: : A. Razmadze
CrossMark SClenceDlreCf Mathematical

Institute

@ Available online at www.sciencedirect.com Transactions of

Transactions of A. Razmadze Mathematical Institute 170 (2016) 166199

www.elsevier.com/locate/trmi

Original article

The Hardy-Littlewood—Sobolev theorem for Riesz potential
generated by Gegenbauer operator

Elman J. Ibrahimov®*, Ali Akbulut®

2 Institute of Mathematics and Mechanics, Baku, Azerbaijan
Y Ahi Evran University, Department of Mathematics, Kirsehir, Turkey

Available online 14 June 2016

Abstract

In this paper we introduced and studied the maximal function (G-maximal function) and the Riesz potential (G-Riesz potential)
generated by Gegenbauer differential operator

1 1
Gy =(x2=1)° g (x- 1)H2 L
dx dx
The L, ; boundedness of the G-maximal operator is obtained. Hardy-Littlewood—-Sobolev theorem of G-Riesz potential on L »
spaces is established.
© 2016 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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0. Introduction

The Hardy-Littlewood maximal function is an important tool of harmonic analysis. It was first introduced by
Hardy and Littlewood in 1930 (see [1]) for 2m-periodical functions, and later it was extended to the Euclidean
spaces, some weighted measure spaces (see [2—4]), symmetric spaces (see [5,6]), various Lie groups [7], for the
Jacobi-type hypergroups [8,9], for Chebli-Trimeche hypergroups [10], for the one-dimensional Bessel-Kingman
hypergroups [11-13], for the n-dimensional Bessel-Kingman hypergroups (n > 1) [14-18], and for Laguerre
hypergroup [19-22]. The structure of the paper is as follows. In Section | we present some definitions, notation and
auxiliary results. In Section 2 the L ; boundedness of the G-maximal operator is proved. In Section 3 we introduce
definition of G-Riesz potential. In Section 4 it is proved for the Sobolev type theorem.
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1. Definitions, notation and auxiliary results
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Let Hx,r) = (x —r,x +r) N[0,00), r € (0,00), x € [0,00). For all measurable sets £ C [0, c0),
nE = |E|, = fE sh? tdt. For 1 < p = 0 let L,([0, 00), G) = L 1[0, 00) be the space of functions measurable

on [0, co) with the finite norm

oo
10, = (/ |f(ch D)|Psh? tdt)p L l<p<oo,
0

[ flloo.n = esssup|f(ch )], p=o0.

t€[0,00)
Analogy by [9] we define Gegenbauer maximal functions as follows:

1 r
Mg f (ch x) = fEEM/o Al f (ch ) dp (1)

1
M, f (ch x) = sup ———— / |f(ch Dldp. (), dps(t) = sh™ tdt,
>0 |H (X, 1) H(x,r)

"o 2h 1
|[HQO,7r)|;, = sh* tdt, |H(x,r)|, = she* tdt, 0< X < —,
0 H(xr) 2

where

Hx,r) = {Eg’—xr—,’_xri r), i i :7
Here (see [22])

A+ %)
rro)

denote the generalized shift operator, associated with the Gegenbauer differential operator

G = (x2 - 1)1/H % <x2 - 1)“1/2 %, x e (1, o).

Further we will need some auxiliary assertions.

T
Al fch x) = / f(ch xch t —sh xsh tcos @)(sin 9)**~ldg
0

Lemma 1.1. For 0 < A < 1/2 the following correlations are true:

72041
(shz) L 0<r<2,

HO.ML~1 20,
ch §> , 2<r < oo,

where ¢ denotes a positive constant.

Here f ~ g denotes that 1,8 < f < c2,,g for some positive constants cy 3 and ¢ ; depending on A.

Proof. Let first 0 < r < 2, then
r r r
|HO, )|, = / sh? tdi =/ (sh Y%\ d(ch 1) =/ (ch? t — 1)*"2d(ch 1)
0 0 0
chr , 1 1 chr 1
=/ (t—l)’\_f(t—i—l))‘_?dtz(chr—i—l))‘_?/ (t— D 2dt
1 1

1 1
i (= D2, 2chr— 1M

s T @i A e

IV

(chl +1)

2)»+%

720+
= Sh - .
2x + (1 +ch1)%—k( 2)

(1.1)
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On the other hand,
r chr | | | chr .
|H 0,73 =f sh® 1dt = / (= D72 + DA 2dr < 2*—2/ (t — 1" 2dt
0 1 |
23 2its 220+1 At
~ (t — D3 fehr = (ch r— 1)1 = (s0 2)"
241 24 +1 2+1\V" 2

Letnow 2 < r < o0o. Then

r r r
|H O, )], =/ sh? tdt:/ (sh Y% d(ch t):/ (ch? t — 1)*"2d(ch 1)
0 0 0
chr r—1 r—1 chr
:/ #dt > (ch r + 1)**%/ (t — 1)~ 2dr
L (t+ D2 1

Ai% (t — 1))»4’%

At 3

chr

2 (chr— 1))‘+%
R N R
2 (s 5T ot (g )P

- 2A+1 1-2A
20+ 1 (20/’12 %) X QCr+1)2 (Ch %)

(chr+1)

220+1 N PN - FA2M+1
Tt ) ()
(2h + 1221 (C 2) )
BV o Dsan Leatl
> — —_ > — _—
—(C 2) @shy =y 2
r/2 —r/2
> %@2(%—1)2&“@2/23,
that takes place for r > 2.

Thus,
22)»+1

7\ 41
H = (e Z)".
HO.NL = G (Ch 2)

Let us obtain an upper bound for |H (0, r)|; .

r 5 r t t 22X
IH(O,r)Isz sh*tdtzf <2sh —ch —) dt
r ¢ 2) ¢ 2a—1 t r ¢ 40—1 ¢
:22“1/ sh = ch = d|sh = 522“1/ sh = d|sh =
0 2 2 2 0 2 2
I AN I AL A 1.2
= () | =3 a) =xmleg) (12)

Combining (1.1)—(1.2), we obtain assertion of Lemma [.1. [

Lemma 1.2. Let 0 < A < 1/2 and x € [0,00), r € (0, 00). Then the following estimates are reasonable for
O<r<?2

F\2h+1
(Sh§> , 0<x<r,

Cy (@)

[H (x, 7)) ,
shzch”‘ x, r<x<oo.

IA

For2 <r < o0.

ch? T, 0<x<r,
|H (x, 1)l

IA

Ch

(b)

ch*® xch® r, r<x<oo.
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Here and further ¢y, cq, 3, Ca,i,p Will denote some constants, depending only on subscribed indexes and generally

speaking different in different formulas.

Proof. First we consider the case 0 < r < 1 and x € [0, 00) .
Let 0 <t < 2, Then we have

t<sht<e-t.

(1.3)

We prove left-hand part of this estimate. We consider the function f () = sh t —t. Since, f' (t) =ch t — 1 > 0,
then f (¢) increases on [0, 00), and that takes the smallest value for t = 0, f (0) = 0, consequently f (t) > 0 is

equivalent to sh t > t.
We prove right-hand part of estimate (1.3).

<e-t <& 621—152-el+t~t = (32t§2-el+t~t+1.

We consider the function f (1) =2 -e'™ .1 + 1 — e%.
=242 e r -2 =2¢" (e+t-e—e)>e(t+1)—e >0 as,t <2.

Thus, the estimate (1.3) is proved.
Hence it follows that for0 < x <r < 2

2r 21
2 23+1
|H(x,r)|;, = / sh®* tdt < 62)‘/ 1?dt = & P < (sh %) .
0

0 20 +1
Forr <x <2

x+r

x—+r

(1.4)

xX+r
|H(x,r)]; = f sh? tdt < e”/ dr <26 1 (x 4+ 1) <2 - 20)P <y sh %ch” x.
X—r X—r

Letnow 0 < r < 2 < x < 00, then we have
x+r
|H(x,r)];, = / sh® tdt < 2r - sh**(x +r) = 2r(sh xch r + ch xsh r)*
X—=r
< 2r(sh xch 1+ ch xsh 1)2}‘ <2r2ch xch 1)2)‘ <cysh %chZ)‘ X.

Now we consider the case,2 <r < 00, x € [0, 00).
Let 0 < x <2 < r. As in the proof of the estimate (1.2), we obtain
4* a X+

a 2% * 4kt x+r
H (x, = h“* tdt = —sh™ — = —sh
|H (x, )l /0 s 295 7 10 2;5 2

4* X r x  r\% 1 r 1 r\* T’
_(Sh50h5+0h§Sh§) <c, ShEChE+ChESh§ <cch™ —.

21 2

Letnow 2 <r < x < 00, then

X+r 4> ¢ X+r 4* _
\H(x, )|, = f s rdr < — sp L] 2 (g 2ET e X
. 2, 2. " 2 2 2

A
% h** ﬂ < c;hch4A %ch“‘ % < c,\ch2A xch® r.

From (1.6) and (1.7) it follows that at 2 < r < coand 0 < x < o0

—r

IA

|H(x,r)|; < c;\ch”‘ r, 0<x<r,
|H(x,r)|; < ch* xch® r, r<x<oo.

Assertion of Lemma 1.2 follows from (1.4)—(1.5), (1.8) and (1.9). O

(1.5)

(1.6)

(1.7)

(1.8)
(1.9)
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2. L, -boundedness of the G-maximal operator

Theorem 2.1. For 0 < x < 0o and 0 < r < oo the following inequality is valid
Mg f(ch x) < cyM,, f(ch x),
where c),_is a positive constant.

