dynkin diagrams for the basis (a, 8) in each

o B o B
of the two root systems in Example 11.3.2.
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Surprisingly, the information in the Dynkin diagram is sufficient to

describe the isomorphism type of the root system.

Proposition 11.3.1 Let R; € E; and R, € E, be two root systems and let
B; be a basis of R; and B, one of R,. If there is a bijection ¥: B; — B,
such that ¥ maps the Dynkin diagram of B; to the one of B,, then R, and
R, are isomorphic in the sense of Definition 11.3.2.

Namely, in more formal, if we have

(a]B).(Bla) = (@) [P (B))- (B () and (a]a) < (BIB)

if and only if

W@ (a)) < @ BIY(B)) forall a,p € By,

then the R-linear extension of ¥ to an R-linear map from E; — E, is an

isomorphism between the root systems R; and R,.

Proposition 11.3.2 If two root systems are isomorphic then they have the
same Dynkin diagram. In particular, the Dynkin diagram does not depend
on the choice of basis. So Dynkin diagrams are the same as isomorphism

types of root systems.

Definition 11.3.4 A root system R is called irreducible, if a root system R
can not be written as the disjoint union R; U R, such that (a|B) =0

whenever ¢« € R, and § € R,.
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Lemma 11.3.3 Let R be a root system in the real vector space E. Then R

is the disjoint union R = R, U ...U R, of subsets R,,..., R, where each R;
is an irreducible root system in E; = span(R;) and E is an orthogonal

direct sum of the subspaces Ej, ..., Ey.

Example 11.3.4 The root systems in Example 11.3.2 are irreducible.

Proposition 11.3.3 A root system is irreducible if and only if its Dynkin

diagram is connected.

Proof. This follows from the definitions of “irreducible” for root systems

and of Dynkin diagrams.

Theorem 11.3.2 Every irreducible root system has one of the following

Dynkin diagrams.
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Anz=1 O O O -O0——O0
Bn=2: O O O— O——0
=3 O O O— (=0
Din=4: (O O O—
Es O O O O O
Es O O O O O
Ey: O O O O O O O

Fi: O—O¢O—O
Ga: %

Moreover, all such diagrams occur as Dynkin diagrams of a root system.
The first four types A, to D, cover each infinitely many cases. Each
diagram has n vertices. We know all resulting diagrams that can possibly

occur. The result does not depend on our choices. Two isomorphic Lie
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algebras give the same Dynkin diagram. Two non-isomorphic Lie algebras

give different Dynkin diagrams. All Dynkin diagrams actually occur. L is
simple if and only if the Dynkin diagram is irreducible.

Theorem 11.3.3 Let L be a finite dimensional semi-simple Lie algebra
over C and let H; and H, be two Cartan subalgebras with associated root
systems @, and ®,. Then @, and &, are isomorphic as root systems.

Definition 11.3.5 Let @ be an irreducible root system with n vertices and
abasis B = {by,...,bp}and let ¢;; = (b;|b;) for 1 < i, j < n which is the

so-called Cartan matrix.

Theorem 11.3.4 (Serre) Let L be the Lie algebra over C generated by

generators e;, f; and h; for 1 < i < n subject to the relations
(S1) [h;, hj] = 0forall1 <i,j <m,
(SZ) [ei,hj] = Cijei and [fl'h]] = _Cijfi'

(S3) [es, fil = h; forall1 <i<mnand|e;,f;] =0forall i+ j,

(S4) (adej)l_cij (e) =0 and (adfj)l_c” (F) if i # .

Then L is finite dimensional and semi-simple, H = span{h,,...,h,} is a

Cartan subalgebra and its root system is isomorphic to @.

Theorem 11.3.5 Let L be a finite dimensional simple Lie algebra over C

with root system @. Then @ is irreducible.
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Exercises 11

11.1 Let L be a classical linear Lie algebra. Prove that the set of all diagonal

matrices in L is a maximal toral subalgebra.

11.2 Prove that each maximal toral subalgebra of sl,(F) is one

dimensional.

11.3 Let L be semi-simple and K be a maximal toral subalgebra of L. Prove

that K is self-normalizing.

11.4 Let L be semi-simple and K be a maximal toral subalgebra of L. If
k € K, prove that

(i) C,(k) is reductive.
(ii) Prove that K contains elements k for which C, (k) = K.

11.5 Prove that every three dimensional semi-simple Lie algebra has the

same root system as sl, (F), hence is isomorphic to sl, (F).
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