Proof. Consider the integral

I(x,r) :/ AY 1 f(ch x)| sh** tdt
0

FO+Y r(rm
= # {/ |f(ch x-cht—shx-shtcos ¢)|(sin (p)m_ldw}shm tdt.
réro Jo Lo

Making the substitution
z=chx-cht—shx-shtcos ¢, we get that

chx-cht—z

Ccos ¢ = =
¢ sh x-sht ¢
b chx-cht—z
mboxarccos ———
sh x-sht
d
dy = ‘
U (s s xoh o
= (sh2x~shzt—chzx~ch2 t+2-z-chx-ch t—zz)_%dz.
Since,

sh®> x-sh>t —ch* x -ch* t (chzx—l)shzt—ch2x~ch2t=ch2x~sh2t—sh2t—ch2x~ch2t

= —sh®t+ch? x(sh2 t —ch? 1) = —sh%t—ch? X,

that
dp =Qz-chx-ch t —sh®t —ch?® x—zz)_%dz
and
(sin ) ' =@Qz-chx-cht—sh®>t—ch®x— zz))‘_%(sh x-sh )=,
Then I (x, r) makes a list of form
LG+ 3)

I — =t 2
= T O

r ch (x+t)
x / / |f ()| Qz-ch x-cht—sh®>t—ch®x—z2)""V(sh x)!"™*dz }{ sh tdr.  (2.1)
0 ch (x—t)

Transform expansion
27-chx-cht—sh®>t—ch®>x—2°
=2z-chx-cht—sh? t(ch2x—sh2x)—ch2x—12
=2z-chx-cht—sh®>t-ch®t+sh*t-sh®> x —ch® x — 2*
=21-Chx~cht+shzt~sh2x—(ch2t—l)chzx—ch2x—z2
=2z~chx~cht+sh2x~(ch2t—1)—ch2l-chzx—z2(ch2x—sh2x)

=2z-chx~cht—l—sh2x~ch2t—shzx—chzt~ch2x—Z2-Ch2x—zz-sh2x
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=2z-chx-cht—shzx—chzt—zzchzx—zzshzx=(z2—l)shz)c—(cht—z-ch)c)2

2
2 2 cht—z-ch x>
= z—l)sh X 1—<— . 2.2)
( |: N2 —1-shx
Taking into account (2.1) and (2.2) we get
r—1
r+4y pr ch (x+1) _ cht—z-ch x\*
I(x,r) = ——2= / lf @)@ =D 1 - (—) dz 2.3)
r;)rm Jo | Jew o-n vz —1-sh x
Note that
sht 2 10 [cht—z-chx
=@ (e ),
sh x at N/Zz—l'th
rewrite (2.3) of form
ro+5 | peh o0 L
I(x,r) = ——2= / If @I @ =12
F(j)[‘()\) 0 ch (x—t)
hi—zch o\ 0 fchi—z-ch
cht—z-chx cht—z-chx
x| 1- <—Z> Z (—Z> dzd. (2.4)
V22 —1-shx 0t \V/z2—1-shx
Since ch (x —t) <z <ch (x 4+ t), then we obtain
ch(x—r)y<z<chx chx<z<chx+r)
and
x —arcchz <t<r arcchz —x <t <r.
That is why changing the order of integration in (2.4), we get
'+ 1 ch x r ch (x+r) r
I(x,r) = (—21) / dzf dt+/ dz/ dr . (2.5)
F(K)F(j) ch (x—r) x—arcchz ch x arcchz—x
Consider the integral
sl
A )= AGx. 1) /’ | (cht—zwhx) B(Cht—zochx
xX,z,r)=Ax,r) = - — | ——
x—arcchz vzz—l-shx ot \/Zz—l-shx
Putting u = % we get
chr—z-ch x
A(x,z,r) = A(x,r) = /“2—”"*(1 —u»*du. (2.6)
On the even power of ch ¢t
pA-1
r cht—z-chx cht—z-chx
B(x,r) = - —— — =) dr
arcchz—x V72 —1-sh x 0t \Vz2—1-shx
chr—z-ch x
= [ VE A = u 2.7
-1
Taking into account (2.6) and (2.7) in (2.5), we have
F )\' + l ch (x+r) chqrfz-c‘h X
I(x,r) = # @I @ = 1)z / Va2l gy, (2.8)
F(E)F()L) ch (x—r) —1
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Since ch (x —r) <z <ch (x +r), then

chr—z-chx _chr—chx-ch(x+r) 2chr—2chx-ch(x+r)

> =

V2 —1-shx — sh x-sh(x+r) 2sh x - sh(x +r)
_2chr—ch@x+r)—chr chr—ch2x+r) | 2.9)
- chQ2x+r)y—chr T chQ@x+r)y—chr '

On the other hand forch (x —r) <z <ch (x +r),
chr—z-chx - chr—chx-ch(x—r) _ 2ch r —2ch x - ch (x —r)

VZ—1-shx ~ sh x |sh(x —r)| o 2sh x - sh(r — x)
_2chr—ch(2x—r)—chr_chr—ch(Zx—r)_ (2.10)
a chr—ch@x—r) T chr—ch@x —r) ’
From (2.9) and (2.10) it follows that forch (x —r) <z <ch (x+r),and0 <x <r <2
chr—z-chx<1 .11
T V2 —1-shx )
From (2.11) it follows that for0 < x <r < 2
chr—zch x 1 1
Yy I'G)I (A
A(x,r) = / Solsh (2=l < / (1 —u®du = L(l) (2.12)
—1 —1 '+ 5)
But taking into account (2.12) and (2.8), we obtain that for 0 < x <r < 2
ch (x+r) . xX+r
I(x,r) < / If(2)] (22 = D" 2dz = / | f(ch t)| sh® tdt. (2.13)
ch (x—r) xX—r
Nowlet2 <r <x <ooandch (x —r) <z <ch (x+7r).
Then we have
chr—z~chx<chx—z-chx_ (I1-2)chx  ~z—Ichx <0
N2 —=1-shx  zZ2—1shx z22—1shx Vz+1shx —
From (2.9) it follows that
max(l —w)* ' < max (1 —w)* ' =max2* !, 1) =1,
—1<u<0
chr—z-chx
—l<u<——.
V2 —1-shx
Taking into account this circumstance, for the integral A(x, r) we obtain of (2.6)
chr—zchx
WEE r—1
A, r) = /V (1-2) " au
-1
Waro 1 NEmwdll chr—z-chx\*
< / 22— 1.sh x (1 +u))\71 du = — (1 +u))\ z%—1-sh x _ (1 + Z )
_1 A _ A N2 —1-shx
s 27+
1 z-chx—chr 1 z-chx—chr
=—(1-— ) <-|l- | . (2.14)
A V72 —1-shx A V72 —1-shx

We find extremum of the function
z-chx—chr )2

:1— _—
fi@) <vz2— 1-shx



E.J. Ibrahimov, A. Akbulut / Transactions of A. Razmadze Mathematical Institute 170 (2016) 166—199 173

fl@) =~ (Z'Chx_d”> @ —Dshx-chx—2shx-chx+z-chr shx

V72 —1-shx (12—1)%sh2x
_ 2<z'chx—chr>z'chr~shx—chx~shx_2(z chx—chr)(chx—z- chr)
V72 —1-sh x

(2 — 1)%Sh2 X (z2 — 1)2sh? x
Since ch (x —r) < z < ch (x +r), then the function f(z) for z = ch x/ch r has a maximum

f ch x _1 ch? x —ch?r 2_1 chzx—ch2r_ch2r—l_ shor\?
" Nenr) lx—ch2r-shx/) sh? x T osh2x \shx)
From (2.14) we have

1 /shr\*
A(x,r) < 5 ( ) . (2.15)

sh x

According to definition of maximal function we have

Mg f(chx) < Mg,1 f(chx) + Mg f(chx),

where
Mg 1 f(chx) = Oilrlgzm/ | f(cht)|d ;. (2),
Moaf(eh) = s m / | (Chn)lds o).

Let 0 < r < 2, then taking into account Lemmas 1.1 and 1.2 (a), for (2.13) with 0 < x < r < 2 we get

1 r
Mg, f(ch x) = Osupzm/() ALy 1f (ch x)| dps (1)
<r< ’

|H (x, r)lx 1 /H’
|

= su | f(ch 1) sh* tdt
ooy THO. )], HGx. 1),

x—r|

1

< csup——— / |£(ch )| du(t) = cx M, f(ch x). (2.16)
O0<r<2 |H()C r)|)\ H(x,r)

Forr <2 <x < oo from Lemmas 1.1, 1.2(a), (2.15) and (2.8) we obtain

A(x,r)|Hx,n)l, [ 2
Mg,1f(ch x) < sup | f(ch t)| sh** tdt
0<r<2|H(0»r)|A|H(x»r)|k xX—r
shtch® x.sh® r xtr
< ¢, su 2 /
X

= Cc)sup
0<r<2 [H(x, Py (sh §)7" sh? x

h 2) 1 x+r
< (C x) sup ch? = —f |f(ch )] du(t)
|H(xa r)l)L x—r

sh x 0<r<2 2

X —x\ 2A
1 1
o (”—e_) ch® > sup ———— / |f (ch D)l dp(r)
* H(x.r)

eX —e 20<r<2|H(x r)'k

<-4 -e-M,f(ch x), (2.17)

|f(ch D)l du(r)

—r

IA

as G <26 ¥ +1 <2 —26 e >3atx > 1.
From (2.16) and (2.17) it follows that

Mg1f(ch x) <M, f(chx),0<r <2, 0=<x<o0. (2.18)

Now we consider the case 2 < r < o0.
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Point that for ¢h (x —r) < z < ch (x +r) and x > r the function f(z) = <LL=ZNX hag maximum equal

N Z22—1sh x
A ch? x—ch? r
sh :
In f;ctx
2 _ Z _
o = _VZ Ish xch x + msh x(ch r — zch x)
(22 = 1)sh? x
(z2 = Dsh xch x + zsh xch r — z2sh xch x chx—zchr 0 o ch x
[ = = = .
(22— 1)3sh? x (22— 1)2sh x chr
In this point the function f(z) has a maximum:
Fon() = f ch x\ ch? r —ch? x _ Veh? x —ch? r
maxte) = chr)  Jeh?x—chir-shx sh x
=_chx 1 — chr zw_shx7 (2.19)
sh x ch x ch x
as
. shx .oet—e*
lim =lim —=1
x—o00 ch x x—>00 X 4 =X
From (2.15) and (2.19) we obtain
ch r—zch x _ chzlechzz
A(x,r) < /WL‘ A4+ w)du 5/ ‘ (A +uw)’'du
-1 -1
_shx A 2 A
hx 1 sh x 1 she x 1
~ 1 Mlay=—(1- <-(1- = — (ch x)™**, . (220
/_1 (1+u) "= chx) — A ch? x A(C x) ¥ = co. (2.20)
Now, taking into account Lemmas 1.1 and 1.2(b), also inequalities (2.12) and (2.20), for 2 < r < oo we get
ch? r
|H (x, 1)l ch* 5
Ax, r)———= <c¢ <. 2.21)
[H (0, )l 1 e xen? r *
ch? xch* %

Applying (2.21) we easily obtain

1 r
Mg f(ch x) = sup ———— /O AL 1 (ch x)| dpa(t)

r=2 |HO, 1)l
H , A , xX+r
_ qup DL AL 1) | f(ch 1) sh® tdt
r>2 [H(O,r)l, [H(x, 1)l [x—r|
)
< — | f(ch )| du,(t) = c M, f(ch x). (2.22)
le(x,r)Ik H(x,r) / o Mt

Combining (2.18) and (2.22), we get
Mg f(ch x) < cyMy f(ch x).
Thus Theorem 2.1 is proved. [

Further we need the following lemma, which is a version of Vitali’s covering lemma.

Lemma (/23], Sawano). Suppose we have a family of n intervals {H (x;, 7;)}e(1, ... ,n}- Then we can take a subfamily
{H(xj, rj)}jea such that
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(1) {H(xj, rj)}jea is disjoint.
2 Ujept,om Hjo 1)) € Ujeq Hxj, 3r)),

where A = {j1, ... jp}and j1, ... j, € {1, ... n}.

,,,,,

The following theorem is valid.

Theorem 2.2. (a) If f € L, [0, 00), then forall o > 0

a [ Ch
b Mo f(ch x) > all, < 2 /0 (e Dl sh? 1di = 2 £l o)

holds, where c¢) > 0 depends only on A.
(B If f € Lps10.00), 1 < p < 00, then Mg f(ch x) € Ly 10, 00) and |Mg fl1,, 10,000 < p 112, 11000 -

Corollary 2.1. If f € L ;[0,00), 1 < p < o0, then

1
lim ———— / AN F(ch x)sh® tdt = f(ch x)
r~0 [HO, "), Juor '

fora.e x €[0,00).

Proof of Theorem 2.2. We define E, = {t : M, f(cht) > a}. We introduce the function 4 (a) which is equal to the
measure of the set E, i.e.

h(a) = |Eql; = [{t : My f(cht) > a}|, .

By the definition of function M, f it follows that, for all x; € E, there exists an interval H(x;, rj) C E, with
centered x; such that

/ | f(cht)| sh® tdt > / | f(cht)| sh®tdt
2H(Xj, rj)

{teH (xj,rj):|f(cht)|>a}

> a/ sh**tdt > o |H(x;, rj)], - (2.23)
{teH (xj,rj):|f(cht)|>a}

Further, since

_ O, x+7) ifx <r
H(x’r)_{(x—r,x—i—r) if x > r,
then for x; < 3r; we have

xj+3r; xjtr;

|H(x;,3r))|, =/ sh* tdt > / sh* tdt = |H(xj,rj)], . (2.24)
0 0

Let x; > 3r;, then

xj+3r; Xj+r;j

|H(x;,3r))|, = / sh?* tdt > / sh? tdt. (2.25)
xj=3r; Xj=rj

From (2.24) and (2.25) we find that forall r; > 0, j € {1,...,n}

|H(xj,3r)|, = |[Hxj, rp], . (2.26)
A A



176 E.J. Ibrahimov, A. Akbulut / Transactions of A. Razmadze Mathematical Institute 170 (2016) 166—199

By the previous lemma which was proved by Sawano, there exists a set A C {l, ... n} such that J;_, ,
H(xj,rj) C UleA H (x;, 3r;) and the intervals H (x;, 3r;) are disjoint, moreover by (2.26)
n
U HGjorp| <Y |HGG ], < D 1HG, 3l
j=l..n o =1 leA

From this and (2.23) we have
! 1
|H (x|, < = / | f(cht)| sh® tdt. (2.27)
; P ; H (x;,3r1)

We show that £, = {t € [0, o0) : M, f (cht) > a}is an open set. For this we need double-sided estimates for
the |H (x, r) |.

At first we consider case 0 < x < r. Then H (x, r) = (0, x +r).

Let0 < x +r < 2, then we have

x+r x+r (¢h L y‘d hi
|H (x, r)x =/ sh* tdt =22H1/ L) dlohl) . 15; d
0 0 (ch %)

223+1 xtr £\ 2+ P 221 (sh xTJrr)Zf\H
x4r\1-24 sh 2 d|sh 2 - 2A+ 1 (op 222 1-22
(ch *5+) 0 (ch *57)
222+l ( x+r
)

2A+1 1
> > —_—
= @A+ Dechl 2 ) = @r+Dchl

On the other hand, since ch % > 1 fort > 0, then

x+r t 2% f 220+1 x 47 20+1 peres!
sh—) dsh=)= sh < (x+r?t (229
2 2 20+ 1 2 20+ 1

v

(x 4 )Pt (2.28)

H (x, 1) | < 22“‘/
0

At the end we use the inequality (1.3).
Now let2 < x +r < oo. Then

xX+r x+r hZA td (sht 1 X+r
\H (x, 1) |5 =/ sh¥tdi 3/ Sh7td(sht) —/ shn?~Vd (sh1)
0 X X

xtr cht = 2 Jitr
2 2

1 2 nXtr 1 2 Lo
H(Sh (x+r)—sh — ZH sh (x+r)—475h (x+r)

1 1 41 2
<1 —>Shm (x+r)= <2shx;—rchx+r)

a4 4). - 4* 2

4 —1 x+r\*
> ) sh > . (2.30)

On the other hand

x+r xtr (sh DV d (sh L
|H (x, r) ) = / sh**tdt = ZQHI/ —(S l IE; 2)
: o (@

x+r A\l ¢ 92h+1 42
< 2% / sh = d(sh<)= i 2.31)
0 2 2 Y 2

Combining (2.28)—(2.31) we obtainfor0 < x <rand0 <x +r <2

62A+1

A+ < |H (x, n)), < (x 4 )2+ (2.32)

QA+ 1)chl ~ 241
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andforO <x <rand2 <x+r < o0

4+ 1 x4+ r\* 921—1 x4\ ¥
h < |H (x, < h .
o (055) = = S ()

Now we consider the case r < x < 00.
Then H (x, r) =& —r, x+7r).
Let 0 < x +r < 2. Then we have

x+r xX+r pzs
|H (x, r)|k=/ shmtdtzf shz’\tdtzx+r shitr
Y—r xtr 2 2

(x + r)zH'1 .

>
= 2a+l1

At the end we use the inequality (1.3).

On the other hand according to (2.29) we have

T AP 1 2+1
H(x, r = sh=" tdt < she*tdt < ———— (x +r .
e /x_r /0 PGTENT AR

It remains to consider the case 2 < x +r < 0.
For inequality (2.30) we have

x+r x+r 4> — 1 4r
|H (x, r) |x=/ shz)‘tdtzf sh? tdt > (shx+r> )
x X

—r T 4x 2
On the other hand
x+r x+2 (gp L 2)‘([ sht
|H(x, r) |)\ — / Shz)»tdt =22A+1\/ ( 2) IEZA 2)
x—r x—r (ch %)

IA

IA

2231 x4+ r\*
sh .
A 2

Combining (2.32)—(2.35) we obtain forr <x <oocand0 < x +r < 2

2A+1

x+rPT < |H @, ) < (x + )

A + D)chl = 2a+1

andfor2 <x+r <o

41_1 4) 221_1 4)
(shx+r) <|Hx,r)], < . (shx;_r) .

40 2
Now from (2.32) and (2.36) for 0 < x +r < 2 we have

eZA—H

xA+rPT < |H @, ) < (x + )P+,

Q@r+1Dchl T 2A+1
But from (2.33) and (2.35) for2 <x +r < o0

4 — 1 x+r\ ¥ 221 x4+ r\ %
sh <|Hx, r) = sh .
4 2 A 2

ity 4r—1 22—1 42 _ A\
22'\“/ sh L snl) =2 sh ) (n 2
. 2 2 py 2 p

177

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)
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Now we will prove that the set E,, is open. By the definition of the maximal operator there exists » > 0 such that
for some u > «

/ |f (chit)|sh® tdt = u |H (x, r) ;.
H(x,r)

‘We consider the case 0 < x + r < 2. There exists §; > 0 such that

S 20+1
Lo o2+ (en (r + 1> . (2.40)
o r

Let|x —y| < d1,then H (x, r) C H(y, r +61).Ifz € H (x, r),then [z —y| < |z—x|+ |x —y| <r+ 1, from
this it follows that z € H (y, r + 81) .

Then
/ | f (cht)|sh®* tdt z/ |f (cht)|sh® tdt = u|H (y, r)|x. (2.41)
H(y,r+é1) H(y,r)
Now by (2.36), we have
20+1
|H (y, r +81) s < 2H1(y+r+61)2“1
2A+1 20+1 22+1
e utl (T8 2341 r+ 3
< 71 »+r <—r <e (chl) p |H (y, r) |1
From this it follows that
P A ZE 1
H (3, 7) hz( , 1) (#Fleh1) " 1H G r 480 (242)

From (2.41) and (2.42) it follows that

u >,

51\ ~@+D
f (ez“‘ch z) ‘sh” tdt > (ch 1)—1(r + o1 )
.

1 /
|H(), ] 51)')\ H(y,r+61)
if

S 2A+1
o ot (ch1)<r+ 1) .
o

r

In the case 0 < x + r < 2 we obtain that 35; > 0 by condition (2.40) such that for V¢ € H (y, 81) the inequality
M, f (cht) > o holds, from this it follows that H (y, §1) C Ey, that is the set E, is open.

It remains consider the case 2 < x + r < 00. There exists 6, > 0 such that
22)»-‘1-1 . 4 r + 82>4X 22)\4—1 . 34)\ <r + 82)4)\
> .

4 — 1

u
Z s 2.43
o r 4+ —1 r (2.43)

(ch r+1)

From (2.39) we have

22)»—1 +r48 4r 221—1 + + 6 42
H (v, r+8) <shy - 2) < [sh <u+r—2)]

IA

A 2 - A 2 2
22)»71 S 4
== [sh(%—l—(r%—l)r—;z)]
221 y+r r+46 y4r r+46 4
= 1 1
: <sh 5 ch (r+1) 7 + ch > sh (r+1) 5 >

IA

34k A 22A—1 4 S 4
- (shy;r) (ch (r+1)rJ; 2) . (2.44)
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At the end we use the inequality cht < 2sht att > 1. From (2.44) and (2.39) we have

22X+1 .

4
ﬁ (Ch r+1

r 487
2

4
[H(y, r+68&) I = ) [H (y, 7) |x

From this it follows that
2

41
|H (y, r)|x2m<0h (r+1

r+46 —4
5 ) |H (y, r +62) |x.

Now from (2.41) we have

1 b1 r+8&\
S hosh? tdt > ————(ch (r + 1 :
|H (y, r +62) |1 /H(y,r+8) I (et Bls T 2%l 34 (C v+ r > e
if (2.43) is true.

In the case 2 < x + r < oo we prove that 36, > 0 by condition (2.43) such that for V¢ € H (y, §2) the inequality
M, f (cht) > a holds, from this it follows that H (y, §) C E, that is the set E is open.

As above it follows that 35 > 0, where § = min{d, 8} such that for V¢ € H (y, §) the inequality M, f (cht) > o
holds, from this it follows that H (y, §) C Ey, that is the set E,, is open.

Since [0, 00) is separable, so with the help of the Lindelof (see [24]) covering theorem E, C | J jeN H(xj,rj).
Then, letting n tends to infinity in (2.27), we obtain

1 o0
|Eql; < —/ | f(cht)| sh® tdt,
a Jo

and this is the assertion (a) of theorem.
Further, since by Theorem 2.1 Mg f(ch x) < ¢; M, f (ch x), then

Fo ={x: Mgf(chx)>a} CE,= {x M, f(chx) > ﬁ};
Ca
consequently

|Fa|k§

{x My f(chx) > ﬁ}
(&%

ch
< —fllp, s
)L C(

and this is the assertion (a) of theorem.
We will prove the approval (b). Suppose

flchx), if |f(chx)| > %

o (2.45)
0, if05|f(chx)|<§.

fi(chx) =

Then we have

| fchx)| <|fi(chx)| +% and M, f(chx) < M, fi(chx)+ %
sof{x:M,f(chx)>a}C{x:M,fi(chx) > %} and at last

2
|Eqly, = [{x : My fchx) > a}|, < a”fl”l,)u

from here and (2.45) it follows that

2
|Egly = ’{x:MMf(chx)>oe}’x§ —/ If(chx)lsh”‘xdx. (2.46)
& Jix:| fchx)|>%)

Suppose that the function f (ch x) is defined on [0, co). We consider for each « > O the set E, such that | f| > «;
Ey, ={x:|f(chx)| > a}.
Let i (a) be the measure of the set E, i.e.

h(a) = |Eql; = [{x | f (chx)| > a}y .
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The function A («) is called the distribution of the function | f (ch x)|. Every quantity, depended only on éxtent” f,
can be expressed over of distribution of function A(a) (see [25], p. 15). For example if f € L, ;, then by Fubini’s
theorem we obtain

s o [ plfchn)
/ | f (cht)|P sh* tdt = p/ f a? Vda | sh? tdt
0 0 0
o0
- p/ al~! (/ sh?* tdt)
0 {t€[0, 00):| f(cht)|>a}

= p/oootp_ll{t € [0, 00) : | f(cht)| > a}lrda = p/ooap_lh(oz)doz. (2.47)
0 0

Now, if M, f € L ;, then by (2.46) and (2.47) applying Fubini’s theorem, we will have

||Muf||z,,\ = p/o otpfl‘{x t M, f(chx) > a})kda

o0 2
p/ al™! —/ | f(chx)| sh* xdx | da
0 (24 {x:| f(chx)|>5}

o0 2| f(ch x)]
217/ | f(chx)| / a?2da | sh* xdx
0 0

2 o0 2| f(ch x)|
- P | f(ch x)| (apfl‘ )sh”‘xdx
p—1J 0

p-2r [
= 2 [ e o s = ey 171

IA

from this it follows that
IMufllpx = cpllfllpn, 1 <p<oo. (2.48)
The assertion (b) follows from Theorem 2.1 and inequality (2.48):
IMG flp.a < callMuflipa < cpallfllp, s

In the case p = oo last inequality is obtained evidently.
Thus Theorem 2.2 is proved. [

Proof of Corollary 2.1. At first let us show that for any function f € L, ;[0,00),1 < p < o0,, representation
cht — A%, ,f from R into L, ; continuous, that is

||Afh f=fle,, >0 atr —0. (2.49)
Let f(x) be a continuous function defined for [a, b] C [0, co). Consider the function
y(t,x,p) =ch tch x —sh tsh x cos ¢.
Hence we have
ly(, x,9) —y(O,x, ) = |ch tch x —sh tsh xcos ¢ — ch x|
= |(ch t — 1)ch x —sh tsh xcos ¢ —ch x| < 25h? %ch x + 2sh %ch %sh X

t t t
< 2sh 3 (sh Ech X+ ch ESh x)

t t t t
= 2sh ESh (5 +x> < 2sh ESh <§ +b> -0 r—0. (2.50)
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On the strength of uniform continuity of the function f(x) on segment [a, b] for any ¢ > 0 one may choose the
number § > 0, such that

[fly(t, x, )] — flyO,x, 9] <e, if |y, x,9) —y(0,x,¢)| <3, (that follows from (2.50)).
Then we have
|AL,  f(ch x) — f(ch x)|
r (k + %)
S —_—
r (%) I
It follows, that

IAY, . f = flloos = sup |AL, ,f(ch x) — f(ch x)| <e.

x€la,b]

/0 | fIy(t, x, )1 — fIy(0, x, @)]l(sin 9)*"'dg <.

Andforl < p < o0

A b A 2% % b 22 %
Az  f — f||LM[a,b] = (/ |Az, fch x) — f(ch x)|Psh xdx) < e </ sh xdx) < Cp,rE.
a a

Thus for any continuous function defined on the segment [a, b] C [0, oo) and for any number ¢ > 0 the following
inequality is valid:

IAY,  f = flliL,qap <& 1< p < oo 2.51)

It is known the set of all continuous functions with compact support in [0, c0) is dense in L, [0, co) (see [26],
Theorem 4.2). Therefore for any number ¢ > 0 there exists a continuous function with compact support in [0, 00),
such that

I f = fell, 110,00) < €. (2.52)
We denote g = f — fe. Then g, € L) 5[0, o0) and

lgellL, ,10,00) < €. (2.53)
Thus, if f € L, [0, 00), then for any number & > O there exists a continuous function f; with the compact
support and function g, € L [0, co) with condition [|g¢ Iz, ,[0.00) < &, such that f = f; + g.

Hence we have A%, f(ch x) = AY, | fo(ch x) + A}, ,g:(ch x) — f(ch x) + f.(ch x) — fe(ch x), from which it
follows that

Ay o f = Ui, 10.00) < 1AG,  fe = Fellnyat0.00 + 1F = felln, s10.00 + 1A%, (8¢ lL, 510,00)-

Now, taking into account that (see [22], Lemma 2)

1AL, 8ellL,at0.000 < IgellL,if0.00), ¢ €10,00),1 < p <00

and also the inequalities (2.51)—(2.53), we get

1AL,  f = fliL,,00.00 < 3e.

from which (2.49) follows.

By the locality of the problem, one can account that f € Lj ;[0, 00). In general case one can multiply f by
characteristic function of interval H (0, r) = [0, r) and obtain required convergence almost everywhere interior to this
interval and by tending r to infinity one could obtain it on the whole interval [0, co).

Suppose for any » > 0 and for any x € [0, c0)

1

Jreh ) = 1500

/ AL f(ch x)sh* tdtr.
H(O,r)
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Letrg > 0, H = H(O, r9). According to the generalized Minkowski generalized inequality and discount (2.49),
we obtain

fo=F i = (A% £ (ch x) = f(ch x)) sh* td]

i,
‘lH(O,V)lx H(O,r)

= 1 / IAY, , f = fliL,,cnsh? tdt
[H O, ") Juo.n :

sup 1AL, f = fllL ) — 0, atr, — +0.

[t|<ro

Ly (H)

IA

It means that there is a sequence ry such that ry — +0, (k — 00) and
lim f,, (ch x) = f(ch x)
k—o00

almost everywhere at x € [0, 00).
Now, let us prove that lim,_, ¢ f(ch x) exists almost everywhere. For this purpose for any x € [0, oo) we consider

R¢(ch x) = | lim f.(ch x) — lim f,(ch x)
: r—+0 510

the oscillation of f; at the point x as r — +-0.
If g is a continuous function with compact support on [0, 00), then g, is convergent to g and consequently {2, = 0.
Further, if g € L,[0, 00), then according to the statement of Theorem 2.2 we get

c
l{x € [0, 00) : Mgg(ch x) > e}l) < g”g”L].A[O,oo)s g € L1,,[0, 00).
On the other hand it is obvious that 2g(ch x) < 2Mgg(ch x). Thus

2c
[{x €[0,00) : £2,(ch x) > &}|) < ;IlgllLl,A[o,oo), g € L1,,[0, 00).

By the same way as it was proved above, any function f € L ; [0, 00) can be written in form f = h + g, where
h is continuous function and has a compact support on [0, 00), and g € L [0, 00), moreover [|glz, ,[0.00) < &, for
any ¢ > 0. But 2 < §2, + §2, {2, = 0, however is continuous by /. Therefore it follows that

C
l{x €[0,00) : 2(ch x) > &}| < g”g”LM[O,oo)‘

Taking in inequality || ||, ,[0,00) < & the number ¢ arbitrary small, we get {2 f = 0 almost everywhere on [0, 00).
Consequently, lim,_,o f;(ch x) exists almost everywhere on [0, 0c0), which was required to prove. [

Remark 2.1. Theorem 2.2 was proved earlier by W.C. Connett and A.L. Schwartz [8] for the Jacobi-type hypergroups.

Remark 2.2. If f € L1 ,[0, 00), then (see [27], Theorem 2.1)

1 r
lim —/ AY f(ch x) — f(ch x)|sh® tdt =0,
r—0 (Sh %)214-1 0 | cht ‘

almost everywhere for x € [0, 00).
This implies that for any ¢ > 0 one can find § > 0, such that for all » < § the following inequality is just:

1 r )
—( i r)ZH-l /0 ’Ai,\h,f(ch x) — f(ch x)|sh *rdt < e.
sh L
2

Then from Lemma 1.1, we obtain

_ / A 21
ALy, f(ch x) — f(ch x)]|sh™ tdt
HO. S, et fch x)]
1 r
= N\ 2A+1 / |A2\'h 1 f(ch x) = f(ch x)| sh®* 1dt < ¢,
(sh 5) 0

for all r < §, which means that Corollary 2.1 is valid under assumption f € L ; [0, c0).
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3. G-Riesz potential

In this section the concept of Riesz—Gegenbauer potential associated with the Gegenbauer differential operator G
is introduced and its integral representation is found. For the functions f, g € Lj; [1, 00) in [9], the Gegenbauer
transformation is defined as follows:

1
2

~ 0 A
Frif e frin = [ rorio(@=1)"a G

'
2

ngf(t)»fmy):/l f@0 s (*=1)" ar,

where the functions P)f (x) and Q;‘, (x) are eigenfunctions of operator G.
The inverse of the Gegenbauer transformations is defined by the formulas

1
A=z

Fplifr@ £ =c /1 fe 05 @ (v2-1)" "y, (3.2)

1
2

-1, 7 « [T 2 A 2 A=
Ry fo@r e fw=ci [ dot R (v =1)ar, (3.3)

2%_kﬁF(A+])F(%7y>F(#>(F(Mr%)l“(%)cosn)»)q
2P (L —n 3R g )P (L a5 2
For f € D(R,) the transformations (3.1)—(3.3) are defined, where D(R.) is the set of infinitely differentiable
even functions on Ry = [0, co) with compact supports.
Preliminary we prove the following lemma.

where ¢} =

,and 2 F1 (a; B; y; x) is Gauss function.

Lemma 3.1. Let f, g € L1, [1,00) N Ly, [1, 00). Then the following equality is true:
00 A—1i 00 —_— A—L
A 2 2 — ¥ 7 A 2 2

[ rwatsw (2 -1) e =c [ fron (A7), 00 (- 1)ar. (34)

Proof. From (3.4) we have

00 _1
/ f () Arg (x) (xz—l)A 2 dx
1

D=

Y 2 A=y ® 2 A 2 A=
=ci| Al (x=1)" “ax - fr 0 (r*=1)" ar. (3.5)
Since (see the proof of Lemma 8 in [22])
oo a—41
/1 fe @ (v =1)" " ay SUflL,, -
then taking into account the inequality (see [22], Lemma 1.2)

HA?\gHLM = ”g”Lm ’

we obtain
00 A—L oo A—L
/1 Atg () (x2 = 1) 2dx/1 fo ) Q) (v —1) zdy‘

00 X—%
Sfl,, /1 A ] (2 =1)" T dx = Wf ey, [4kel,,, = 1F1z,, gl -

By the Fubini theorem we have

o [Tagw (e Fa [T w (1) e
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1

o0 A1 © A—1
:CI—/I A?‘g (*) Q]); (x) (xz— 1) de/l fr () ()/2— 1) zdy

=cj, N Arg) () fe ) (v2 - Ade- (3.6)
C/1 (428) , ) ) (2= 1)

Taking into account (3.5) in (3.6), we obtain (3.4).
Thus Lemma 3.1 is proved. O

Definition 3.1. For 0 < a < 2A + 1 Riesz—Gegenbauer potential (G-Riesz potential) I f (ch x) is defined by the
equality
1&f (ch x) =G, > f (ch x). 3.7)

Such (see [28], p. 1933)
G1P} (ch x) =y (y +24) P} (ch x) ,

then taking into account selfadjoint of operator G (see [21], Lemma 4), we obtain for (3.5)
o
(Grf)p (V) = / P} (ch x) Gy f (ch x) sh®* xdx
1
o0
— / £ (ch x) (GAP; (ch x)) sh? xdx
0
o0 A
=y(y+ zx)/ f(ch x) P} (ch x)sh™xdx =y (y +21) fp ().
A

Obviously, by induction we have

(65r), =0 0+ 20 . k=12,

This formula is naturally spread for the fractional indexes in the following form:

(G;gf> )= (y+20)"% fp (). (3.8)
P

But then for (3.7) and (3.8) we have

(767), »=0+2072f0. (3.9)

Lemma 3.2. Let h, (ch x) be the kernel associated with G, and 0 < o < 2A + 1. Then

2 r r(ch x)dr | Az, f (ch x)sh™" xdx. (3.10)
I'3) Jo 0

IS f(ch 1) =

Proof. Let
(hr) () = e7rrs2r,
9]

then from (3.3) it follows, that

00 A
h, (ch x) = / eiV(VH)‘)’P;‘ (ch x) (yz — 1) dy.
1

Bl —

By Lemma 3.1

00 00 — A—L
/0 hy (ch x) A%, f (ch x)sh® xdx = c;/I eI Ak ) o (P -1) T dy.
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Thus we have

o0 o0 o
/ / r27p, (ch x) Ai‘h f(ch x) sh® xdxdr
o Jo

oo ST a—1
= c;/ (/ rz—le—y(y+2x)rdr> ( r zf) ) (yz _ 1) 2 dy
1 0

dt
|:y(y+2k)r=t,dr= —y(y—i—Z)\)]

=} floo </OOO e—t;‘%—ldt> (y(r+210)77 (A ( l zf> ) <y2 3 1))\7% o

-1
2

_er ([T ~% 2 _
a1 (5) [ voraE(40), 0 (P -1) e
Taking into account that (see [22], Lemma 1.2)

(4.7), ) = Fr ) Q% ch)
for (3.9) and (3.2) we obtain

/ / I, (ch x) Ach J(ch x) sh® xdxdr

e
2

=al 5/1 v v +207F fr ) Q5 ch ) (v 1) T ay

Q) [ (), s (- = (G

from this and for (3.2) it follows, that

l—a / (/ rf_lh (ch x)dr> Achtf(Ch x) sh? xdx
F(E) 0 0

Thus Lemma 3.2 is proved. O

I&f (ch 1) =

Corollary 3.1. The following equality is true
oo
|Igf (ch t)| < / |A2‘h f (ch x)| (sh x)* "L sn? xdx.
0

In fact from formula (see [28], p. 1933)

I'(y +2X)cosma
I'py) 'y +xr+1)

A —
Py (ch x) = 7

we have

‘P; (ch x)‘ < (ch x)77 "%

1 1
2h ) " o P (L L a2y a1 ——
(2ch x) Rl tAt iyt

185

@3.11)

The function of Gauss »F1 (a, B; y; x) is convergent by appointed importance of parameters on the interval [0, co)

(see [29], p. 1054).
Taking into account the last inequality, we estimate from above &, (ch x)

o) A—
Iy (ch )| S / VI (ch )T (1) Ty
1

o
1
S f e—(V+l)(y+1+2A)ryk—§(Ch x)—)/—Z)\—ldy
0
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1
S e " (ch x)_Z)‘_lf =3 (ch x)~ de|: < ¢ ]
0

hx — extl

o0
< e (ch x) 2! / DYy [ 4 1) y = ul
0

© 1
< e (ch x)” P! / e idu =T (A + 5) e (ch x)"? 1.
0
Hence we have

o o0
f r2 Vh, (ch x)dr < (ch x)_n_lf rile™"dr
0 0
_ —2x—1 a—27—1 @ a—21—1
F( )(chx) <F< )(chx) §F<2)(shx) .

Taking into account this inequality on (3.10), we obtain our approval.
4. The Hardy-Littlewood—Sobolev theorem for G-Riesz potential

We consider the G-fractional integral
o0
S% f(ch x) = fo AY (sh x)* 7V f(ch tysh tdt, 0 <a <20+ 1.
We denote by WL, ; [0, co) the weak L, space of measurable functions f for which
1
I fllwL, 110,000 =sup ¢ [{x € [0, 00) : | f (chx)| > t}|?
t>0
20+1
o

The next examples show that for p > the integral I does not exist for f € L ; [0, 00).

Example 1. Letx € [0, 00), 0 < <2A+ 1,
f(x)=mx< )(x) Forp—Z)‘Jrl f€Lpl0, 00l and I% f (x) =

In fact
£l _ /; sh? xdx - /5 chxdx
bpor = 0o (shx)*P (lnzshx)p —Jo th(lnzshx)p

1
= - /2 (=Inshx)"* d (—Inshx) = —
0

D=

1-2p

1-2p

Insh —
2

2p —1
On the other hand

o0
%L f(x) = f (sh)*=2V Agp i f (x) sh* tdt
0

o0
= / Acnt (shx)*™ 27V £ (1) sh® tdt
0

B /00 Acnt (shx)* 2V sh?* tdr
b sh tin? (sht)
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Since

a—=2xr—1
2

Acnt shx)* ™21 = Ay, (chzx - 1)
= M /n ((ch xcht —shxshtcos <,0)2 — 1) = (sin go)Z)‘_1 do
royr (%) 0

(asch (x —t) <chxcht —shxshtcos ¢ <ch (x +1))

M/On(chz(x—i-t)—l)

rary
= (shxcht + chxsht)* 271 > Qchxch )=,

a—2x—1

(sin )"V dgp > (sh (x + 1)) 2!

v

then for any fixed x € [0, c0)

1
2 sh® tdt

% f(x) > (2chx ‘HHf

cf (2chx) 0 (ch )P 1= she t1n2 (sht)

4a—24-1 it /% ch® tsh? tdt
sh® tin? (sht)

1

Ca, (chx)* 2! /2 —Sh% wr

* o In2(sht)
1

a-21—1 2 sh¥ tdt a—2—1 [ % 212
Ca, 2 (Chx) 21 > cq, 5 (chx) t dt = +o0.
0 0

v

v

At the end we use the inequality (1.3).

Example 2. Let x € [0, 00),0 < o < 2X + 1,
f(X) = =X 00) (x). For p > 2L f e [, 510, 00) and
S% f (x) = +oo.

In fact
® sh?* xdx % chxsh® xdx
R el
_ /“X’ sh* xd (sh x) _(sh x)PHi-er
5 (shx)P 2 +1—ap

o0 (Sh 2)2)\+170(p
Cap—20—1"

2
On other hand for any fixed x € [0, c0)

sh? tdt
(cht)yP - gpayt

oo
3G f ) = Qehoe [
2
(as, Scht <sht <cht, t >2)

Z 220{—4)»—2 (Ch x)Ot—Z}»—l /OO ﬂ > 40{—2)\,—2 (Ch x)oz—ZA—l /w ﬁ
5, cht

, sht —
® eldt o0
— 220{—4)»—2 (Ch x)a—ZA—l f - — 22&—4A—1 (Cl’l x)O[—Z)»—l arctget = 400.
s et +41 2

For the G-Riesz potential the following Hardy—Littlewood—Sobolev theorem is valid.
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Theorem 4.1. Let 1 =24 <o < 1+24 1< p < ZHand § — 1 = 52
@ If f € Ly, 10, 00), then the integral I, f is convergent absolutely for almost every x € [0, 00) .
O If1l<p<2ZH fel,;[0 00), then3%f € Ly [0, 00) and

o

G g a10.000 S [5G 1, 10,000 S WMy 210,000 -
1 _
(© If £ € L1,4[0,00), L =1~ 52, then
& FllwL, 510,000 S ISE FllwLy 10,00 S IF 1Ly, [0, 00). 4.1

Proof. Let f € L, [0,00), 1 < p < ZEL #(ch x) = f(ch x)x0.1)(x),

frleh x) = f(chx) ~ filch x).  xo.n() = {(1) e

Then
G f(ch x) = 3G fi(ch x) + 3G fa(ch x) = J1(ch x) + J2(ch x).

We estimate above the J1(ch x).

1
131 (ch x)| < /0 (sh x)*"27LA% | f(ch x)| sh* tdt
o0
= / (sh )y (A, | f(ch x)| sh® tdr.
0
By Young inequality (see [22], Lemma 4) we have

(4.2)

o~ . . . a72)»—]
131 @) Ol 10,00 < IF MO, 000 - | 0w,

Here

1
H|'|°‘72A71 X(O’l)HL _ / (sh * 2 sh? 1d
1, 0

1 1
1
< / (sh )* 'ch tdt = / (sh * Yd(sh t) = —sh*1.
0 0 o

From (4.1) and (4.2) it follows, that J;(ch x) for almost every x € [0, 0co0) is convergent absolutely.
By using the Holder inequality
o0
132 (ch x)| < / (sh )" 27YAM 1 f(ch x)| sh®* tdt
1
A Oo (@=2r—1)q 1,27 g
w—Dh—
|l At i e, (/1 (sh 1) ?sh tdt)

o0 q
< fllz,, ( / (sh 1)@= 2=Da+2h o tdt>
1

IA

= ”f”pr (/OO (sh )@ 22=Da+2% g(spy t))q
' 1

( (shl)(a—2k—l)q+2A+l

q
Qh+1—a)g—2x— 1) AL, = Canp 11l 0

from this it follows the absolutely convergence of J>(ch x) for almost every x € [0, c0) .
Thus, forall f € L,;[0,00),1 < p < 2)\0[—“, G-Riesz potential I f(ch x) is convergent absolutely for almost
every x € [0, 00).
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(b) We have
r o0
Sof (ehx) = (/0 +/ ) Ay o f (ch x)(sh "7 sh® 1dt = Ay(x, ) + A (x, 7).
r
We consider A{(x,r).Let0 < r < 2.
r
|A1Cx, )] 5/ |AL, , f(ch x)| (sh )" (sh n)*~ a1
< Z / #

o0

Z( 2k+1) (Sh#)imil /027 ALy f(ch x)| sh* tdt

1 r\% r\o 1
Mg,lf(chx)z<—ksh-) < (sh= MG,lf(chx)ZT
= \2677 2 ( 2) £ ke

< (sn 5) Mo fich v,

AX 1 f(ch x)| sh** tdt
(sh t)ZM—l —a

I A

A

asshé < Ll—lshtfora > 1.
We consider A>(x, ). By Holder inequality

1
o0 o o
|A(x, 1) < (/ A%, | f(ch x)|” sh? zdz)" (/ (sh 1)(@=24=Dagp2 tdt)q
r r

(0.¢]
< A% fle,, ( f G p@2 a2y, tdt) ‘
r

1
(@=22-1)g+22+1 \ g
<151, (A ) <, (oh i)””"*%“
= Lp,)» (2)\, + 1 — a)q 2% —1 Lp.k 2

r a—z)\—1+(2x+1)(%—#+,)
=111z, (s 3)

1 25+1

= 11fl,, (sh %)QH])(”I) =1l (sh %)77

Taking into account (4.4) and (4.5) in (4.3), we obtain

o r 2041
|3 f(ch x)| < ((Sh 5) Mg, f(ch x) + (Sh 2) ’ ”f”LM>'

Minimum of the right-hand side of the inequality (4.6) reaches to

ST (21l T
S - = . .
2 aq Mg.1f(ch x)

Then from (4.6) we have

» 10, \2H IFle,, \ 7
|ASGf(Ch X)| < {(m) Mg 1 f(ch x)+ (m) ||f||Lp_A}

r 1-2
= (Mg, f(ch x))4 IIfIILPj ,

1_1_ o _ P _ _op
for the condition > q_21+1:>1 o= 2

189

(4.3)

4.4)

(4.5)

(4.6)
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From this we have
00
. q 2) p q—p q—p p —
fo 5% £ 0| sh™ 1dr < |Ma, fehCDN] - IFIET < IAIE T IAIE,, = IF19,
from this it follows that for 0 < r < 2

G0, S [SG1 L, S1FL,, - (4.7)

Now let 2 < r < oo. Then from (4.3) and by Lemma 1.1 we have

AL G, 7| < / A", | f (chx) |sh®* tdt _Z/Qk Ak 1 f (cht)| sh? tdt

2A+1—a 2A+1—a
(sht) e (sht)

r a+2x—1 r 40 2k 5 n
< (shﬁ) (shﬁ> /0 A% 1 f (chx) |sh? tdt

00 _ _ r
< Z(sh Zkrﬁ)“m 1(ch 2%) “/0 P A% 1S (chx) sh et

a+2r—1 1 < r\a+2a—1
]; m = (Sh 5) MG,Qf (Ch X) . (48)

Taking into account Holder inequality from (4.3) we obtain

< Mgaf (chx) (sh )

o0 q
Ay G Ol < 1L ( / (sh 1)(@=2=D4 g2 tdt)
r
1
St ([ (s )0 s 4 (sh )\
~ L s _ _
Pk - %)(2A+1 o)q (C]’l %)1 2A

(ch
s £\ @=22—1yg 41 . ¥
< Ufle, / <sh5> (sh§> d(sh§>

~

F\@—2A—14+%
SUfle, (sh3) q (49)
Now from (4.3), (4.8) and (4.9) we have
N F\ a+2i—1 F\a—2r—1+%
8% f (chx)| S ((sh %) Mgaf (chx)+ (sh3) ||f||LM) . (4.10)
Minimum of the right-hand side of the inequality (4.10) reaches to
P
shi_((Z)»—i-l—ot)q—M» 1Az, , )“
o (@+2x—1)q Mgaf(chx))
Then from (4.10) we have
(@422 —1)p (@427 —1) p—4A
1AL, , 2 IAlL, 2
QO{ h < P, A M h P,
ISGf (chx)| < <—MG,2f(chx)> G2f (chx)+ <—M(;,2f(chx)> IfllL,
(1427 —a) p+4A (@4+22—1)p
= (Mgaf (chx)) ¥ AL, "
From this we obtain
o0 2 —a)g Dt+2A (@+22—D)p (1-21—a)q (a+21—1)g
fo ISG f (chx)|9sh™ xdx < IIMGfII +"IIfII S ||f|| SN, = IIfIILM



E.J. Ibrahimov, A. Akbulut / Transactions of A. Razmadze Mathematical Institute 170 (2016) 166—199 191
From this it follows that for2 < r < o0

MG L, SISG L, SNz,

Combining last inequality and (4.7) we obtain the approval (b).
clet f € L1, [0,00)and 0 < r < 2. By (4.3) we get

[{x 2 ISE f(ch )| > 2B}, < Hx < [A1(x, )| > B} + Hx < [Aa(x, )| > B

From inequality (4.4) and Theorem 2.2 we have

Bl{x €0,00) : |A1(x, )| > B}, = B sh* xdx
{x€[0,00) :|Ay (x,7) |>B}

< ﬁ/ sh®* xdx
{x€l0,00):ca,(sh® 5)Mg f(ch x)>B}
= 0, M h
ﬁ{xe[ 00) : Mg f(c x)>sh“§}k
ca r [ 2 r
< B-—=sh® —/ | f(ch x)| sh™ xdx = c;sh® = | fllL,, »
B 2 Jo 2 b
and also
o
|Aa(x, r)| < f |A,  f(ch x)| (sh 0* 7 sh®* tadr
r
- /oo |AY, | f(ch x)| sh®* tdt - foo |AY, | f(ch x)| sh®* tdt
- - (Sh [)2)\4+1_(X - . (Sh %)2)»4—1—0(
Fya@—2i—1 [0 r — 2L
< (sn 3) / Al f(ch ) sh® 1di < (sh Z) " UfI, -
r

_ 2041
Suppose (sh %) “ | fllg,, = B,weobtain|As(x, r)| < B and consequently [{x € [0, 00) : |A2(x, )| > B}, =
0

Finally we get

1
[{x €10,00) : [SE f(ch x)| > B}|, < ca - Esh“ % 1L,

- hra+“q—+‘_ hrzx+1_ 1 q
=ash 3 =a(sh 5 = EIIfIILM

From this and (3.11) for 0 < r < 2 it follows (4.1). Now we consider the case 2 < r < oo. From the inequality
(4.8) and Theorem 2.2 we have

l{x €10, 00) : |A1 (x, ) > B} = B sh* xdx
{x€[0, 00):A1(x,r)>B}

=B f
{xel0, 00):(sh §)* " Mg f (ch x)>B)

B

{x € [0, 00) : Mg f (chx) > L}

(Sh %)OH-Z)»—I

A

IA

1 Fyo+20—1 [

B-=(sh= hx)|sh® xd

e B ﬂ(s %) /0 |f (chx) |sh* xdx
7\ a+2A

= ¢;, (Sh 5) w 1AL, -
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On the other hand
© A hx) sh® tdt '\ h h** tdt
[As (x, 1) 5/ | Cht(f}fc);:lf_a | Sf Cht|(f}fc)2);3_|ls_a
r snt r snt
3 /00 Acnel f (chx) |sh? tdt g (sh C)f%?m*”
f

£ @F2=DEAD
— o
(Sh 2) !

IflLy s

since
(a+2k—1)(2k+1)_(a+21—1)(21+1)(2k+1—a)
aq - Ol(2)»+1)
2 -1 2r+1-— 1
_ et ) @h+ a)<:>a>a+2k—1<:>)»<§.
o

224+1—a>

) (@+2A—1)(2A+1) )
Putting (sh %) aq I fliL,, = B, we obtain |A; (x, r)| < B and consequently

l{x € [0, 00) : |A2 (x, r)| > B} = 0.

Now by Theorem 2.2 we have

A

1 Fa+2a—1
[br € 0. 00) : 13 f (chx) | > 28} < ugg (sh5) " 1fleas

p
, @t 2h— 14 @2=D@A+D
aq
e (sh5) £l

2
(@422 —1D)(2A+1)

o 1 q
=i (sh ) 1/l < (EnfnLLA) .

From this and (3.11) for 2 < r < oo it follows (4.10).
Thus, f +— 3¢ f is weak type (1, ¢) and Theorem 4.1 is proved. [J

IA

Definition 4.1 (//4]). We denote by BM O¢ [0, oo) the BMO-Gegenbauer space (G-BMO space) as the set of
functions locally integrable on [0, c0), with finite norm

1
| fllBMo; =  sup —/ |Aé‘htf(chx) — fH(o’,)(chx)ishZ)‘ tdt,
x.re0,00) [HQO, M), Ju©, 1

where

JH©O.r(chx) = AY | f(chx)| sh®* tdt.

),
[H O, 1), Juo.n
As an analogue of [14] we introduce modified fractional Riesz—Gegenbauer integral (G-Riesz integral) by
(0,¢]
3% f(chx) = / (Aen:(shx)*™ 221 — (shn)@=2+~1 X(, ooy (€h D) f (ch 1)sh** tdt
0 ,

and modified Riesz—-Gegenbauer potential (G-Riesz potential) by

18 f(chx) = ﬁ /OOO (/Ooor‘é—lhr (ch t)dr)
2

X (Aeni(shx)?~ 21— (sh)*=2+1 X(3, o0 (D) £ (ch Hsh* tdt,

where ( ! Oo) (cht) is a characteristic of function of the interval (4—11, oo). Also in the proof of inequality (3.11) we
obtain that

o0
1 f (chx) | 5/ ‘Ach,(shx)“_m_l —(shz)“—zk—l;((l oo) (cht)||f (cht)|sh® tdt,
0 £
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from this we have

11E fllBmog S ISE fllamog -

The following theorem is valid.

Theorem 4.2. Let 1 =2\ <a <2A+ 1, pa =21+ 1l and f € L, ; [0, 00).
Then 3¢, f € BM Og [0, 00) and the inequality

Hg(éf”BMOG S ”f”Lp,)»

is valid.
Proof. Suppose that

Si(ch x) = f(ch x) x@0.r/4) (ch x), fa(ch x) = f(ch x) — fi(ch x),

where x(0,r/4) (ch x) is the characteristic function of the interval (O, %) that is,

1, 0<x < L
X©.r/4) (ch x) = r
0, x> -.
4

Then

S f (ch x) = 3% fi (ch x) + 3% fa (ch x) = Fi (ch x) + F> (ch x)
where

r/4
F) (ch x) = / (Aﬁh L (sh )™ (s pye 2! x<1 ) (ch z)) f (ch t) sh®* tdt
0 ,00

&

and

Fa(ch x) = foo <A?h , (sh x)* 27— (sh @221 X(1 ) (ch t)> f (ch t)sh® tdt.
r/4 ERle

Since the function f7 (ch x) has compact support, then the number

a; = — / (sh )21 £ (ch 1) sh® tdt
(0,r/4)/(0,min{' g})

e

is finite. We can write
r/4
Fi(ch x) —a = / Aé‘h (sh )2 f(ch x)sh? tdt
0

_ h a—21—1 h hz)‘ d
/(O,r/4)/(()’min[1 E])(S 1) f(cht)s tdt

1
+ / (sh ) 2=1 £ (ch t)sh* tdt
(O,r/4)(0,min{%,%})
r/4
= / AL (sh )L (ch 1) sh®* tdr
0

o
= / Ak (sh )T (ch ) skt dr.
0
Consider the integral

b
At fi(ch x) = q/ f (ch xch t — sh xsh tcos @)
0

X X,r/4) (ch xch t —sh xsh tcos @) (sin go)z’\_l do.

193

.11

4.12)
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So faras, ch (x —1t) < ch xch t —sh xsh tcos ¢ <ch (x+1),then for [x — ] >
X(0,r/4) (ch xch t —sh xsh tcos ¢) =0,

and then
Al fi(ch x) = CA/ f (ch xch t —sh xsh tcos @) (sin 9)**~1dy
{pel0, 7], Ix—1|<r/4}
= AL f(ch x).

Then for (4.12) we have

|F1 (ch x) —ay| < /{te[o e (sh 027V AY 1 f (ch x)| sh* tdr. (4.13)
,O0); | Xx—I|<r

We consider the estimation (4.13).
Let (x — 5, x4+ %) N[0, 00) = (0, x + %), then 0 < x < r/4 and we have from (4.13) and (4.14)

x+r/4
|Fi (ch x) —a;| < / (sh 0% 2=L A% | f (ch x)| sh? tdt
0

r o
< / (sh %2~V A% | (ch x)| sh* tdt < (sh %) Mg f (ch x). (4.14)
0
Let now (x — 4, x + %) N[0, 00) = (x — 4, x + %), then x > ;. Consider the case § < x < %’. Then
x+r/4
|Fi (ch x) —a;| < / ; (sh 0" 2=L A% | f (ch x)| sh? tdt
X—r
r o
< f (sh %2~V A% | (ch x)| sh* tdt < (sh %) Mg\ f (ch x). (4.15)
0
Finally, let %T’ < x < 00, then by Holder inequality, we have
x+7
|Fi (ch x) —ay| = / (sh 027V Ak 1 f (ch x)| sh? tdt

¥z

X+ v
< “Aﬁh zf”LM (/ . (sh 1)@ 2=Dq gp2r tdt)
—

Py

1
—2x—1 x+3 ¢ £\ 2 q
—f))“ / osn Len LY ar
4 — 2 2

A

<1/l (sh

A

IA

IA

(
< il (
(
(

(
crp 1z, (s (r =5
(

caplfilg,, (sh(x- 2 )HH (sn (% + %)) :

X r a—2A—1+Q2A+1)(1— 52—
cp Iflie,, (sh (5 + §)) ( 2x+1>

Combining (4.14)—(4.16), we obtain that for 0 < r < 2

IA

=cpllfie,, - (4.16)

r\o
IFi (ch x) = a1l = cap (sh 5) M. f (hx) +cip £, -
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From this it follows that

sup ——— | |AY (Fi (ch x) —ay)| sh* td
0<r<2 |H (0 r)|A / ’ cht ’

1 r
SOS pzm/ Cht|F1(Ch x)—allsh”‘
<r<

rye—2a-1 fr Wz, r
< su (sh —) f A Mg f (ch x) sh® tdt + Ca, —p/ sh®* tdt
0orea V2 ) Ao [Ma s | P 1H (0,15 Jo

rya—2a—1 r n
< sup (sh 3) ( /0 sh rdr) [a% Ma.i s Ol , +ep £,

O<r<2 2
rya—2a—1 r 2)“%]
< — -
< s (shz) T (shg) T IMeafle,, e I, S 1L, (*17)
We considerthecase 2 <r < o00.Let0 <x < 34—’.

Then

Achil f (chx) sh¥tdt|
(Sh t)2k+l—a

|Fi (ch x) — ai </ (sh)* Y Al f (chx) |sh”tdt<2/

2k+1
r a+21—1 r —4) 27 "
= ;(sh w) (he) fo Acni|f (chx) |sh™ td
a+21—1
S(n3) " Meaf . “.18)
Using (4.18), and by Lemma 1.1 we obtain

sup ————— (ch x) sh* td
DG ) ks @)

r\o—21—1 r 2 ql
< IMG2f I, sup (sh %) ( / sh rdr) +1f s
r>2 2 0

Fya—2x—1 r %
Sl s (sh3) " (ch ) +1FlL,, S 1f 0L, < 1FlL,,
r=2
21+

r\«
SIFle,, sup (ch 5) T SN (4.19)
r>2 2

sincea 20— 1+ % =a -2 —1+4 (1 - ghg) =a+ 22— 1 - 2% = Fa+2 -1 <06 FHha <
-2 0<a <21 +1.
Combining (4.17) and (4.19) we obtain that

sup—————— | |Aen: (Fy (chx) —ay) [sh® tdt < | f]| (4.20)
oot [H (0, rmf cht ey

Suppose ar = f(o mdx{] ,})/(0 )(sh D271 £ (ch 1) sh® tdt.

We estimate above the difference

|F2 (ch x) —az| =

foo (Aﬁh , (sh x)* 27— (sh =221 x<1 ) (ch t)) f (ch t)sh® tdt
r 3

iy

(sh )71 £ (ch t) sh® td 1|

N /(O,max{4 %})/(0 LY}
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&)
/ (A%, (sh 0 570 = (sh 0 570) £ (ch 1) sh™ 1di
7

< /oo |f (ch )| B (x, 1) sh®* tdt =t (x,r). 4.21)
y

We consider expansion

B (x,1) = Al (sh )75 = (sh 1]
a—2)—1

s
/ ((ch xch t —sh xsh t cos (p)2 - 1) S ((sh t)“_z’\_l) (sin <p)m_1 do
0

=C)\

IA

T
e / ‘(max (sh (x +1), |sh (x — D)2 = (sh 1)*=2] ‘ (sin )2 dg.
0
We estimate above the expression B(x, t). It is easy to notice that
B(x,1) < ‘max ({sh (x + 1), |sh (x — DN = (sh ;)0’*2**1) =V(x,1).

LIfO<t<x—t<oo,then0 <t <3 <x+t.
From this it follows, that

(sh )27V > (sh(x + 1) 2L, (4.22)

ILIfO<x—1t<t<oo,then3 <t <x <x+1,and in this case the inequality (4.22) is just.
NLIfO<t—x <oo,thenx <t <x+1t < o0.

Again the inequality (4.22) takes place.

IV.IFO < x +1 < 00, sincet < x + ¢, then (4.22) is valid.

Combining all these cases, we obtain that

V(x,t) = (sh )% 21— (sh(x + )2 21,
Applying the Lagrange formula to segment [#, x 4 7], we obtain

@r+1—a)xch &
Vix,t) = Ve (x,t) =
(.X t) § (x t) (Sh 5)2)\4-2—0[

, t<&<t+x.

From this we have
ve (x, 1) Sx(sh )72 & <1, (4.23)
ve (2, 0) Sx(sh )P g =1,

At first we consider the case & < 1.
Applying the Holder inequality and also (4.22) and (4.23), from (4.21) for x < r we obtain

1
0 ®  sh? tdt a
T(x,r) = / |f (ch 1)| B (x, 1) sh®* tdt < 1AL, * (/ - )
r/4 ' r

/4 (Sh t)(2)\+27o£)q

o0
Sflly,, 7 ( / (sh 1)@=22=24+2% gy r)q =1fl,,
P r/4 p-

sh T S IfllL,, - (4.24)
Bythehypothesisoftheorema—2)»—2+(21+1)/q:a—2k—2+(2)\+1)<1—ﬁ) =a—2A—2+

2A+1—a=—1.
Now we consider the case & > 1.
Let 0 < x < 8. Taking into account (4.22) and acting as above for x < r we obtain

1
00 00 h** tdt a
T(x,7) =f |f (ch )| B (x, t) sh** l‘dt,S”f”LMX(/ S )
r/4 ' r

/4 (sh t)(2>»+1—0£)q
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o (sh? L) (ch £)* " d(sh §) g o (sh 5)¥* dsh b g
S, x (/ Qr+l-a) : ) SIS, x (/ : @r+1- )2 >
' x/4  (2sh Lch %) I " x4 (sh §) «a

00 £ @=22=Dg+4r—1 P %
= Ifllx / <sh -) d(sh -)
x/4 2 2

x\o—21—1+41/q X\ 22—+ (1-52
SN, x (sh g) —1fllp,, x (sh g) (1-2%)
t o et2i-1 X\ EZa2a
= Ifllz,, x (sh g) SUfle,, (sh g) S, - (4.25)

Let now 8 < x < o0. Then as above, we obtain

1
©  sh® tdt g x\ S at2r-1
T r) S, x (/ ) SIS, x (sh §)
X

/4 (Sh t)(21+1 Ol)q
= Ifls,,

h §) +2r % (2sh 16Ch %)1 2)‘_1+2/\°‘
X X

=fllz,, —— S SIS, -
(25h zx_n)z(l 212y ) (2"sh ﬁ)z (1—2x—l+nx)
SIfllz,, - (4.26)

=

=171,
(s

<,

<Ifle,,
2% )

2 (1-2n—{5%ke
8 §

2 (1-2-1Fa)-1

For the sufficiently large n = ng

1—2x 1—-2x 1

20 (1 —21 — a)l—-1>0% a<1—-21A— —
1+2) 142X 270
1-2x

1+2x

a<l-2Aa<2r+1.

Combining the estimates (4.24)—(4.26), on (4.21) for 0 < x < r we obtain

|F2(ch x) —a2l SN fllL,, -

Hence we have

|ALy (F2 (ch x) — 2| < A%y, |F2 (ch x) —aa| SIS, - (4.27)
From (4.27) it follows, that
sup—/ AY F (ch x — an) sh? td
v~0 |1H (0,7)]; [Ach |
l r
< sup —/ AY | F (ch x) — a2|sh2)‘ tdt
r=0 [H 0, 7); Jo “h!
1 r
< —— | sh®tdr < ) 4.28
< ||f||L,,A§gg HO, / Sflg,, (4.28)

Denote ay = aj +ap = f(o max{ 1.41) (sh £)*=2*=1 f (ch t) sh®* tdt.

77
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Finally from (4.20) and (4.28) we obtain

1 r
sup—f
r=0 [H (0,7, Jo

1 /r 2 A 22
=sup ——— A% F1(ch x) —ay 4+ A%,  Fh (ch x) —ay| sh™" tdt
r=0 [H (0,7)]5 Jo [Ach o |

Ai‘h tfsaG’f (ch x) — af‘ sh®* tdt

< SUP;/r |A£‘h F1(ch x) —a]|ShZ)L tdt
r>0 |H(0’ r)|k 0

.
+ sup —
A

from this it follows that

<]

,
|AL, (2 (ch x) — ax| sh® tdt S |If |l Ly

r

ALy SEF (ch x) —agp|sh™ tdt SN fllg,, -

1
<2 su —/
BMOGI0.00) 0 1H (0. 1)1, Jo
Theorem 4.2 is proved. [

Corollary 4.1. Letap =2A+1, 1 =21 < a < 2A+1, f € L) ; [0, 00). If the integral I, f is absolutely convergent,
then 3¢, f € BM Og [0, 00) and the inequality

1561 [ spogro.00 S 1L, 210,000

is valid.
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